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Microstructured Materials

Mindlin 1964: Microstructure in linear elasticity

Engelbrecht & Pastrone 2003: Waves in microstructured solids
with strong nonlinearities in microscale
Mindlin’s model specialized to 1D, nonlinear terms included

Janno & Engelbrecht 2005: Solitary waves in nonlinear
microstructured materials
study of parameter range for existence of solitary waves, qualitative
and numerical analysis

Randrit & Braun 2009: On one-dimensional solitary waves in
microstructured solids
approximate solution for small micro-nonlinearity
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Governing Equations

1D microstructured material o = o(x, 1)’

x/ ZB,—I—U/
— ——
- o
u(x,t) L
X T+ u

Governing equations

Pl = Qgy + A, +5N (u2),

1
]SOtt — CSOxx - Aum — BSO T EM(SOi‘)x
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Reduction to Single Equation

PU = Qg + Apy + =N (u2),

N | =

1

— Introduce dimensionless variables X, T, U
— apply “slaving principle” to eliminate ¢

1 1
Urp = Uxx + =€7x (Ugc)X + 2 (UTT — viUxx + —Eﬁﬂf?{x)

2 2 s
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Evolution Equation

1 1

Urr = Uxx + 56%2\, (Ui)X + 67 (UTT — 'V%UXX + §€W§4U§X>

XX

— assume U =U(& 1) with
¢ =X —T moving length coordinate
T =€l “slow” time

— Introduce new dependent variable oo = Ug

1, 1

Or + VN (042)f + (1 — vf) Qege + 5@%4 (ozg)£€ =0
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Standardization

1 1
Qr + —’}/]2\[ (042)5 + (1 — ’y%) Qege 1 —E’}/%/[ (Oz?)gf =
2 2
Transformation
a:%(l—’ﬁfﬁ’y T=1
- 1/3 o 6’72
E=(-m) e 6_(1—7]?)7%

e +3(4°), + Yaue + 36 (v2) , = O
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Solitary Waves

Korteweg-de Vries equation

Solitary waves

' >
1I/77 T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.00073
| >
I T — ct

Manfred Braun and Merle Randriiiit: On Periodic Waves Governed by the Extended Korteweg-deVries Equation — p. 7/35



Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.00573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.01073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.01573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.02073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.02573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.03073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.03573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.04073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.04573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.05073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.05573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.06073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.06573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.07073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.07593
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.08073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.08573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.09073
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

YA 0 = 22
a ¢ = 4n?
e = 0.09573
| >
I T — ct
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Solitary Waves

Korteweg-de Vries equation — extended

e +3(Y°) . + Yauw + 36 (12) =0

Solitary waves

Y A P
a ¢ = 4n?

e = 0.10073

| -

Un r — ct

Manfred Braun and Merle Randriiiit: On Periodic Waves Governed by the Extended Korteweg-deVries Equation — p. 7/35



KdV Soliton

Tr — ct

A‘
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Cnoidal Waves

Tr — ct
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Cnoidal Waves
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Cnoidal Waves

|

L

|

Tr — ct
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Integration

Korteweg-de Vries equation

Waves of constant shape
y(a,t) =q(0) O=x—ct

Ordinary differential equation

]
Q_|Q_
SIS

—Cq/ 43 (q2)’ _'_q/// —0 q/

First integration
¢" = A+cqg—3q¢°

NS Manfred Braun and Merle Randriit: On Periodic Waves Governed by the Extended Korteweg-deVries Equation — p. 10/35



Integration (Continued)

d/
q'—q:q”:A+cq—3q2

Second integration

Phase curves

dg

¢° = 2B +2Aq + c¢® — 2¢° = f(q)

o _

it f(q)

Representation of the function f by its (real) roots ¢; < ¢» < g3

fla) =2(¢ — q1)(q — q2)(q3 — q)
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Function f and Phase Curves

Ql\/qz a g3

<Y

2Z)
W
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Function f and Phase Curves

Ql\/qz a g3

<Y

2Z)
W
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Function f and Phase Curves

<Y

Q1\ / 4> a q3

2Z)
W
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Function f and Phase Curves

<Y

611\ / 42 a g3

2Z)
W
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Function f and Phase Curves

Q1\ / 2 a g E
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Function f and Phase Curves

Q1\ / q2 a q3 E
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Function f and Phase Curves

611\_ / q2 a  q E
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Function f and Phase Curves

611\__/ q2 a q3 E
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Function f and Phase Curves

<Y

|

|

|
CIl\../ q> a q3

2Z)
W
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Function f and Phase Curves

2Z)
W
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2Z)
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Function f and Phase Curves

|
|
|
|
|
Q1\'/QZ a g3 q

2Z)
W
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Function f and Phase Curves

<Y

|
|
[
|
[
d1 q> a q3

2Z)
W
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Function f and Phase Curves

<Y

|
|
|
|
|
d1 q2 a d3
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Function f and Phase Curves

254

@ <

d1 = (2

43

<Y
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Function f and Phase Curves

@

q3

<Y
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Function f and Phase Curves
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Function f and Phase Curves
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Function f and Phase Curves
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Final Integration

Differential equation Substitution

d
dg ++1/f(q) q¢=q2+ (g3 — q2) cos®
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Final Integration

Differential equation Substitution

d
dg +v/ f(4) ¢ = ¢+ (g3 — q2) cos®

q'4
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Final Integration

Definite integration

q

Parameters

1
0 = §(Q3 —q1) k=

Incomplete elliptic integral of the first kind

q3 — {2
43 — 1

_/ de
) V1= k2sin?

2
2 |
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Cnoidal Waves

Result of integration

nd = F(p; k) <= o =am(nb;k) “amplitudo”
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Cnoidal Waves

Result of integration

nd = F(p; k) <= o =am(nb;k) “amplitudo”

Resubstitution }

q= g2+ (g3 — q2) cos®
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Cnoidal Waves

Result of integration

Resubstitution

nd = F(p; k) <= o =am(nb;k) “amplitudo”

ﬁ

q= g2+ (g3 — q2) cos®

cosinus amplitudinis cn(z; k) = cosam(x; k)

2
2 |
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Cnoidal Waves

Result of integration

Resubstitution

nd = F(p; k) <= o =am(nb;k) “amplitudo”

ﬁ

q= g2+ (g3 — q2) cos®

cosinus amplitudinis cn(z; k) = cosam(x; k)
(amplituudi koosinus)
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Cnoidal Waves

Result of integration

Resubstitution

nd = F(p; k) <= o =am(nb;k) “amplitudo”

ﬁ

q= g2+ (g3 — q2) cos®

cosinus amplitudinis cn(z; k) = cosam(x; k)
(amplituudi koosinus)

Cnoidal waves

2
2 |

q=q + (g3 — @) cn?(nb; k)
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Phase Portrait
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Extended Korteweg-de Vries Equation

KdV equation extended by micro-nonlinearity term

Waves of constant shape

y(x,t) = q(0) 0=ux—ct

Ordinary differential equation

3¢ (¢?)" —cqd +3 (qz)/ +q¢" =0
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Integration

First integration
1 2\ 2
¢ + 3e(q”) =A+cq—3q

. considering ¢’ as a function ¢'(q):

dq’ / dq’
/! / /2 ! 12
¢ =d (¢”) =2¢'¢" =2¢q "
First-order differential equation
d /
(¢" + 65q’2)d—q = A+ cq — 3¢°
q
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Integration (Continued)

Second integration
beq® + q% =2B +2Aq + cq® — 2¢° = f(q)

Phase curves

4eq” + ¢ = f(q)

. cubic equation for ¢'(q)

Representation of the function f by its (real) roots ¢1 < ¢» < g3

fla) =2(¢ — q1)(q — q2)(q3 — q)

NS Manfred Braun and Merle Randriit: On Periodic Waves Governed by the Extended Korteweg-deVries Equation — p. 24/35



Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Phase Portrait
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Approximate Solution of a Cubic Equation

Cubic equation
ex’ + 2% = a® e k1

Approximate solutions emerging from z = +a

1 5
rL = +a [1 T ~ea + ge2a2 T 30> + 0(54)]

Approximate reciprocal solution

1 1 1 3 1
o :I:E [1 + ~Ea = gezaz + 553a3 + 0(54)]

(Third solution is irrelevant)
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Approximation of Phase Curves

Phase curves

4eq” + ¢ = f(q)

Approximation

q ~ £1/f(q) - 22 f(q) £ 10 [f()]** — 642 [f(q))’

Approximation of reciprocal value

~ +

1 1
q Vv f(@)

+ 2z F 627/ f(q) + 32° f(q)
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Approximation of Phase Curves

43/2 +

Q-

Y

— 0(1)
— Of¢)
- 0(62)
- 0(53)
€ = Emax — exact
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Approximation of Phase Curves

@

NS

43/2

Q-

i |

S 0(53)

€ = Emax ——  exact
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Approximation of Phase Curves

Y

— 0(1)
— Of¢)
- 0(82)
- 0(53)
— exact
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Approximate Final Integration

Phase curves (exact)

4eq” + ¢ = f(q)
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Approximate Final Integration

Phase curves (exact)

O(e) approximation

dg

g = TV fa) -

4eq” + ¢ = f(q)

do

2¢f(q) — ==

dg

Manfred Braun and Merle Randriiit: On Periodic Waves Govern
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Approximate Final Integration

Phase curves (exact)

4eq” + ¢ = f(q)
O(e) approximation

dq do

do dg

Integration, starting at ¢(0) =

q

— 2¢(q5 —
\/— (g5 — q)

NS Manfred Braun and Merle Randriiit: On Periodic Waves Govern

f(q) —2¢f(q) —— ==
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vV f(q)
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Approximate Final Integration (Continued)

Substitution

q= g+ (g3 — q2) cos®

Evaluation of the integral

0

%F(gp;k) —2¢(q3 — q) <— o =amn [0 + 2¢(qz — q)]
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Approximate Final Integration (Continued)

Substitution

q= g+ (g3 — q2) cos®

Evaluation of the integral

1

0=—F(p;k)—2s(q3 — q) — o =amn [0 + 2e(qz — q)]

U

Resubstitution

= ¢+ (33— @) en’ [0 + 22(g5 — q)]

implicit representation of ¢ = ¢(0)
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.00 e,,ax

7/
A/

\ D\
\
725N AN
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.00 e,,ax

7/
A/

\ D\
\
725N AN

Manfred Braun and Merle Randriiiit: On Periodic Waves Governed by the Extended Korteweg-deVries Equation — p. 32/35



Periodic Solutions of the Extended KdV Equation

q 4 e = 0.05 e111ax

£/
- 7~
/-\\ ,/1‘\

A\
AN
7 N
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Periodic Solutions of the Extended KdV Equation

q A

e = 0.10 e,,ax

A
7
‘\

N\

N
N
N
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.15 e,ax

a\ LL
/-\\ ' //,-\

A\
N
7 D\
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.20 £11ax

AN\ //..l
//-\\\\ \ " p ///:\
7 N

7 N
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.25 e11ax
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Periodic Solutions of the Extended KdV Equation

e = 0.30 £11,ax
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Periodic Solutions of the Extended KdV Equation

e = 0.35 e11ax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.40 £,,,.x

74 \ , \ 7 \\‘
Z N/ \
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Periodic Solutions of the Extended KdV Equation

q A

e = 0.45 ¢«

3O\ AL
2\ N \
\ |
//“\ .’:‘\

N/

N
\
A\
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Periodic Solutions of the Extended KdV Equation

q A

7/
F
/
/-
,//.”:‘

7/

e = 0.50 £,,ax

\\
&
A\

Manfred Braun and Merle Randriiiit: On Periodic Waves Governed by the Extended Korteweg-deVries Equation — p. 32/35



Periodic Solutions of the Extended KdV Equation

q A

\
AN\
2\

e = 0.55 e11,ax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.60 £,,ax
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Periodic Solutions of the Extended KdV Equation

q A

e = 0.65 £.1,ax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.70 £1,ax

7/
-,
22\ AA

% X
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.75 emax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.80 e,ax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.85 eax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.90 £,,ax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 0.95 e.,ax
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Periodic Solutions of the Extended KdV Equation

q 4 e = 1.00 £ax
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Periodic (Cnoidal) Solutions of the KdV Equation

q 4§ e = 0.00 £,ax

AN N
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Periodic Solutions of the Extended KdV Equation

q 4 e = 1.00 £ ax

/\ A
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Conclusion

The extended Korteweg-de Vries equation

Ve +3(y%), + Yuw + 3¢ (y3),, =0

has solutions representing periodic waves approximated by

y=q + (s — @)en’n [x — 4t + 2¢(qs — y)]

generalizing the cnoidal wave solutions of the KdV equation.

N NN
J \J S U
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