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Potential Flow of 2D Ideal Fluid
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NLSE approximation

From the equation for potential �ow

∂φ

∂t
+

1

2
φ2

x + gη = −P
ρ

at z = η,
∂η

∂t
+ ηxφx = φz at z = η. (1)one an derive nonlinear Shredinger equation:

i(
∂A

∂t
+ CgAx) −

ω0

8k2
0

Axx −
1

2
ω0k

2
0|A|2A = 0. (2)

A is the envelope of the surfae elevation η(x, t), so that

η(x, t) =
1

2
(A(x, t)ei(ω0t−k0x) + c.c.) (3)
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NLSE SolitonSoliton solution for A(x, t) is

A(x, t) = e−iΛ2t λ√
2k2

0

os(k0(x− Vphaset))osh(λ(x− Cgt))

(4)

Λ2 =
ω0λ

2

8k2
0

.Wavetrain of the amplitude a with wavenumber k0 is unstablewith respet to large sale modulation δk. Growth rate of theinstability γ is
γ =

ω0

2

(

(

δk

k0

)2

(ak0)
2 − 1

4

(

δk

k0

)4
)

1

2

. (5)

Here ω0 =
√
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Conformal mapping

Domain on Z-plane Z = x+ iy,

−∞ < x <∞, −∞ < y ≤ η(x, t) ,to the lower half-plane,

−∞ < u <∞, −∞ < v ≤ 0 ,

W -plane W = u+ iv.
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Equations for Z and ΦIf onformal mapping has been applied then it is naturallyintrodue omplex analyti funtions
Z = x+ iy, and omplex veloity potential Φ = Ψ + iĤΨ.

Zt = iUZu,

Φt = iUΦu − P̂ (
|Φu|2
|Zu|2

) + ig(Z − u).

U is a omplex transport veloity:
U = P̂ (

−ĤΨu

|Zu|2
). u→ w

Projetor operator P̂ (f) = 1
2
(1 + iĤ)(f).
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Cubi equations for R and V

Surfae dynamis (and the �uid bulk!) is desribed by twoanalyti funtions, R(w, t) and V (w, t). They are related toonformal mapping Z and omplex veloity potential:
R =

1

Zw

, Φw = −iV Zw.For R and V dynami equations have the simplest form:

Rt = i [UR′ − U ′R] ,

Vt = i [UV ′ −B′R] + g(R− 1).Complex transport veloity U is de�ned as

U = P̂ (V R̄ + V̄ R), and B = P̂ (V V̄ ).
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NLSE and Dysthe and Conformal variables - I

Consider weakly nonlinear wave train. Use r instead of R
r = R− 1.Then equations for R and V transform into

rt + iV ′ = i(−U ′ + V r′ − V ′r + Ur′ − rU ′),

Vt − gr = i(V V ′ −B′ + UV ′ − rB′). (6)

U = P̂ (V r̄ + V̄ r). (7)
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NLSE and Dysthe and Conformal variables - II

We will look for the breather solution. It is periodi in somereferene frame moving with veloity c. In this referene frameequations for r and V read

rt − cr′ + iV ′ = i(−U ′ + V r′ − V ′r + Ur′ − rU ′) = F,

Vt − cV ′ − gr = i(V V ′ − B′ + UV ′ − rB′) = G.We look for the solution of these equations in the following form

r =
∞
∑

n=0

rn(u, t)ein(Ωt−ku), k > 0

V =

∞
∑

n=0

Vn(u, t)ein(Ωt−ku). (8)
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NLSE and Dysthe and Conformal variables - III

Thereafter we will put k = 1, c = 1
2

, Ω = 1
2

. The leading termsin expansion (8) are

r1, V1 ∼ ǫ << 1.Then

rn ∼ Vn ∼ ǫn, r0 ∼ V0 ∼ ǫ3. (9)

rn, Vn are "slow" funtions of u. In other words

r′n
rn

∼ V ′

n

Vn

∼ ǫ << 1. (10)

For the slow omponets (time derivatives)

ṙn

rn

∼ V̇n

Vn

∼ ǫ2 << 1. (11)About Shape of Freakon � p. 10



NLSE and Dysthe and Conformal variables - IV

To proeed in derivation of envelope equation we have to learnhow to alulate projetive operator of funtions like a(u)eimu.Here a(u) - any "slow" funtion ofu.
P̂ (eikma(u)) =







0, m > 0,eikma(u), m < 0

(12)

Only if m = 0, projetion is a nontrivial operation.Thereafter we put
V1 = ǫψand replae

∂

∂u
→ ǫ

∂

∂u
,

∂

∂t
→ ǫ2

∂

∂t
. (13)
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NLSE and Dysthe and Conformal variables - V

Using the rule (12) we �nd with auray up to ǫ3
V2 = ǫ2(−iψ2 +

ǫ

2
ψψ′),

r2 = ǫ2(ψ2 + iǫψψ′),

r0 = iǫ3P̂ (|ψ|2)′, V0 = ǫ2P̂ (|ψ|2)′ (14)

r1 and V1 are related with relation
r1 = V1 −

ǫ

2
V ′

1 (15)

2iψ̇ +
1

4
ψ′′ + |ψ|2ψ = ǫ

[

ψ̇′ − ψĤ(|ψ|2)′ − 2i(|ψ|2ψ)′
] (16)This is the Dysthe equation in onformal variables. In the limitof ǫ→ 0 it gives standart NLSE. About Shape of Freakon � p. 12



Stationary Solution - FREAKON
ψ = A(u)eiΦe it

2 .

A(u) and Φ - are real funtions satisfying the equations
−A+

1

4
A′′ +A3 − 1

4
AΦ′2 = −ǫ

{

(
1

2
+ 2A2)Φ′ + AK̂A2

}

. (17)

Φ′ = ǫ(1 − 6A2). (18)Keeping in (17) terms of the order of ǫ2 is exeeding ofauray. Thus it an be simpli�ed up to the form

−A+
1

4
A′′ + A3 + ǫAK̂A2 = 0. (19)

K̂ is pure negative, K̂eiku = −|k|eiku. About Shape of Freakon � p. 13



Stationary Solution - FREAKON

equation (19) realize minimum of the funtional
H =

∫

∞

−∞

{

−1

2
A2 − 1

8
A′2 +

1

4
A4 +

ǫ

4
A2K̂A2

}

,
∂H

∂A
= 0. (20)

Let us A = a
cosh 2u

. a - is still unknown value. As a result

H = −2

3
a2 + (

1

6
− 0.22ǫ)a4.

Condition ∂H
∂A

= 0 gives
a =

√

2

1 − 1.32ǫ
. (21)

In the limit ǫ→ 0 we get the NLSE result, a =
√

2. One ansee that relatively small ǫ leads to the strong deviation fromthe NLSE limit. About Shape of Freakon � p. 14



NLSE SOLITON - FREAKONWe ompare breather-type solution with the soliton shape. Inthe Figure 1 envelope is the following:
A =

a

coshλx
.with a = 0.0084, and λ = 17. If it were NLSE envelope withthe same λ = 17, than a would be 0.0048.
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Figure 1. Envelope from Dysthe equation �ts breatherfrom the exat equations.
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NLSE Solition - FREAKONNLSE solitons are lower and wider. This is in agreement withthe theory.
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Figure 2. Solitons for NLSE and Dysthe equation.

λ = 4.0, ǫ = 0.290. About Shape of Freakon � p. 16



NLSE Solition - FREAKON
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Figure 3. Solitons for NLSE and Dysthe equation.

λ = 15.0, ǫ = 0.070.
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Giant Breather, k-ω spetrum

Figure 4. Negative frequeny is absent!.About Shape of Freakon � p. 18
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