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Abstract

We present a realizability tripos construction in which the usual partial
combinatory algebra is replaced with a Turing category, and the category of
partial functions on sets is replaced with a discrete cartesian closed restriction
category. As an intermediate step we construct in this setting a restriction
category of assemblies. Our constructions generalize existing constructions in

the field.
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1 Introduction

In recent years, the field of category theory has found wide application in computer
science, particularly in modelling the semantics of programming languages. The three
way correspondence between computable functions, proofs in a logical system, and
arrows in some category plays a central role. While the relationship of category theory
to logic and of logic to the computable functions is fairly well understood, the relation-
ship between category theory and computability theory has not been so thoroughly
investigated. A recent development is that of Turing categories [8], which present
the general machinery of computability theory (in the form of partial combinatory
algebras) in categorical terms. Computability theory has classically taken place in
the category of sets and partial functions, and this new, more general presentation
leads to questions about how constructions involving classical computability work in
the new setting.

A specific source of motivation for avoiding the category of sets and partial func-
tions when studying models of computation comes from complexity theory. It is
possible to construct a Turing category whose total maps are precisely the PTIME
maps, but this Turing category has no faithful embedding into sets and partial func-
tions [20]. In order to carry out computability-theoretic constructions with this Turing
category, we must work more generally.

One such computability-theoretic construcion is the realizability topos of a partial
combinatory algebra. The idea of realizability originated with Kleene [24], who con-
structed a model of the logic of intuitionistic first-order arithmetic out of the partial
recursive functions. In the realizability model, such functions play the role of math-
ematical proof, and a proposition is provable (“realizable”) in case there is a partial
recursive function which witnesses this provability in a constructive sense. Some time
later, realizability toposes — categorical models of higher-order intuitionistic logic —

were constructed [17] [19], with the intermediate notion of a tripos [31] playing a



central role. Every tripos defines a topos, and the realizability topos is the topos
associated with a specific tripos (the “realizability tripos”). The work on realizability
toposes also generalized the role of the partial recursive functions, with the elements
of an arbitrary partial combinatory algebra acting as constructive evidence instead.

The study of these realizability toposes led to the development of the category of
assemblies [1]. Originally used to construct models of polymorphism using the realiz-
ability machinery, assemblies have been used to study the semantics of programming
languages [29]. In this approach, partial combinatory algebras are treated as comput-
ing machines. Assemblies are then sets equipped with an “implementation”, relating
each element of the set to one or more elements of the partial combinatory algebra.
A map between assemblies is now “implementable” in case there is some element of
the partial combinatory algebra that mimics the action of the map between sets when
applied.

In this thesis, we introduce the category of assemblies for a restriction functor
with a cartesian restriction category as its codomain. If the domain is a Turing
category, the codomain is a discrete cartesian closed restriction category, and the
functor preserves partial products, then the resulting category of assemblies is also
a discrete cartesian closed restriction category. Relating this to the classical case,
the computable maps of every set-based partial combinatory algebra are a Turing
category, and this Turing category embeds into sets and partial functions, which is
a discrete cartesian closed restriction category. The total maps of the category of
assemblies for this embedding is the classical category of assemblies for the partial
combinatory algebra in question. Our construction results in a restriction category
of assemblies whose total maps correspond to the classical category of assemblies.

In addition to capturing the classical category of assemblies and its natural ex-
tension to a category of partial maps, our construction allows us to talk about a

restriction category of assemblies in the presence of very little structure. Any re-



striction functor into a cartesian restriction category will do. We consider a variety
of (partial) categorical structures, showing what the domain and codomain of the
functor must satisfy in order for a given structure to be present in the category of
assemblies. For example, if the domain is weakly cartesian closed and the codomain
is a cartesian closed restriction category, then the category of assemblies is also a
cartesian closed restriction category. The ability to vary the domain, and especially
the codomain, of this functor makes it possible to construct categories of assemblies
far more generally than the classical construction, which limits the codomain to the
category of sets and partial functions.

The category of assemblies for a restriction functor defines a forgetful restriction
functor into its codomain, and it is from this functor that we construct the realizability
tripos. A tripos is a fibration, but our forgetful functor is not fibration. Instead, it
is a latent fibration, the restriction categorical analogue of a fibration. We develop
some elementary theory of latent fibrations, and use it to construct a fibration (in the
usual sense) from the forgetful functor. When the functor we used to construct the
category of assemblies has a Turing category as its domain and a discrete cartesian
closed restriction category as its codomain, this fibration is a tripos. As with the
category of assemblies, this construction generalizes the classical construction of the
realizability tripos.

Having obtained a tripos in our more general setting, we define the realizability
topos of a cartesian restriction functor with suitable domain and codomain to be the
topos obtained from this tripos via the tripos-to-topos construction. We also show
that the tripos-to-topos construction can be modified to give a partial topos in the

sense of [13], the total maps of which are the associated topos.



1.1 Overview

In chapter 2 we review the existing theory of restriction categories that we will need
going forward. We begin with the definition of a restriction category, and introduce
restriction functors and the extension ordering, as well as relating restriction cate-
gories to the category of partial maps given by a stable system of monics in a category.
We then deal with the restriction categorical version of products and terminal objects,
introduce meets in a restriction category, and introduce the related concept of discrete
cartesian restriction categories as cartesian restriction categories with meets. Next,
we introduce latent pullbacks, joins, and interleaving in a restriction category. We
end the chapter by introducing existential and universal quantification in a restriction
category, and finally covering cartesian closed restriction categories: the restriction
categorical analogue of cartesian closed categories.

Chapter 3 is all about discrete cartesian closed restriction categories. That is,
discrete cartesian restriction categories that are also cartesian closed restriction cate-
gories. We show that they posess universal and existential quantification as defined in
chapter 2, and that for every object X of such a restriction category the collection of
restriction idempotents on X forms a Heyting algebra under the extension ordering.
We also show that the total maps of our category give Heyting algebra morphisms
between these preorders of restriction idempotents.

In chapter 4, we introduce Turing categories, and compare them to partial com-
binatory algebras in a cartesian restriction category. We also mention that every
Turing category is weakly cartesian closed, and has weak coproducts, which we will
need later.

This allows us to move on to chapter 5, in which we introduce the category of
assemblies on a restriction functor whose codomain is a cartesian restriction category.
We assume progressively more structure in the domain and codomain, showing the

effect of this on the resulting category of assemblies. Specifically, If both the domain



and codomain of the restriction functor are cartesian restriction categories and the
functor itself preserves these products, then the category of assemblies is also a carte-
sian restriction category. If in addition the codomain is discrete, then the category
of assemblies is discrete. If the domain is weakly cartesian closed and the codomain
is a cartesian closed restriction category, then the category of assemblies is a carte-
sian closed restriction category, meaning in particular that if the domain is a Turing
category and the codomain is a discrete cartesian closed restriction category then
the resulting category of assemblies is a cartesian closed restriction category. Finally,
if the domain has finite interleaving, the codomain has finite joins, and the functor
preserves joins, then the category of assemblies has finite joins.

In chapter 6 we begin by introducing latent fibrations and investigating their
elementary properties. This done, we give two examples of latent fibrations. The first,
defined on any restriction category, is the domain latent fibration. The second arises
from the category of assemblies we constructed above, and we call it the realizability
latent fibration. We also show that pulling these latent fibrations back (as restriction
functors) along the inclusion of the total map category into the base gives a fibration
in the traditional sense.

We begin chapter 7 with the definition of a tripos, and immediately observe that
the domain fibration obtained in chapter 6 is a tripos when the associated restriction
category is a discrete cartesian closed restriction category. Next, we show how the
well known construction of a topos from a tripos can be modified to yield a partial
topos instead.

In chapter 8 we show that the fibration corresponding to the realizability latent
fibration is a tripos when the components have enough structure. Specifically, given a
cartesian restriction functor whose domain is a Turing category and whose codomain
is a discrete cartesian closed restriction category, the fibration corresponding to the

realizability latent fibration is a tripos.



1.2 Contributions

The main novelty of this thesis is our definition of the category of assemblies for a
restriction functor. By presenting assemblies as restriction idempotents and giving
an equational characterization of tracking maps, we are able to construct categories
of assemblies in the presence of very little categorical structure, and capture existing
categories of assemblies as special cases of our more general construction. Specifically,
Definition 5.1, Proposition 5.2, 5.3, 5.7, 5.8, 5.10, Lemma 5.4, 5.5, and
Theorem 5.9 are novel. We would like to draw special attention to Proposition
5.10, which shows how the presence of interleaving in the category of realizers is
related to the presence of joins in the category of assemblies. This had not been
noticed before, as this sort of join is much more easily expressed in a restriction
category, and previous constructions of the category of assemblies have resulted only
in categories of total maps.

The chapter on latent fibrations is the first published exposition of this material,
although the existence of latent fibrations is alluded to in [10]. Specifically, Defini-
tion 6.1, 6.4, 6.5, 6.6, 6.7, Lemma 6.2, 6.3, and Proposition 6.8, 6.10, 6.11,
6.12, 6.13, 6.14, which encompass the definition and elementary properties of latent
fibrations, are novel. Proposition 6.13 is a more explicit version of a remark in [10],
in which the definition of a latent fibration was not available. Proposition 6.14,
which deals with the realizability latent fibration, is of course novel.

The chapter on discrete cartesian closed restriction categories, in which we show
that they posess significant logical structure, is essentially a recapitulation of the ma-
terial in [6]. The related observation that the domain fibration of a discrete cartesian
closed restriction category is a tripos (Proposition 7.2) follows immediately from
this material, and so while the observation is technically a new one, it is not terribly
original. This is, however, the first published exposition of the structure of discrete

cartesian closed restriction categories from the perspective of fibered categorical logic,



which may be of interest.

The contents of the final chapter, in which we show that the realizability fibration
of a cartesian restriction functor with a Turing category as its domain and a discrete
catesian closed restriction category as its codomain is a tripos, is adapted from [4].
In fact, the idea to define assemblies for a restriction functor is appropriated from
the cited work as well. Our take on the concept is novel in two ways. First, the
constructions we present are different from those in the cited work. We first construct
the category of assemblies for a suitable restriction functor, and from this category of
assemblies construct a tripos. In the cited work, realizability triposes are constructed
first, and used to define the category of assemblies. Second, our constructions are
more generally applicable. The setting of the cited work is roughly equivalent to
fixing the codomain of our restriction functor as the category of sets and partial
functions. Specifically, Proposistion 8.1, 8.2, 8.4, 8.5, 8.8, 8.9, Lemma 8.6,
8.10, and Theorem 8.6, 8.7 are novel.

Finally, the definition of the partial topos of a tripos (Definition 7.6), as well
as Proposition 7.7 and the chain of reasoning following it that culminates in the
observation that the total maps of the partial topos of a tripos are exactly the topos
of that tripos, is novel. It is not, however, terribly original, since the modification to
the tripos-to-topos construction one makes to obtain a partial topos is trivial, and
the proof that the result is in fact a partial topos is straightforward.

One way to understand the contribution of this thesis is in terms of the functor F :
A — X from which we construct the category of assemblies. The original realizability
topos construction [19] can be recovered by insisting that F' is the embedding of a
set-based partial combinatory algebra into partial functions on sets, later work on
generalized realizability [3] allows the domain of the functor to vary, and the present
work allows the codomain to vary as well. Additionally, our approach leads to a

restriction category of assemblies (as opposed to one consisting of only total maps),



which allows us to define the associated realizability fibration with relatively little

effort.



2 Restriction Categories

Restriction categories [10] [11] [12] are categories whose maps can be thought of as
partial, where this partiality is captured by an idempotent on the domain of the map.

Formally:

Definition 2.1. A restriction category is a category X such that for every map

f:A— Bin X there is amap f: A — A in X satisfying

[R.1] ff=f

[R.2] fg=73f
[R.3] fg =g
[R.4] fg = fgf

We sometimes call f the domain of definition of f, the idea being that every map
in a restriction category is a partial map, with f defined precisely where f is defined.
We also call maps e = f for some f restriction idempotents, and denote the collection
of all restriction idempotents e : A — A on A by O(A) for each A in X.

We establish some elementary properties of the restriction structure:
Lemma 2.2. In a restriction category:

(i) ff=F (justifying the term “restriction idempotent”)

(i) Fgf =Tg
(iii) Tg=fg
(iv) T=T



]

We also introduce restriction functors, which are functors between restriction cat-

egories that preserve the restriction structure.

Definition 2.3. If C and X are restriction categories, we say that a functor F': C — X
is a restriction functor in case it preserves the domain of definition in the following

sense

F(f) = F(f)

When working with partial maps, we may wish to say of two parallel maps f, g :
A — B that g is an extension of the f in the sense that where both maps are defined
they agree, and that the domain of definition of f is subsumed by the domain of
definition of g. Formally, in any restriction category we define the extension ordering

on parallel maps by

Definition 2.4. Given f,g: A — B in a restriction category C, we say that g extends

f, written f < g, in case fg = f. That is,

<y

fo=1T1
Proposition 2.5. The extension ordering on maps in a restriction category gives a

partial order. That is, < is reflexive, transitive, and antisymmetric.

Proof. For reflexivity, immediately we have ff = f, so f < f. For transitivity,
suppose we have f < g and g < h. Then fh = Eh = fgh = fg = f as required.
9f = 9ff = gf = g, which is

antisymmetry. OJ

Finally, if f < g and ¢ < f then f = fg =

|

10



This ordering is preserved by restriction functors. If f < g in the domain then we

have

F(f)F(g) = F(f)F(g) = F(fg) = F({)

and so F(f) < F(g) in the codomain.
We make heavy use of the extension ordering in what follows. Note also that as

an immediate consequence we obtain:

Proposition 2.6. For any object A of a restriction category C, the collection O(A)
of restriction idempotents on A is a meet semilattice with respect to the extension

ordering.

Proof. The top element is 14, as for any e € O(A) we have €l4 = e and thus e < 14.
The meet of two idempotents e, h € O(A) is the composite eh. Immediately ehe = eh
and ehh = eh, so eh < e and eh < h. If for k € O(A) we have k < e and k < h,
then keh = kh = kh = k, so k < eh, and eh is indeed the meet with respect to the

extension ordering. O

We also observe that if f < f’ and g < ¢’ then

fof'd =Ffragd f'd=rragfrg=ragry
=f9fgd fofd =Fafd =19 =Tfg

which gives fg < f’¢’, meaning that every restriction category is preorder enriched.
We say that a map f : A — B is total in case f = 14. Thus, total maps are

defined on the entire domain. Note that if f: A — B and g : B — (' are total, then

fo=fg=7F=1a

Qf

11



so their composite is also total. Identity maps are necessarily total as

Ta=1ala=14

Thus, the total maps of a restriction category C form a subcategory, which we
write total(C).

There are other ways to get at the idea of a category of partial maps. Here we
introduce a common one — indeed this is what many authors mean by a “category of
partial maps” — and relate it to restriction categories. This will be useful when we

talk about partial toposes, which are defined in these terms in [13].

Definition 2.7. A stable system of monics in a category X is a collection M of maps
in X that is closed to composition, contains all isomorphisms, and has the property

that if m: A — B is amap in M and f : C' — B is any map of X, the pullback

D—/>A

e

exists in X, and further m’ is in M.

For example, the collection of all isomorphisms in any category is a stable system
of monics, and if the category has pullbacks then so is the collection of monics.
Given a category with a stable system M of monics, we can define a category of

partial maps, where the domain of each map is captured by one of the maps in M.

Definition 2.8. If X is a restriction category and M is a stable system of monics in

X, we define a restriction category Par(X, M) by

objects are objects of X.

maps (m, f) : A — B are given by equivalence classes of spans

12



A/
7N
A B
where m is in M, and where two maps (m, f) : A — B and (m/, f') : A — B are

equivalent in case there exists an isomorphism o making

A/ @ Al/

commute.

composition is by pullback. That is, the composite of (m, f) : A — B and (m/, f') :

B — C is given by (m"m, f"f'): A — C, as in

A//
A B’
NN
A B C
where

"

A// B/

I
AfB

is the pullback of m' along f.

identities The identity on an object A is (14,14): A — A.

restriction The domain of definition is given by (m, f) = (m,m).

For the proof that this is a well-defined restriction category, we refer the reader
to [10] or [5].
Having shown that a stable system of monics gives rise to a restriction category,

a natural question is whether or not every restriction category arises this way, and if

13



not which ones do. The answer to this question is given in terms of split restriction

categories, which we introduce now:

Definition 2.9. An idempotent e : X — X in a category is called split in case there
are maps s : X’ — X and r : X — X’ for some object X’ such that sr = 1y and
rs = e. Notice that if e splits as e = rs, then s is necessarily a section, and r is
correspondingly a retraction. We often refer to the components of a split idempotent

as “the section” or “the retraction” accordingly.

Definition 2.10. A split restriction category is a restriction category in which all

restriction idempotents split.
We give the sections of split restriction idempotents a name:

Definition 2.11. A restriction monic in a restriction category Xisamapm : X — Y

that is the section in the splitting of some restriction idempotent e € O(Y).

We then observe that the restriction monics of a split restriction category give a
stable system of monics in its total map category. In fact, the partial map category

formed by these maps is isomorphic to the original restriction category.

Proposition 2.12. If X is a split restriction category then the collection of all re-
striction monics in X, which we will write Mx, forms a stable system of monics in

total(X). Further, there is an isomorphism

X ~ Par(total(X), Mx)

We omit the proof, which can be found in [5] and [10].

Thus, every split restriction category is isomorphic to a partial map category.
Next, we consider the relationship between split restriction categories and restric-
tion categories in general. This relationship is captured by the idempotent splitting

construction.

14



Definition 2.13. If X is a category, and FE is a collection of idempotent maps in X,

define the category splity(X) as follows:
objects idempotents in F.

maps between objects e : X — X and ¢ : X' — X’ of split(X) are maps f: X —
X’ of X such that efe’ = f.

composition is as in X. That is, if f: e — ¢ and g : ¢ — €”, then in X we have

efge’ =efeege” = fg,s0 fg:e— € in splity(X).

The identity map on e is given by e itself. This is well-defined as clearly eee = e,

and if f =efe', then eefe’ =efe’ = f and efe’e’ = efe’ = f, making e the identity.

This construction allows us to formally split a collection of idempotents in the

following sense:

Proposition 2.14. If X is a restriction category and E includes the identity maps

of X, then splity(X) is a restriction category, and there is an embedding

Kg : X — splitg(X)
Further, Kg is a restriction functor, and for every e in E, Kg(e) is split.

Proof. We begin by showing that split;(X) is a restriction category. Define the domain
of defintion f : e — e of a map f : e — € to be the map given by ef in X. This
is well-defined, since eefe = efe = efee = efe = ef. We show that the restriction

category axioms hold:
[R.1] eff =ef =eefe = f

[R.2] efeg = efege =egefe = cgef

[R.3] eefg = eefge = efege = ef ege = efeg

15



[R.4] fe'g=cfe'g=cfg=cefgf

as required. The embedding Kg : X — split;(X) is the functor mapping f: X — Y
in Xto f:1x — 1y in splity(X), and if e : X — X is a member of E, then

Kg(e):1x — 1x splitsintoe:e — 1x and e : 1x — e. O

This means that in the case where E is precisely the collection of restriction
idempotents in X, splitz(X) is a split restriction category, into which X embeds. We
also have immediately that if F is the collection of restriction idempotents then there

is an embedding

X — Par(total(split5 (X)), Mpit,;(x))

The relationship between restriction categories and categories Par(X, M) is now
clear. The latter are restriction categories, and every restriction category embeds into

one of them via the category obtained by splitting the restriction idempotents.

2.1 Products in Restriction Categories

We motivate the definition of products in a restriction category by considering the
usual situation in which a category C has finite products.
Recall that a product of two objects A and B of C is a diagram
A<~—AxB——B
0 T
in C with the property that for any pair of maps f: C' — A, g : C' — B there is

a unique map (f,g) : C' — A x B for which

C

/l(N

commutes. This definition still makes sense if C is a restriction category, since

every restriction category is a category in the usual sense. Supposing C is a restric-

16



tion category with this sort of binary products, consider the following commutative
diagram
C
PN
A<—Ax(C—=C
0 T

We want our partial product to correspond to a product diagram in total(C), and
for this to be the case the projections 7y and 7; must be total maps. If, however, we

assume 7y and 7 are total, we have

f={fOm=(fm=(f1)m=1=1

meaning that every map in C is total! In this way, the usual definition of products
collapses the restriction structure in a restriction category. However, we would very
much like to have a notion of products in our restriction categories, and to keep our
restriction structure intact. This is possible, and we will use the following definition

of products in restriction categories in the sequel:

Definition 2.15. A restriction product of two objects A, B in a restriction category
C is an object A x B of C, with total projection maps my : A x B — A and 7y :
A x B — B such that for any maps f : C — A, g : C' — B there is a unique map
(f,g9) : C — A x B such that

C

f g
g

1

commutes, with (f, ¢)mo = gf and (f, g)m1 = fg.

An immediate consequence of this definition is

<f>g> = <f,g>7T():E:§7

17



which means that our earlier problem with (f, 1) does not occur! For more details
on limits in restriction categories, and why this definition of products in a restriction
category is the correct one, the interested reader is encouraged to consult [10] [12].
Similarly, we require a special notion of terminal object to go along with our
special notion of products for a restriction category. Intuitively, this makes sense, as
while there is certainly only one total map into the terminal object from any other

in say, Ptl, there may be many partial maps. The definition is

Definition 2.16. A restriction terminal object in a restriction category C is an object
1 with the property that for any object A of C, there is a unique total map !4 : A — 1

such that for any map f: A — B of C

A
'a
TN

B 1

'B
Important to note is that the above diagram expresses an inequality. That is, it
does not commute in the usual sense, expressing that f!p <!4, not that the two maps
are equal. The sequel will contain many such diagrams, which can be identified by
the presence of <.
Finally, we arrive at the definition of products in a restriction category [10] that

we will be using:

Definition 2.17. A restriction category C has finite restriction products in case there
is a distinguished restriction terminal object 1 and for every two objects A, B of C
there is a distinguished restriction product A <~ A x B =% of A and B in C. In

this case we call C a cartesian restriction category

Note that we insist on distinguished, or “chosen” products in our cartesian re-

striction categories. This simplifies things significantly in many of our calculations.

Lemma 2.18. In a cartesian restriction category:

18



(i) {f.9) =17

Proof. (i) {f,g) = (f,9)m0=3f = f7

(i) First,

e(f,g)(ef,g9) = (e(f.9) f,e(f.9)9) = ef,9)([.9) = e([. 9)

gives e(f,g) < (ef,g), and similarly e(f, g) < (f,eg). Next,

(ef,9)e(f.g) = (efgef,ef geg) = efglef.g) = (ef,q)

]

For example, Ptl — the category of sets and partial functions — has finite restriction
products. The restriction terminal object is given by any one element set {x}, where
the unique total map from a set A to {*} is the partial function that sends each a € A

to x. If A and B are sets, the restriction product is the cartesian product
Ax B:={(a,b) |a € Abe B}
with total projection maps defined by

T: AxB—A m((a,b)):=a

m:AXxB— B m((a,b)):=b

If f:C— Aand g:C — B are arrows in Ptl, then the mediating map is

(f,9):C—=AxB (f g)(c)=(f(c),9(c))
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That the required identities hold is straightforward to verify, once one realizes that
(f(x),g(x)) is defined only when both f(z) and g(z) are defined.

Restriction products lie over products in the usual sense in the total map category:

Proposition 2.19. If C is a cartesian restriction category then total(C) has finite

products.

Proof. The restriction terminal object becomes a terminal object in total(C) since for
any total map f : A — 1, we have f <!,, meaning |4 = fl4 = f, and so there is
exactly one map, !4 from A into 1 in total(C).
For restriction products, if
A< AxB™ B
is a restriction product in C, then since my and m; are total it is also a diagram in
total(C). In fact, it is a product diagram as follows: If f : C' — A, g : C'— B are maps
in total(C) then since they are also maps of C and the diagram is a restriction product

in C we have a mediating map (f, g), which is also in total(C) since (f,g) = f7,

making

C
J l(ﬁg) !

A<~—Ax B——=1DB
o T

commute in total(C). The uniqueness condition for the restriction product gives the

uniqueness condition here, and we are done: total(C) has finite products. ]

This pattern of partial structure lying over more familiar structure in the total
map category will be a major theme in the latter part of the sequel.

Often we ask that some functor preserves certain limit diagrams, and of course
there is a version of this for restriction functors, and in particular for restriction

products:

Definition 2.20. If C and X are cartesian restriction categories, we define a cartesian

restriction functor between them to be a restriction functor F' : C — X that preserves
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the distinguished products. That is, F(A x B) = F(A) x F(B), F(m) = m, F(m) =

m, and the diagram

F(A) <= F(A) x F(B) = F(B)

is the distinguished restriction product in X.

Notice that we then have F(Ax) = Ap(x), which will be useful.

2.2 Meets and Discrete Cartesian Restriction Categories

We know that for any restriction category X, each homset is a partial order with
respect to the extension ordering. Assuming the existence of a meet in each homset

is very powerful, and we explore this now:

Definition 2.21. A meet restriction category is a restriction category X such that
for every pair of parallel maps f,g: A — B in X, there is a map f N g in X, called

the meet of f and g, satisfying:
@) fnf=r
(i) fng<fand fNng<g
(iii) 2(fNg) < (hf N hg)
The definition implies various useful properties of the meet:
Lemma 2.22. In a meet restriction category:
(1) if h < f and h < g then h < (f Ng) (justifying the term “meet”)
(i) frg=gnf
(iii) if f < f" then (fNg) < (f'Ng)

(iv) h(f Ng) = (hf Ng) = (f N hg)

21



(v) (fNg)h = (fhngh)

(vi) fNgf=[fNgg

(vii) (fNgh) = (fhNg)

Proof. (i) f(fNg)=hfNhg=hNh=h,andsoh < fNg.

(i) Immediate from (i), fNg < g and fNg < g give (fNg) < (gNf) and vice-versa.
(iii) fng<f<fand fng<ggives fNg< f'Nyg.

(iv) (hfng) <gand (hf Ng) <hf give

(hf Ng)hg = (hf N g)hfhg= (hfNg)hhfg

= (hfnghfg=(hfNglg=hfNg

o (hf Ng) < hg, meaning (hf Ng) < (hf Nhg) = h(f Ng). hg < g, so we
also have h(f Ng) = (hf Nhg) < (hf Ng). Thus, (hf Nh) = h(f Ng). The

symmetric case is similar.

(v) (fhngh) < (fNg) < (fNg)h, and

(fngh=(fNngh(fng)=(fNghfN(fNg)hg
< fhfNghg= fhNgh

(vi) fng<fand fng<ggive fNgf=fNg=fNgg.

(vii)

EX

(fNgh) = (fNghg) =gh(fNg)=(fNg)gh(fNyg)

= (fNg)gh(fng)=(fNg)fh(fNg)=fh(fNyg)




= (fhnNg)

]

There is another way to state that a cartesian restriction category has meets, in

terms of partial inverses.

Definition 2.23. A map f : A — B of a restriction category X is said to have

a partial inverse if there is a map (- : B — A of X such that ffCY = f and

We note that the partial inverse of a map f is unique when it exists. If some other

map ¢ has fg = f and gf =G, then

gf Y =gff T =gf=gfg=g9=g

which means g < f(=1. Similarly f(-1 < ¢, and so f(=Y = g.
A map with a partial inverse is called a partial isomorphism. We are particularly

interested in the case where the diagonal map is a partial isomorphism:

Definition 2.24. A discrete cartesian restriction category is a cartesian restriction
category in which A : A — A x A (defined by A = (14,14)) has a partial inverse
for every object A of X. That is, there exists a map A1 : A x A — A such that
AACD =1, and ACYA = ACD,

This captures precisely when a cartesian restriction category has meets!

Proposition 2.25. A cartesian restriction category X has meets if and only if it is

discrete.

Proof. Let X be a cartesian restriction category. If X has meets, we define ACD :

X xX — X by
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A(il) = Tg M m

We show that this is partial inverse to A as follows:

AATY = (1, 1) (mo Nmy) = ((1, Do N (1, 1))

=1Nl=1=A

and

ACYA = (mg nmy)(1,1) = ((mo Ny, (mo Ny ))

= <<’7To ﬂ7r1)7ro N (71'0 ﬂm)m) = (7T0 ﬁ7r1)<7r0,7r1)

= (71'0 N 7T1) = A(fl)

as required, meaning that X is discrete.

For the converse, suppose that X is discrete, and defined f N g by

fng:=(f.gyAtY

We show that this is the meet. For f N f = f, we have

fnf=(HAtY = FAAED = f

Next, for fNng < f:

(fng) f={f,AD f=(f,g)ADf
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= (L) ACD(f,g) f = (f, ) ACD (f, g)mo f
=(f,g) AV Gf = (f,9,)AEV(f, g)70
= (f,9) AT, = (f, ) ATV Am

=(f, A"V =fng

and similarly we have f N g < g. Finally, h(f Ng) = hf N hg since

h(fNg) = h{f,g) AV = (hf hg) ATY = hf N hg

so X has meets. O

2.3 Latent Pullbacks

A restriction category is said to have latent limits of a diagram in case the idempotent
splitting of that category has limits of that diagram [23]. In this thesis we will need

to use latent pullbacks, which we introduce now:

Definition 2.26. A latent pullback in a restriction category C is a commuting square

D" A

Jo
with h = hf = kg = k such that for any two maps v : X — A,w : X — B such

that vf = wg, there is a unique map « : X — D satisfying
(i) ah <v, ak <w
(i) @ =of = wg

(iii) a = ak

This definition may seem contrived, but is justified by the more general existence

of latent limits [23]. Note that latent limits are unique up to partial isomorphism
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(and so, up to isomorphism in the splitting). Now, we have

Lemma 2.27. FEvery discrete cartesian restriction category has canonical latent pull-

backs of arbitrary maps.

Proof. We show that for any f, g the square

Ax B o fNmT1gTo A

ﬂ'ofﬁﬂ'lgﬂ'll Lf
B C

is a latent pullback. Obviously the square commutes, and we have

mof Nmgmof = mof Nmgmig = mof Nmig

=mof Nmgme = mof N T

so the square also commutes in the splitting, as required. Now, suppose v : X — A

and w : X — B are maps with v f = wg. Define the mediating map to be

a:=vfNwgv,w) = (v,w)mf Nmyg

we then have

(i)

Oéﬂ'of ﬂ7r1g7rg = <’U,’w>7T()f ﬂﬂ'lg 7T0f ﬂ7r1g7rg = <’U,’w>7T()f ﬂ7r1g7ro

=ouf Nwg{v,w)ymy =wof Nwgv =vfNwgv <wv

and

amyf Nmgm = (v, w)mef N g mof Nwigm = (v, wymef N wgm

=ouf Nwg(v,w)ym =vvf Nwgw =vf Nwgw < w
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(ii) vf =vfNufof Nwg = wgNwg = Wy gives

a=vfNwg(v,w) =vwvfNwg =ovf NwWwg =vfNwg

(iii)

amof Nmgm = (v, w)mef Nmgmef N TG =

as required. For uniqueness, suppose § : X — A x B is another map satisfying the

definition. Then

a=uvfNwg(v,w) = ﬁ@)v w) = B<U7 w) = <B"%Bw>

= (Bmof Nmgmv, B f N mgm w) = (Brof N migmev, Brof N wigm w)

= (Bmof Nmigmo, Brof N migm) = Brof N wig(my, m1)

= prof Nmyg =

as required. O

This is analogous to the way that any category with products and equalizers must
also have pullbacks. Restriction products play the role of products, meets the role of

equalizers, and latent pullbacks the role of pullbacks.

2.4 Joins and Interleaving

In addition to meets, restriction categories are capable of having joins of certain

parallel maps, or more generally, of having an interleaving of any two parallel maps.

Definition 2.28. We say that two parallel maps f, g : A — B in a restriction category

X are compatible, written f — g, in case fg = gf.
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Definition 2.29. A restriction category X is said to have finite joins in case

(a) For each pair A, B of objects of X there is a zero map 0ap : A — B such that
forany f: A— B, 0 < f,and for g : C = D, fOgcg = 04p. We omit the

subscripts when they are clear from the context.

(b) For each pair f,g : A — B of maps of X such that f — g, there is a map
fVg:A— Bsuchthat fVgis the join of f and ¢ (thatis, f < fVg, g < fVyg,

and if f <handg<h, fVg<h),and h(fVg)=hfV hg.

Restriction categories with (finite) joins are called (finite) join restriction cate-
gories.

We collect some elementary properties of finite joins:
Lemma 2.30. In a restriction category with finite joins:
(i) 0ap = 044
(i) [Vg=[fVyg

(15i) (fV g)h= fhV gh

Proof. (i) 045044 = 0ap 0aa = 04504404 = Oap gives Oup < 044, and we

already have 044 < 045, 50 045 = 044.

(ii) Immediately fV g < fVg. This also tells us f Vg is a restriction idempotent.
We then have

so fVg< fVg, and therefore fVg=fV3g.
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(iii) Immediately fhV gh < (f V g)h, and we have

(fVQOh=(fV@h(fVg) =(fVghfV(fVghy
=(fVohFFV(fVohgg=FfVa)ffVva(fVvghg

=(fVIQhfV(@GfVvahg=(fVgf)hfV(fgVaghyg
=fhfVghg=fhVgh
which gives
FRN gh = fhv gh = (fVg)h=(fVg)h
and so

(fhVgh)=fhVgh(fVgh=(fVgh(fVvgh=(fVgh
0

If a restriction category with joins also has meets, then the meet distributes over

the join:

Lemma 2.31. In a restriction category with meets and joins
N(fvyg)=hnf)v(hng
Proof.

N(fVvg) =(fVg)(hn(fVvyg)
=(fvghn(fVvg)=Ffhn(fvg)Vvghn(fVyg))

=(hnNf(fvg))V(hng(fvg)=hnf)V(hng)
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]

In a cartesian restriction category with joins, the join interacts with the product

functor in an interesting way:

Lemma 2.32. In a cartesian restriction category X with finite joins, if f,g: A — B
and h,k : C — D are pairs of parallel maps with f — g and h — k, then (f X h) —
(9 x k) and

(fvg) x (hVEk)=(fxh)V(gxk)

Proof. For (f x h) — (g x k) we have (f x h)(g x k) = fg x hk = Gf x kh =
(g x k)(f x h) as required.

We show the main result by establishing both inequalities. For (f x h) V (g X
k) < (f Vg) x (hV k) it suffices to show both (f x h) < (f Vg) x (hV k) and
(9 x k) <(fVg)x(hVE), but this is immediate.

For (fVg)x (hVk)<(fxh)V(gxk)wehave

(fVg) x (hVE)(fxh)V(gxk)

= ((fVg) x (hVE)(f xh)V((FV) x (hVE)(g x k)
=((fVDf < (hVER)V ((fVG)g x (hV k)

= ((fVgf) x (hVER)V ((fg V g) x (hk V k))

= (fxh) V(g xFk)

and we are done. O

We say that a restriction functor F': X — Y between join restriction categories X
and Y preserves joins if F/(0) =0 and F(fV g) = F(f)V F(g)
In classical computability theory, the interleaving of two partial computable func-

tions is an important construction. By alternating which of two functions is being
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computed until one of them terminates, we can construct a partial computable func-
tion that is defined on some input when at least one of the two original functions is.
It is possible to express this essential property of the interleaving in any restriction

category with meets and joins:

Definition 2.33. In a restriction category X with meets and joins, an interleaving
of a pair of parallel maps f,g: A — Bisamap h: A— B with f <h, g < h, and
h=((hnf)Vv(hNg).

If all pairs of parallel maps have an interleaving, then X is said to have finite

interleaving.

While two maps need not be compatible for an interleaving of them to exist, an

interleaving of two compatible maps is the join of those two maps.

Lemma 2.34. In a restriction category with meets and joins, any interleaving of two

compatible maps is the join of those maps.

Proof. Suppose f — g and that h is an interleaving of f and g. Right away we have
(hnf)< f<fVgand (hNg) < g < fVg, which gives h = (hNf)V(hNg) < fVg.

For the reverse inequality, we have

fh=Ff((hn f)v(hng))
F(hn(fvg)=hn(fVFg)
hO(fvagf)=hnf<f

and then f = ff = fhf = ﬁf = fh, so f < h. Similarly, we have g < h, which

gives fV g < h as required.
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2.5 Existential Quantification

In categorical logic we are often concerned with existential quantification in a fibra-
tion, where it takes the form of a series of adjunctions between the fibers [18] [27]. In
this section, we introduce existential quantification in a restriction category. These
two notions are related, but not identical. Specifically, existential quantification in a
restriction category is intended to correspond to the presence of existential quantifi-
cation in O, the domain latent fibration (see chapter 6). If a restriction category has
existential quantification, then the domain fibration total(Q) has existential quantifi-
cation in the usual fibrational sense, but the converse does not hold. The presense of
existential quantification in the fibration total(Q) only deals with the total maps of
the base category, where our notion of existential quantification in a restriction cate-
gory encompasses all the maps of the base category. While there is almost certainly a
definition of existential quantification for a latent fibration that ties this all together
nicely, the details have not been worked out, and so we content ourselves with what

follows.

Definition 2.35. A restriction category X has ewxistential quantification in case for
each map f : X — Y of X, the pullback functor f* : O(Y) — O(X)/f defined by
f*(e) = fe has aleft Frobenius adjoint 3; : O(X)/f — O(Y), and the Beck-Chevalley
condition holds. That is, there is a preorder morphism 3; : O(X)/f — O(Y) for

which, for every e < f, the two way inference

holds, the Frobenius condition

Jr(e) A€ < Tp(e N fe)
holds, and for any latent pullback square
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AL-pB
k lf
C—=D

the Beck-Chevalley condition holds in the sense that

93;(e) = 3x(he)

We also make explicit an alternate formulation of adjoint functors. This will

simplify some future calculations.

Lemma 2.36. Suppose that for f : X — Y a map of a restriction category X,
3 O(X)/f = O(Y) is right adjoint to f*: O(Y) — O(X)/f. Then

(i) e < f3f(e) fore € O(X)/f
(i) 3;(fe') <€ fore € O)

(111) 3y is a preorder morphism

Proof. (i) If e € O(X)/f, then 3;(e) < 3¢(e), and so e < fI;(e).
(i) If ¢’ € O(Y), then fe' < fe’ and so 3;(fe’) < €.

(iii) Suppose e1,ez € O(X)/f such that e; < ey, Then e; < ey < f3f(eq), which
gives J¢(e1) < Jy(e2) as required.

]

Lemma 2.37. If f : X — Y is a map in a restriction category X and 35 : O(X)/f —
O(Y) is a preorder morphism satisfying

(i) f3s(e) <e forec OX)/f
(i) € < 3;(fe’) for e € OY)
then 3y is left adjoint to f*: O(Y) — O(X)/f.
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Proof. Let e € O(X), ¢ € O(Y). Suppose J¢(e) < €. Then since f* is a preorder

morphism, we have f3;(e) < fe/, which gives

e < f3r(e) < fe

For the converse, suppose e < fe’. Then since 3 is a preorder morphism, we have

3s(e) < 34(fe'), which gives

as required. N

While the above definition of existential quantification in a restriction category
is motivated by existential quantification in a fibration, another way to understand
existential quantification in a restriction category is in terms of ranges [22] [23]. In
the same way that the domain of definition of a map in a restriction category tells us
which part of the domain it is defined on, the range of a map tells us which part of

the codomain is the image.

Definition 2.38. A range category is a restriction category X such that for every

map f: X — Y of X there is a map f: Y — Y in X, called the range of f, satisfying:
[RR.1] [ =f
[RR.2] /f = f
[RR.3] fg = f7
[RR.4] fg = [

In order to relate this to existential quantification, we say that a map f: X — Y

in a restriction category X is open in case the pullback functor f*: O(Y) - O(X)/f
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has a left Frobenius adjoint 3; : O(X)/f — O(Y). It turns out that a map is open

precisely when it has a range.

Lemma 2.39. A map f: X — Y in a restriction category X is open if and only if it

has a range.

Proof. If f : X — Y has a range f, define 35 O(X)/f = OY) by Fs(e) == ef. We
show that this gives a left Frobenius adjoint to f*. Suppose that for e < f, ¢’ € O(Y),

we have 3¢(e) < €. Then we have:

which means e < fe/. For the other inequality, suppose that e < fe/. Then we have:

Sile)e’ = ef & = efe = fe'f

meaning 3;(e) < €¢’. Having shown that 3y is left adjoint to f*, only the Frobenius

identity remains. Immediately:
Bi(e) A ) = efe = efd = efe f = Ip(e A TO)

Thus f is open.
For the converse, if f* : O(Y) — O(X)/f has a left Frobenius adjoint 3; :
O(X)/f = O(Y), define fi= 34(f). We show that f satisfies the range axioms:

[RR.1] 3;(f) is a restriction idempotent, so f= 3r(f) = 34(f) = 7.

35



[RR.2] We have f < f3;(f), so

=13 = 13N =13 f=F (N f=Ff=f

[RR.3] Again we know f < f3;(f), which means f3;(f) = f f3;(f) = f, but then:

and then since

—~

we know fg < fg.

For the other inequality, the Frobenius identity gives

which means

but fg < fa355(f9), so




19 73 f3r5(f9) = f9 f9355(f7)

I
=
Q
—

—

which means, fg < f3;5(f7), and then we have fg < fg.

)

Having established both inequalities, we now know that fﬁ = fg, as required.

[RR.4] We know that

Now, we observe that

FI35(Ng3re(fg) = f3r(F)g9354(f9)
= [3:(F) f9354(F9) = f3:(f) f93s4(f9)

and further that since f < f3;(f) and fg < fg3;,(fg) we have

=l
Il

|

Qf

19 f3:(F) f935(Fg) = [ f3:(f) fa f93s,(Fg) = F

which together give fg < E

For the other inequality, we have
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and also

—~

f9=1fg=ffa < rig3fe(f9) = f93;,(Fa)

which together give E < J?g.

The two inequalities then give fg = E as required.
Therefore X is a range restriction category. L]

Thus, the only difference between a range category and a restriction category
with existential quantification is that in the latter the Beck-Chevalley condition must
be satisfied by the 3y adjoints. If the range category is also a cartesian restriction
category, then it was shown in [23] (Lemma 3.8) that the 3; adjoints satisfy the Beck-
Chevalley condition if and only if m = J?x g for all maps f, g. Ranges will not play
a major role in the sequel, but it may be helpful to think of existential quantification

in a restriction category in these terms.

2.6 Universal Quantification

As with existential quantification, universal quantification in a restriction category is
intended to correspond to some notion of universal quantification in a latent fibra-
tion, applied to the domain latent fibration. The difference is again that while the
presence of universal quantification in a restriction category implies the presence of
the fibrational kind of universal quantification in total(Q), the converse does not hold

because the latter universal quantification does not account for the partial maps of
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the base category. Again, there ought to be a notion of universal quantification in a

latent fibration tying all this together, but we use the more specific notion here.

Definition 2.40. A restriction category X is said to have universal quantification in
case for every map f: X — Y of X the pullback functor f*: O(Y) — O(X) has a
right adjoint Vy : O(X) — O(Y), and the Beck-Chevalley condition holds. That is,

there is a preorder morphism Vy : O(X) — O(Y) for which the two way inference

holds, and for any latent pullback square

Ao B

1
the Beck-Chevalley condition holds in the sense that for e < f,

9¥s(e) = gVi(he)
Again, we state explicitly an alternate formulation of this adjunction.

Lemma 2.41. If f : X =Y is a map in a restriction category X and ¥y : O(X) —
O(Y) is right adjoint to f*: O(Y) — O(X), then

(i) [Ys(e) <e fore € O(X)

(i) € <V;(fe') for e € O(Y)
(111) Vs is a preorder morphism

Proof. (i) Vs(e) < Vy(e) gives fVy(e) <e.

(i) fe/ < fe' gives € < V;(fe).

39



(iii) Suppose eq,es € O(X) such that e; < es. Then fVy(e;) < ey < ey, which gives

Vi(er) < Vy(ea).
L]

Lemma 2.42. If f : X — Y is a map in a restriction category X and ¥y : O(X) —
O(Y) is a preorder morphism satisfying

(i) T97(@) < e for e € O(X)
(i) € <V;(fe') for e € O(Y)
then V¢ is left adjoint to f*: O(Y) — O(X).
Proof. Let e € O(X) and ¢ € O(Y). Suppose fe/ < e. Then since V; is a preorder
morphism V(fe’) < V;(e), and we have

¢ < Vy(fe) < Vy(e)

For the converse, suppose ¢’ < Vf(e). Then since f* is a preorder morphism fe’ <

fV¢(e), and we have

feé < fvsle) <e

as required. O

2.7 Cartesian Closed Restriction Categories

It will come as no surprise that there is a notion of cartesian closedness for restriction
categories [7]. The main difference from the total case is that in order to ensure that
the partial cartesian closed structure survives the idempotent splitting construction,
we require the existence of an exponential transpose for each restriction idempotent

satisfying a condition:
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Definition 2.43. A cartesian closed restriction category is a cartesian restriction
category X such that for every pair A, B of objects in X there is an object B4 and
amap evap : A x BY — B in X such that for every map f : A x C — B and

every restriction idempotent e € O(C') satisfying (1 x e) f = f, there is a unique map

Ae(f) : C — B with \.(f) = e which makes

evA,B

Ax BA—<B

1><>\e(f)] /

AxC

commute.

We call A\.(f) the transpose of f relative to e, or simply the transpose of f. We
often make special use of A;(f) because it is total, and denote it A(f). It is equivalent
to ask there is a unique total map A\(f) : ¢ — B“ making the diagram commute,
and that for each f’ such that (1 x f"Jev = f we have f’ < A(f). This alternate
presentation looks more like the other structure in restriction categories, but makes

the connection to the idempotent splitting less obvious.

Lemma 2.44. In a cartesian closed restriction category X, if f : Ax B — C and

g:D — B, then g\(f) =g\ (1 x 9)f).

Proof. A((1 x g)f) is total, so gA(f) < A((1 x g)f), which gives

gAf) = gA ()M x g)f) = gA(1 x g)f)

as required. 0

We can also manipulate the transpose as follows: Observe that

Amoh)M((g % Devf) = A(moghf)

since
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(1 x Mmoh)A((g x Devf))ev = (1 x A(mph))(g x 1)evf

= (g x 1)(1 x AM(moh))evf = (g x 1)mohf = moghf

and \(moghf) is unique with that property. m is an isomorphism, so we can suppress
it to obtain a total map [g, h] with A(f)[g, h] = A(fgh). We make use of this briefly
in the sequel.

Another common piece of notation in a cartesian closed restriction category is
as follows: For a map f : X — Y, we define the total map "f7 : 1 — Y¥X by
1= Amof), as in

X xYX&¥ vy
IXA(Wof)T o f
X x1

We think of " f7 as the “element” of Y¥ corresponding to f : X — Y, and recover

f from " f 1 as follows:

(LI"fMev=(1,1)(1 x AN(mof))ev = f

In the sequel, we will want to compare the domain of definition of maps in a

restriction category internally. The following structure makes this possible:

Definition 2.45. A subobject classifier in a cartesian restriction category X is an
object €2 together with a map ev : 2 — 1 such that for each map f : X — 1 of X

there is a unique total map xy : A — {2 making

A0

1
commute, and further, for any h: A — €, if hev = f then h < xj;.

If e € O(X) is a restriction idempotent, we use the following notation
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Xe = Xe!

We mention these subobject classifiers in conjunction with cartesian closed re-

striction categories because every cartesian closed restriction category has one.

Proposition 2.46. If X is a cartesian closed restriction category, then X has a

subobject classifier. Further, for any f : X — Y of X, e € O(Y), the equation

fXe = FXge holds

Proof. We define Q := 1' and ev := (!, 1)ev : 1' — 1. Foramap f: A — 1 of X,
define xy := A(m f), as in
Ix 111

1><)\(7r1f)]
1x A

w1 f

Clearly xy is total, and

vrev = Alm )L Dev = {1, x)ev
= (1)1 x Amf)ev = (L f =

Now, suppose h : A — 1! is such that hev = f. Then

hxs = hA(m1f) = hA(mhev) = RA((1 x h)miev)

= hA(mev) = hxer = h

and so h < xy, as required.

We show fy. = ?Xﬁ as follows

fxe = fAme)) = fFA((1 x f)me!)
= 7)\(771f€!) = 7Xf7
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3 Discrete Cartesian Closed Restriction Categories

We have already seen that every discrete cartesian closed restriction category has
a subobject classifier. We proceed by showing that they have both universal and
existential quantification, and that each O(X) for X an object in a discrete cartesian
closed restriciton category is a Heyting algebra. We also consider the action of the
pullback functor f*: O(Y) — O(X) for some map f: X — Y of a discrete cartesian
closed restriction category. While this is not in general a Heyting algebra morphism,

we will see that it is when the map f is total.

3.1 Universal Quantification

Proposition 3.1. If X is a discrete cartesian closed restriction category, then X has

universal quantification.

Proof. 1t suffices to define a mapping V; : O(X) — O(Y) for each f : X = Y of X
satisfying, for e € O(X), ¢’ € O(Y)
fe! <e
¢ < Vy(e)
and also satisfying the Beck-Chevalley condition. To that end, let f : X — Y be a
map of X, and define V¢(e) € O(Y) for e € O(X) by

Ve(e) == XNmof Nmy) N A(meef M)

with the types as in (mof Nmy) : X XY = Y.
Now, let e : O(X), € : O(Y), f: X = Y, and supose fe/ < e. Then efe’ =
efe'f = fe'f = fe/, and we have

EXmof Nmy) = A(1 x €)(mof Nmy)) = eX(mof N (1 x e")my)
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=eNmof Nme’) = X(mofe' Nmy) = e N(mpefe' Nmy)

= e Nmoef Nme) = eXN(1 x €)(mpef Nm1)) = e Nmef Nmy)

and so

e'Vi(e) = e Xmof Ny) N A(moef Nmy)

=e'Nmof Nmy) Ne'Nmoef Nmy) = e Nmof Nmy) Ne'N(mo f Nmy)

= Nmof Nm) N A(mof Nm) = €eXNmof Nmy) =€

which means e’ < V((e), as required.

Conversely, suppose ¢’ < V(e). We then have fV;(e) < e by

fVs(e) = fVs(e) N fYs(e) = fVy(e) f N [Vy(e)
= (L, f¥s(e))mof N (L, fVs(e))m = (L, fVy(e))(mof N 1)
= (L, /)1 x Vs(e))(1 x AMmof Nmy))ev = (1, f)(1 x Vi(e)A(mof Nmy))ev

= (L fY(I x XMmof Nwy) N A(moef Nmy) Mmoo f Ny))ev

= <1, f>(1 X )\(7T0f N 7T1) N )\(7T0€f N 7T1) )\(7T0€f N 71'1))ev
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as required.

For the Beck-Chevalley condition, we must show that for any latent pullback in X

Wl x

kt f

we have, for e < f,

97;(e) = g (he)

We proceed by showing each inequality to establish the promised equality. For

any commuting square

W X
k !
in a discrete cartesian closed restriction category, we have, for e < f|

gV¢(e) < Vi(he)

as follows. From fV¢(e) < e we obtain

kg¥s(e) = kg¥s(e) = hfVs(e) = hfVs(e) < he

and then since V; the right adjoint we have

gV¢(e) < Vi(he)

For the reverse inequality, we require the square
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Wl X
k !
Z — Y
to be a latent pullback. In this case, we first show that the inequality holds for the

canonical latent pullback in a discrete cartesian closed restriction category.

X x Zﬂofﬂmgﬂo X

7o fNm1g ml Lf
Z Y
From there, it is easy to show that it holds for any latent pullback. We begin by

observing that

mof N mig moe = Toe mof N T1g

= Tpe(mo f Nmig) = Teemo f Ny

= moef N g

and so

<1,7Tl>(7T07T0f N 19 TTp€ T N 7T1)g = <1,7T1>(7707T0€f N 197 N 7Tl)g
= (7T0€f N 19 7T N 7T1)g = 7T0€f N 7T1g<7Tl N 7T1)g = 7T0€f N mTgTmg

= moef Nmg

and, similarly

(1, m)(momof Nmgm Ny)g = mof Nmig(m Nmy)g = mof N Tg g

=mof NTig
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Now, we use that [(1, ), g] is total to obtain

gvﬂ‘ofﬂﬂ'lg ™ (7T0f nmg 7'('06)

=g Nmomof Nmigmeemof Nwygm Nay) N A(momof N g m Ny)

= g Mmomof Nmigmeem Nay) N A(momof N g m Ny)

(Mmoo f N g meem Nay) N A(momof N g m Ny))[(1, 1), g]

I
Ql

G Nmomof Nmigmeem Ny [(1, )] N A(momof N g m Ny [(1, 1), g]

IN

gAN(meef Nmig) N N(mof Nrg) = gN(meef Nwig) NGA(mof NT1g)
= gA((1 x g)(moef Nm1)) NGA((1 x g)(mof N71))
= gA(moef Nmy) NgA(mof Nmy) = g(Nmoef Nwy) N A(mof Ny))

= g¥y(e)

which is the desired inequality for the canonical latent pullback. Now, let a: W —

X X Z be the induced partial isomorphism between the two latent pullbacks, as in

W h X xZ
\ Yj
< <
> X X7 —>X > Wl x
k
l ! k f
Z———Y Z——=Y

Observe that together these inequalities ensure the two diagrams commute on the

nose. Then we have

v (mof N T1gmoe) = Vi (al=Dhe)

o fOmw1g ™1

= V(@0 DhE) = ViV (- DRe)
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and so finally, we have

E‘v’k(E) <GV (Mo f Nmigmee) < g¥¢(e)

mo fNm1g ™

and the Beck-Chevalley condition is satisfied.

3.2 (O(X) is a Heyting Algebra

We have already seen that for any object X of a restriction category X, the restriction
idempotents O(X) form a bounded meet semilattice with < the extension ordering,
T the identity on X, and e A €’ given by composition. In this section, we show that
if X is a discrete cartesian closed restriction category, then each O(X) is a Heyting
algebra. We also consider the action of the pullback functor f*: O(Y) — O(X) for

an arbitrary map f: X — Y of X.

Proposition 3.2. If X is a discrete cartesian closed restriction category, then the
partial order O(X) has a Heyting implication for every object X of X. Further, for
every map f : X — Y of X the pullback functor f* : O(Y) — O(X) has f*(e; =
es) = f(f*(er) = f(e2)).

Proof. The meet and top element are defined as above, and if e; < es € O(Y) then
certainly fe; < fes, so f* preserves the meet. For T, we have fe < f = fT, and f*
preserves the top element.

Heyting implication is defined using the meet and subobject classifier. If e; and

ey are elements of O(X), we define (e; = e3) : O(X) by

(61 = 62) = Xey N Xeien
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The idea being that e; < ey precisely when e; = ejes, so we express that with
the structure of X. To show that this is indeed the Heyting implication, we must
establish

(eNep) < ey
e < (e1 = eg)

To that end, suppose ee; = e A e; < ey, meaning that eejeq = ee;. Then we have

6(61 = 62) = €Xey [N Xerea = €Xer 1 €Xeen

= €Xeey N €Xeerea = €Xeeq N Xeer = €Xeey

=€

so e < (e1 = e3).

For the converse, suppose e < (e; = e3), meaning e(e; = e5) = e. Then

(e Nej)es = eereq = e(e1 = €3)e169 = €Xey () Xeyep €162

= €Xer [ Xeres Xerea® = €Xey [ Xejes Xer €V

=e(e; = ex)e; =ee; = (e Nep)

so (e Aeg) < ey, and our implication is in fact a Heyting implication. We show that

fle =) = f(e = 1) as follows:

f(el = 62) = me n fX61€2

Pger N g = T X M 7

f(fer= fed)
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Proposition 3.3. If X is a discrete cartesian closed restriction category, then the
partial order O(X) has joins and a bottom element for every object X of X. Further,

for each f: X — Y of X the reindexing functor f* : O(Y) — O(X) preserves the

join and bottom element.

Proof. The bottom element of O(X) is defined to be

_LX = V?T() (@)

with the typing as in ev: X x 1¥ — 1. If e € O(X), then

Lx =V (®> = Vo (@) = Va, (@Mlv r€‘|>

= <17 |—€1> (vﬂo (@) X 1) = <17 I’€7>7T0\V/7r0(@)

<(l,FeNev=(1,"eNev=¢

=€

which means | x is indeed the bottom element of our lattice. Also, if f : X — VY
then 1y < Vy(Lx) gives by way of the adjunction that f1ly < Ly. We know that
1x < fly,so Lx = fly,and the pullback functor f* preserves the bottom element.

The join of e; and ey in O(X) is defined to be

(61 V 62) = VWO((Woel = e_v)(woeg = e_v) = e_v)

We verify that this is in fact the join. For e; < (e1 V e3), we have

To€1 N\ (7'[‘()61 = e_v)(m = e_v) = m(m = e_v)(m - e_v)
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< Toe1(Toer = &v) = Toer A (e = &v) < ev

which, via properties of Heyting implication, gives

Tl < ((7'('061 = e_v)(ﬂoeg = e_v) = e_v)

and the adjunction then gives

(e < VWO((Woel = W)(?Toeg = W) = W) = (61 V 62)

and we have e; < (e; V ey) similarly. Next, suppose e; < e and ey < e for some

e € O(X). Then we have

(e1Veg) = ((e1 Vey), Lyme™

=(1,"eN((e1 Veg) x 1) = (1,TeMmo(e; V e2)

= <1, |—€—|>7T0vﬂ-0((71'0€1 = e_v) (7'('062 = e_v) = e_v)

< L) (moes = &) (o = &) = &)

= (((1,"eMNmoe; = (1,7eMNev)((1,"eMmpes = (1,7eev) = (1,7eNev)
=(e;=>e)(ea=>e€)=e

=(es=>e)AN(ea=¢€))=e

but since e; < e and ey < e by assumption, ((e; = €) A (e2 = ¢€)) is T, so we have

(e1Ve) <(T=e)=e

Thus, our (e; V ey) is indeed the join. We show that f* preserves the join as

follows: Suppose f : Z — X. Then we have fe; < f(e1 V e2) by
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fer flerVes) = fer flerVe)

= f€1(€1 V 62) = E

and similarly we have fe, < m, so we know feq V fey < m. Now,
suppose that for some e, we know fe; < e and fe, < e. The adjunction gives
e1 < Vy(e) and ey < Vf(e), so we have f(e; V ep) < e. Certainly fe; V fey has this
property, and therefore we have shown m < fe1V fey. By asymmetry we now
have m = fe1 V fey. Thus, the join is preserved by reindexing over f*.

[

We have now established that O(X) for X an object of a discrete cartesian closed
restriction category X is a Heyting algebra. Notice also that if the map f: X — Y
in X is total, then we have shown that f* is a Heyting algebra morphism. This will

be used in the sequel.

3.3 Existential Quantification

Proposition 3.4. Fvery discrete cartesian closed restriction category has existential

quantification.

Proof. For f: X —Y and e < f, we define 3¢(e) € O(Y) by
Jr(e) == ry (Vyx1((e x 1) = (f x 1)ev) = &v)

We begin by showing that this is a preorder morphism. First, we observe that

Heyting implication has the following property:

a<b
(b=c)<(a=c¢)
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which we use in conjunction with the fact that V¢ is a preorder morphism to obtain
that, if e < ¢’ for e, ¢’ < f, then
e<e¢
(ex1)< (e x1)
(ex1)=(fx1ev)<((ex1)=(f x1ev)
Vici((ef x 1) = (f x 1)ev) < V(e x 1) = (f x 1)ev))
(Vixi((ex 1) = (f x L)ev) = &v) < (Vyxi((¢/ x 1) = (f x 1)ev) = &)
EHORENCY

as required.
Now, to show that 3y is left adjoint to the reindexing functor f*, it suffices to
show that for any e < f, ¢’ € O(Y), we have 3;(fe/) < ¢ and e < f3;(e).

To show 3;(fe’) < ¢, we first observe that the V adjunction gives

(€' x 1) = &) < Vpa(((f x 1)((¢ x 1) = &v))

but then we have

Vea((f x (¢ x 1) = &) <Vpa((f x D((e x 1) = &v))((¢' x 1) = &v)

= (e x1) =)V ((f xD((e/ x1) = @v)) = ((¢' x1) = &)

and so by antisymmetry

V(T X D@ x 1) = &) = (¢ x 1) = &)

This allows us to obtain the required inequality as follows

35 (fe') = (LN Ep(fe) x 1) = (1,7 Nmo3s(fe')

= (1,7 NV (Vi1 (fe! x 1) = (f x 1)ev) = &)
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< (L,7eMN) (Vpa((fe' x 1) = (f x 1)ev) = &)

=(1,"eN (Vs ((f x 1)(e x 1) = (f x 1)ev) = &v)

= (L,TeNVpal(f x D((e x 1) = &) = &)

— LT (@ x 1) = &) = v

= (((L,"e'M (e’ x 1) = (1,7 Mev) = (1,7e MNev)
=(((1,TeMme! =€) =€) =((' =€) =€)

=(T=¢€)=¢

For e < f3(e’), we have

e < Vﬂ-o(ﬂ-_0€> = vﬂo(e X 1)

and clearly

(ex 1) A((ex1) = (f x Dev) < (f x Lev

so by property of Heyting implication we have

(ex1)<((ex1)= (f x1ev)= (f x1)ev

and then the definition of universal quantification gives

(f x DV¥xa((e x 1) = (f x Dev) < ((e x 1) = (f x 1)ev

and so
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((ex1)=(fx1)ev)=(f x1ev) A(f x 1)Vix1((e x 1) = (f x 1)ev)

<(((ex1)=(fxDev)=(f x1ev)A(lex1)=(f x1ev)

(ex1)=(fxev)A(ex1)= (f x1)ev) = (f x 1)ev)

< (f x 1)ev

and the definition of Heyting implication now gives

(ex1)=(f x1ev)= (f x 1)ev)

< (fxDVa(lex1)= (f x1ev)) = (f x 1)ev

putting these things together, we have that

(ex1)=(ex(ex1) < (fx1)(ex1)

< (7 X 1)(((ex1)=(f x1ev) = (f x 1)ev)
< (FxD((f x )sal((ex 1) = (f x 1)ev) = (f x 1)ev)

=(fx1)(Vea((ex 1) = (f x 1)ev) = &)

Now, since V,, is a preorder morphism, we can use this inequality to show

e=ce< fV(ex1)

< V(% D(¥pa((e x 1) = (Lx J)ev) = &v))
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Next, we observe that since

is a latent pullback, the Beck-Chevalley condition gives

fVmo(a) = [V ((f x 1)a)

for any a € O(Y x 1V).

Applying this to our situation yields

e < Tn((f X D paalle x 1) = ( X Dev) = &)
= fVr (Vix1((e x 1) = (f x 1)ev) = &v)

= [3s(e)

For the Frobenius identity

Jr(e) A€ < Tp(e A fe)

we use that f(o = 1) = (f¢ = f¢), noting that

3p(e) AN < Fp(p A FY)

Ip(e) <= Tl A fih)

o < f(Y = (oA f))
o < f(fY = (e fU))

Since e < f, it suffices to show o < fy = f3;(¢ A f1b), and we have

o < = (e A Fip)
e AU < [ A fU)
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but this is immediate since 3y is left adjoint to f*.

For the Beck-Chevalley condition, we show that if

D" A

kl Lf
is a latent pullback in X, then for e < f we have

931(e) = Fx(he)

We begin by showing that for any commutative square and restriction idempotent

e as above, we have J;(he) < g3;(e). For this, it suffices to show

i (he) < g3s(e)

which is the case precisely when

and we have

kg3s(e) = kg3s(e) = hf3s(e) = hf3s(e) > he

as required. We procced by showing that when the square in question is a latent

pullback, we have g3;(e) < 3 (he) as follows: We know he < k3 (he), which gives

e <V (k3x(he))

which in turn gives
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e < fVn(kFx(he))

and we can now use the Beck-Chevalley condition for universal quantification to

obtain

e < [Vn(k3u(he)) = fYy(Fu(he))

which gives

3y(e) < ¥y (Gu(he))

which, finally, gives

g3s(e) < Fi(he)

as required. Thus, the Beck-Chevalley condition is satisfied, and we are done.
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4 Turing Categories

Classically [14], a partial combinatory algebra consists of a set A together with a
partial binary operation e : A x A — A which is combinatory complete. That is, for
any term t over the relevant signature in variables x1, ..., x, there is an element a € A
such that for all elements by, ..., b, of A, if both t[by/x1]...[b,/x,] and (aeby)e...b,
are defined, then they are equal. This allows us to use a convenient syntax to denote
elements of a partial combinatory algebra, with (z)¢ denoting the element of A for
which ({x)t) e by is equal to ¢[b1]/x when both are defined. It is now a small step
to connect this syntax with abstraction in the A-calculus, and thus to computability
theory. Indeed, the prototypical example of a partial combinatory algebra is given
by the partial recursive functions. The set is N, and we define ¢ : N x N — N by
o(z,y) := {y}(x), the result of applying the yth partial recursive function to = € N.
Computability theory contains many other examples [28], to the point that it is
reasonable to characterize computability theory as the study of partial combinatory
algebras.

Turing categories [8] are a general, categorical characterization of partial combi-
natory algebras. In the same sense that restriction categories are a generalization of
the structure present in the category of partial functions on sets, Turing categories
generalize the structure present in the computable maps of a partial combinatory

algebra.

4.1 Partial Combinatory Algebras in Context

We begin by giving more abstract characterizations of the important ideas in the

study of partial combinatory algebras.

Definition 4.1. A partial applicative system (A, e) in a cartesian restriction category

X consists of an object A and a map e: A x A — A.
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For example, let Ptl be the category of sets and partial functions. There is a partial
applicative system (N, @) in Ptl, where o : Nx N — N is defined by e(m,n) = {n}(m),
the result of applying the n-th partial recursive function to m. This partial applicative
system is rather famous, and is called Kleene’s first model, written K; [28].

In any partial applicative system there is also an “n-fold application” function,

allowing us to consider something like functions of more than one argument:

Definition 4.2. If (A, e) is a partial applicative system in X, we construct a family
of iterated application morphisms ™ : A® x A — A inductively. o)) = o, and using

o) we define o1 to be the composite

(1xe) o(n)

A" X AXx A—=A"x A—= A

For completeness, we define ¢® : 1 x A~ A — A by ¢ := Aae.

Next, given a partial applicative system (A, @) in partial functions on sets, we can
consider the maps represented by the elements A, which we call computable. More
generally, the computable maps are those represented by a global section, that is, by

a total map 1 — A in the ambient category.
Definition 4.3. If (A, e) is a partial applicative system in X

(i) Amap f: A" — A of X for some n € N is A-computable when there exists a

total map p: 1 — A of X such that

A" x A2 A

1xp] f
A" x 1~ A"

commutes, and when n > 1, the composite

A 1 D qnet e g 2070 4
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is total.

(i) A map A" — A™ for m > 1 is A-computable when all of its components are

A-computable as maps A" — A.

(i) A map A" — 1 is A-computable when its domain of definition is A-computable

as a map A" — A"

when the partial applicative system is clear from the context, we refer to the A-

computable maps simply as the computable maps.

For example, in Iy, the computable maps are precisely the partial recursive func-

tions.

Definition 4.4. A partial applicative system (A, ®) in a cartesian restriction category
X is combinatory complete in case the category comp(A) whose objects are formal
powers 1, A, A x A, A3,... of A, and whose maps are the A-computable maps in X is

well-defined, and is a cartesian restriction subcategory of X.

To connect this to the classical definition of combinatory completeness, recall the
representation of terms with free variables in categorical logic. A term with, say,
three free variables x1, 9, 3 of type X;, X5, X3 respectively is interpreted as a map
with domain X; x X5 x X3 in the categorical model. If we interpret a collection
of A-computable maps similarly as functions between terms with “holes”, then the
category of A-computable maps being a cartesian restriction category is equivalent
to any rearrangement of these holes being computable. As in the classical case, we

have:

Definition 4.5. A partial combinatory algebra is a combinatory complete partial

applicative system.

For example, K; is combinatory complete, and therefore a partial combinatory

algebra.
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4.2 Turing Categories

Partial combinatory algebras are defined in relation to an ambient cartesian restric-
tion category. Turing categories are a presentation of very similar structure that,
in contrast, are not defined in terms of some other category. This independence of
setting allows us to study notions of computation independently from an underlying
logic (e.g. ZFC). We proceed to define Turing categories, and show how they relate

to partial combinatory algebras.
Definition 4.6. Let A be a cartesian restriction category.

(i) Let 7xy : X x A—= Y beamapin A. Amap f: X x Z — Y is said to admit

a Tx,y-indexr in case there exists a total map h : Z — A such that

Xx Ay

vl

X xZ
commutes. In this case we call h a 7xy-index for f.

(i) A map 7xy : X x A — Y is called a universal application in case for every

object Z, every map f : X x Z — Y admits a 7x y-index.

(iii) A Turing object in A is an object A of A such that for each X,Y of A there is

a universal application map 7xy : X x A = Y.

Definition 4.7. A Turing category is a cartesian restriction category with a Turing

object.

Our next aim will be to make the relationship between partial combinatory alge-
bras in some category and Turing categories precise. In the process, we introduce an
alternate characterization of Turing categories, allowing us to define them in terms
of a universal object with a “Turing morphism”. This presentation is often more

convenient.
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Definition 4.8. Given objects X, Y of a category X, we say X is a retract of Y in
case there are maps s : X — Y, r: Y — X such that sr = 1x. We call s the section,

and t the retraction, and write (s,7) : X aY.

Definition 4.9. An object A of a category X is called a universal object in case every

object X of X is a retract of A.

Lemma 4.10. If A is the Turing object of a Turing category A, then A is a universal

object.

Proof. Let X be an object of A andlet h: X — Abear x-index form : 1xX — X.
Observe that

T1,X

I1x A= X

ol

1x X
commutes. Now, we use (!x,1)(1x h)m : X — A as the section and (I4,1)7 x : A —

X as the retraction, and it is easy to see that

<!X, ]_><1 X h)7T1<!A, 1)7’17)( = <!X7 ]_>7T1h<!A, 1>TI,X = h<!A, 1>TI,X

= <!A,h>T17X = <!X7 1>(]_ X h>7—1,X = <!X7 1>7T1 =1

as required. O

Definition 4.11. A Turing morphism for an object A in a cartesian restriction cat-

egory A is a universal application map e : A x A — A.

If Ais a Turing object, clearly 74 4 is a Turing morphism for A, so the Turing
object of every Turing category posesses a Turing morphism. The converse does not
hold. While an object with a Turing morphism is a Turing object in its computable
map category, it need not be a Turing object in the ambient category. However, if the
object in question is also a universal object, then it is a Turing object in the ambient

category:
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Lemma 4.12. Let A be a cartesian restriction category, A be a universal object in

A, and e: Ax A — A be a Turing morphism for A. Then A is a Turing object in A.

Proof. It suffices define a universal application map 7xy : X x A =Y for every two

objects X,Y of A. To that end, Define 7x y by

Xx A Ax A=Ay
where (sx,rx): X <A, (sy,ry) : Y <A Now,let f: X xZ =Y, andlet h: Z — A

be a e-index for (ry x 1)fsy : Ax Z — Aasin

AxA—A

1th /////7
(rxx1)fsy

AxZ

Then we have

Sx><].

XxAZX S Ax A2 A" oy
fsy

A

XXZ—AXxZ—XxZ
SxXl

rx x1

1><hT 1xh

but 7xy = (sx x 1) ery and f = (sx x 1)(rx x 1)f means we then have

Xx A .y

vl A

X xZ
and so h : Z — Ais a Ty y-index for f. Since f : X x Z — Y was arbitrary, we
have shown that 7xy is a universal application map, and then since X and Y were

arbitrary we have that A is a Turing object in A.

We have now shown
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Theorem 4.13. The following are equivalent for a cartesian restriction category A:
(i) A is a Turing category.
(ii) There is a universal object A of A with a Turing morphism e : A x A — A.

The relationship to partial combinatory algebras is now clear. The computable
map category of a partial combinatory algebra is a Turing category, and Turing object
and Turing morphism form a partial combinatory algebra in any Turing category.

The appropriate notion of a morphism between Turing categories would appear
to be an applicative morphism in the sense of Longley [29], the details of which have
been worked out for very general settings, including Turing categories, in [9]. While
one could certainly ask about the relationship between these generalized applicative
morphisms and the constructions on Turing categories we present in the sequel, we
leave this for future work.

Note also that the idempotent splitting of every Turing category is also a Turing
category [8].

While Turing categories need not be cartesian closed restriction categories due to
the presence of multiple potential exponential transposes of a given map (like the way
each partial recursive function is indexed by many elements of N), they do have the

rest of the cartesian closed structure. This is captured as follows:

Definition 4.14. A cartesian restriction category X is weakly cartesian closed in case
for each pair A, B of objects of X there is an object T4 p and amap 745 : AxTy p —
B such that for every map f : A x C' — B of X there is a (not necessarily unique)

total map h : C' — Ty g for which
AXTyp-2~B

1th
f
AxC

commutes. We call such an h a weak exponential transpose of f.
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Lemma 4.15. Every Turing category is weakly cartesian closed.

Proof. Let T be the Turing object. Then Ty p := T for every pair of objects A, B,

and we are done. O

Similarly, while Turing categories need not have coproducts, they do admit the

following, weaker structure:

Definition 4.16. A restriction category X is said to have weak binary coproducts in
case for every pair A, B of objects of X, there is an object A# B of X with total maps
k:A—= A#B and k' : B — A#B such that if f : A — C and g : B — C are maps

in X, there exists a map v : A#B — C making

AL A#B<"B

N

commute.
Lemma 4.17. Every Turing category has weak binary coproducts.

Proof. Let T be the Turing object, and let 7 : (T' x T) x T — T be a universal

application map. Define total maps pg,p; : T — T as follows

(TxT)xT—T (TxT)xT—T
lxpoT 1><p1T
TOTO TO7T1
(TxT)xT (T'xT)xT

And define the weak coproduct of A and B to be
AR—>A#B<—R/B
where A#B =T x T, k= sa(l,po), and &' := sp(1,p1).
Now, suppose f : A — C' and g : B — C. Define total maps ¢y : 1 — T and

cg:1—>Tasin
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TxT—=T TxT—=T

1xc 1xe
f] Afsc g] %:gm

Tx1 T x1
and define v : T'x T — C' by

v=(1x ((leg,leg), YT)TrC0

We must show that

commutes, which we do now:

kv = s4(1,po) (1 x ((ley, leg), 1)T)Tre
= sa(1,po((lcs,cy), 1)T)TTC

= sa(1, ((leg, leg), 1)(1 X po)T) T

= sa(1, ((leg, ley), Lymomo)Tre
=sa(L,lep)tre = (sa, ) (1 X ¢f)1re

= <5A7 !>7TOT’AfSC7”C = f

and

k'v = sp(L,p1)(1 x ((leg,leg), 1)) e
= sp(L,p1({ler,ley), D7) 0

= sp(L, ((lef, leg), 1)(1 x py)T)Tre
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= sp(L, ((lef, leg), Lymomi ) Tre
= sp(l,lcy)Tre = (s, ) (1 X ¢g)TrC

= <SB7 !>7To7“BQSC7“C =g

This weak structure will be useful later. When we construct the category of
assemblies, strong structure in the base category will be present in the category of
assemblies only when the category of realizers, from which tracking maps are drawn,

has the corresponding weak structure.
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5 Assemblies

Given a partial combinatory algebra A = (A, e) in the category of sets and partial
functions, we can construct the category of assemblies on A [36]. This category can
be understood as a “universe of computable functions” generated by A. Its objects
are the “datatypes” that can be represented with A, and its morphisms can be seen
as the “A-computable” maps between these datatypes.

In this chapter, we introduce a generalization of the category of assemblies. We
begin by recalling the classical construction. For a partial combinatory algebra (A, e)
in the category of sets and partial functions, the category of assemblies is defined as

follows:

objects are pairs (X, ¢) where X is aset and ¢ : X — P*(A) is a function assigning

a nonempty subset of A to each element of X.

arrows f : (X,¢) — (Y,9) are (total) maps f : X — Y in the category of (total)
functions on sets that are tracked by some element of A. That is, there exists an

element a € A satisfying

Vee XVbe Abe o(z) = ((aeb) L Aaeb) € ¥(f(z)))

In this case we say f is tracked by a.

composition and identities are given by composition and identites in the category
of functions on sets. 1y is tracked by (z)z , giving 1(x4) @ (X,¢) = (X, ), and
if f:(X,9) = (Y,¥) and g : (Y,9) — (Z,x) are given by functions f : X — Y,
g Y — Z and tracked by a,b € A respectively, then the composite fg is tracked

by (x)b(ax), giving the composite fg : (X, ¢) = (Z, x).

For example, for n € N, let m € A be the nth Church numeral in A, and consider

the assembly (N,w) where w : N — P*(A) is defined by w(n) = {m}. A map
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f: (Nyw) — (N,w) is then a function f : N — N such that there exists some a € A
with

VreN.(aoT) | AN(aoT) = f(n)

which says that there is an A-computable map that does what f does to elements of
N to the elements of A that represent them.

This category of assemblies is regular, cartesian closed, and has finite colimits.
[29] [36].

Birkedal [4] gave a more general construction of the category of assemblies, in
which the partial combinatory algebra is replaced by a weakly cartesian closed re-
striction category. He used a cartesian restriction functor from this category to partial
functions on sets to construct a realizability tripos and category of assemblies that
capture the traditional category of assemblies and realizability tripos as special cases.

We take this approach further, replacing both the weakly cartesian closed re-
striction category and category of partial functions on sets by arbitrary cartesian

restriction categories, and consider a cartesian restriction functor between them.

5.1 Assemblies for a Restriction Functor

Definition 5.1. Let A be a restriction category, X be a cartesian restriction category,
and F' : A — X be a restriction functor. The restriction category of assemblies on F,

written asm(F'), is given by

objects are restriction idempotents ¢ € O(F(A) x X), ¢ € O(F(B) xY), and
so on for A, B objects of A, X,Y objects of X. We refer to objects of asm(F) as

assemblies.

arrows ¢ SN ¥ between assemblies ¢ € O(F(A) x X) and ¢ € O(F(B) x Y) are

maps f : X — Y of X for which there exists a tracking map v: A — B in A. That
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is, a map v : A — B satisfying

[Tk.1] o(F(7y) x f) = ¢(F(y) x f)v

[Tk.2] o(1 x f) = p(F(y) x )

composition of arrows is given by composition of the corresponding arrows in X.
identities The identity map for ¢ € O(F(A) x X) is given by 1x in X.

restriction is as in X. That is, the domain of definition of ¢ AN 1, corresponding

tof: X =Y inX isp AN ¢, corresponding to f : X — X in X.

When talking about asm(F’) for a restriction functor F': A — X, we will refer to
X as the base category and A as the category of realizers. To understand the tracking
identities, we can think of [Tk.1] as insisting that for the part of F/(A) x X on which
¢ is defined, the image of F'(y) x f is in the part of F/(B) x Y on which v is defined,
and we can think of [Tk.2] as insisting that for the part of F(A) x X on which ¢ is

defined, if f is defined, then so is F'(7).
Proposition 5.2. asm(F) is a restriction category.

Proof. To establish this, we must show that the composition, identities, and restric-
tion above are well-defined in the following sense. For composition, if f, g are com-
posable maps of asm(F") corresponding to (necessarily composable) maps f, g of X,
then the composite fg in X must give a map in asm(F’). That is, it must be tracked
by some map vy of A. Similarly, for identities and restriction we must show that 1x
gives a map ¢ — ¢ for any assembly ¢ € O(F(A) x X), and that if ¢ NEIN 1 is a map
of asm(F) corresponding to f : X — Y in X, then f : X — X gives a map ¢ i> %
of asm(F'). Once we have shown this, we are done. That composition is associative,
identities are left and right identites, and that the restriction operator satisfies the

restriction axioms follows from the fact that this is the case in X.
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We begin with composition. If ¢ € O(F(A) x X), v € O(F(B)xY), x €
O(F(C) x Z) are assemblies, with ¢ SN ¢ and ¥ - y arrows of asm(F), then
there exist tracking maps v: A — B, d : B — C for f and g respectively. Using the
fact that the tracking identities are satisfied for these pairs of maps, we show that vd

tracks fg, giving an arrow of assemblies EEN x by checking the tracking identities

[Tk.1]

P(F(v0) x fg) = p(F(7) x f)(F(0) x g) = o(F(7) x f)Y(F(d) x g)
= o(F(7) x [HY(F(0) x g)x = @(F(v) x f)(F(J) x g)x

= p(F(70) x fg)x

[Tk.2]

P(F(v0) x fg) = @(F(v) x [)(F(6) x g) = p(F(y) x f)(F(0 x g))
= p(F(7) x fHv(l x g) = o(F(7) x fg) = p(1 x fg)(F(y) x 1)
= (1 x /)1 x fo)(F(7) x 1) = o(F(7) x f)(1 x fg) = (F(y) x f)(1 x fg)

= o(F(v) x ol x fg) =@l x el x f)(1xg)=e(lx fg)

and so fg is again an arrow in asm(F'). Composition is associative because composi-
tion in X is associative.

For identity maps, ¢ Loy © is given by 1x in X, tracked by 1,4 in A since

[Tk.1]

P(F(1) x 1) = =pp=@(F(1) x1)p

[Tk.2]

p(F(1) x 1) = p(1 x 1)
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The left and right identity axioms hold because they do in X.
For the restriction structure, if fo — 1 is a map in asm(F') corresponding to

f: X =Y inX, f: X — X is tracked by the identity map as

[Tk.1]

e(F(1a4) x flo =1 x flo=p(1 x flep

=o(1x flp=o(Lx f)=@(F(1a) x [)

[Tk.2]

p(F(14) x f) = (1 x F)
and thus gives a map ¢ AN ¢ of asm(F"). The four restriction category axioms are

satisfied because they are satisfied in X. m

Notice that when A is the computable map category of a partial combinatory
algebra (A, e) in partial functions on sets, and X is the category of partial functions
on sets itself, with 7 : A — X the inclusion functor, the category of assemblies asm(7)

is as follows

objects are restriction idempotents ¢ € O(A x X) in the category of partial func-
tions on sets for any set X. Such an idempotent determines a relation between A
and X, which in turn determines a function X — P*(A). Therefore, an equivalent
characterization of the objects of asm([) is as pairs (X, ) where X is a set and

¢ : X — P*(A) is a function mapping each element of X to a nonempty subset of

A.

arrows (X, ) — (Y1) are partial functions f : X — Y for which there exists a

tracking map v satistying
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[Tk.1]

Vo € X.vb € A(b € p(a) A f(2) L A1) 1) = 1(0) € ¥(f(2))

[Tk.2]
Vee XVbe A(be p(x) A f(z)l) =) |

which is the case precisely when

Ve e XVbe A.(be p(x) A f(x)]) = (7(b) | Ay(b) € ¥(f(x)))

holds. Since « is an A-computable map, we can restate this in terms of a tracking

element a € A such that

Ve XVbe A(bep(x) A f(z)l)= ((aed) | A(aeb) € (f(x)))

The only difference between asm(7) and the traditional category of assemblies is that
maps in asm(/) are given by partial maps between sets, while traditionally these maps
must be total. When we consider only the total maps, the tracking identities can be

further simplified to

Vie XVbe Ax e o(z) = ((aob) | Alaeb) € v(f(z)))

since f(x) | always. Thus, total(asm([)) is the traditional category of assemblies of
the partial combinatory algebra (A, e).

Having related it to the traditional one [36], we proceed to investigate the cate-
gorical structure of our construction. Partial product structure is straightforward to

establish:
Proposition 5.3. If A and X are cartesian restriction categories and F : A — X is
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a cartesian restriction functor, then asm(F') is a cartesian restriction category

Proof. We must show that asm(F') has both a restriction terminal object, and re-
striction products. As in the proof that asm(F') is a restriction category, this involves
showing that certain maps in the base category X have tracking maps in A, and so
give maps in asm(F'). That these maps satisfy the required identities is then, as
before, a consequence of the corresponding maps in X satisfying those identities.
The restriction terminal object in asm(F") is the assembly given by the identity
map 1 € O(F(1) x 1) in X. The unique total map into the terminal object ¢ N

is given by the map !x : X — 1 in X, which is tracked by !4 : A — 1 in A since

[Tk.1]

p(F() XL = p(F()x!)

[Tk.2]

e(F()x1) = @(F(1) x 1) = (1 x 1) = p(Ix])

and thus gives a map in asm(F"). This map satisfies the requirements in the definition
of restriction terminal object because !y satisfies those requirements in X, and so
asm(F') has a restriction terminal object.

The restriction product of two assemblies p € O(F(A) x X)andy € O(F(B) xY)
is defined by

(px1)) e O(F(AXx B)x X xY)

(0 x 1) := ex(p X P)ex

where ex denotes the interchange map, the total map which swaps the position of
the two middle components of a four-component product. We note that, since F
preserves products, F'(Ax B) x X xY = F(A) x F(B) x X x Y, allowing the use of

the interchange map. For this to be an object of asm(F’), (¢ *1) must be a restriction
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idempotent. Using that exex = 1, we have

(1) = ex(p x Y)ex = ex(p X 1) = ex(p X 1))exex

— ex(ip x D)ex = ex(@ x B)ex = ex(ip x W)ex = (9% )

as required. The projection maps (¢ * ¥) —= ¢ and (¢ * 1)) — 1) are the corre-
sponding projections 7y : X XY — X, 7 : X XY — Y in X. The tracking maps are

mo: AXx B— Aand m : A x B — B respectively. For 7y:

[Tk.1]
(0 ¥)(F(mo) x 7o) = ex(p X ph)ex(my X 7o) = ex( X 1) o
= ex(myp, M) T = exmhTopp = exmmyp = ex(mop, )T
= ex(p X V)1 = ex(p x Y)ex(F(my) x m) = (¢ * V) (F(mo) X 7o)
[Tk.2]

(0 * ) (F(mo) x mo) = (0 * ¢)(F(mo) X W) = (0 * ¢)(1 X mo)

with the tracking identities for 7 following from a similar argument. We proceed to
show that the diagram
p=—"(p 1) 1

is a restriction product in asm(F'). To that end, suppose that x € O(F(C) x Z) is
an assembly, and that x HEIN ¢ and y = ¢ are arrows of asm(F) corresponding to
arrows f : Z — X tracked by v : C' - Aand g : Z7 — Y tracked by 6 : C — B
respectively. We define the mediating map x Lg; (p *x 1) to be the mediating map
(f,g) - Z — X x Y in X, which is tracked by (v,6) : C — A x B as follows
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[Tk.1]

X(EF((7,6)) X (f,9)(px9) = x(F(A) x A)(F(y x8) X fx g)(p*1)
= X(F(A) x A)(F(y) x F(0) x f x g)ex(p x )ex

= X(A X A)ex(F(7y) x f x F(5) x g)( x ¢)ex

I
=
!
—~
b
X
>
~
—~
=
2
X
N
X
—
X
=)
~
@
X
@
X

[Tk.2]

X(F((7,8)) x {f,9)) = x(F(A) x A)(F(y x 6) x f x g)

= X(A X A)(F(7) x F(8) x f x glex = XxA(F(y) x f x F(5) x g)
= AX(F(7) x f) x x(F(6) x g)) = A (F(y) X f) x x(F(0) x g))
= A1 x f) x x(1 xg)) = A(x(1 x f) x x(1 x g))
=x(AxA)ex(1 x fx1xg)=x(F(A)xA)(1x1x[fXxg)

= x(Ix(f,9)

and so (f, g) is well defined. That it is the unique map for which
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X. In some sense the entire restriction product structure has been inherited from X.
We have now shown that restriction products exist in asm(F'), and in turn that it is

a cartesian restriction category. 0

Before moving on to more complex structure in the category of assemblies, we note

that the functor F': A — X allows us to define another functor H : A — asm(F).

Lemma 5.4. There is a restriction functor H : A — asm(F).

Proof. On objects A of A, define H(A) to be the assembly A=) € O(F(A) x F(A)).
On maps f : A — Bin A, define H(f) : H(A) — H(B) to be the map given by
F(f): F(A) — F(B) in X. F(f) is tracked by f in A as follows:

[Tk.1]
ACD(F(f) x F(f))ATD = ACYA(F(f) x F(£)ATDA
= ACYE(HAATYIA = ACDE(FHA
= ATYA(E(f) x F(f)) = ACD(E(f) x F(f)

[Tk.2]

ACO(F(f) x F(f)) = ACDA(mo F(f), m F(f))

AED(Am F(f), Am F(f)) = ACV(E(f), F(f))

= ACOF(f) = A, F(f))

ACY(Amy, Am F(f)) = ACDA(mg, m F(f))

= AN (1% F()))

Thus, H(f) is well-defined. That H is a restriction functor follows immediately from

F' being a restriction functor. ]
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We remark that H inherits many other properties of F' in the same way. For
example, if F' is a cartesian restriction functor, so is H, if F' is faithful (or even an

embedding), so is H, and if F' preserves joins, so does H.

5.2 Adding Structure

Our eventual goal is to construct the realizability tripos associated with the category
of assemblies. For this, we will require more categorical structure, which in turn re-
quires stronger assumptions about the cartesian restriction categories involved. Recall
that the traditional category of assemblies is regular, cartesian closed, and has finite
colimits. Each of these properties has a restriction categorical counterpart. Regu-
larity is related to having ranges [22] [23], discreteness ensures the existence of finite
restriction colimits, and the counterpart of a cartesian closed category is a cartesian
closed restriction category.

We show that, with no additional assumptions on the category of realizers, if the
base category has ranges, so does the category of assemblies, and that if the base
category is discrete, so is the category of assemblies. With the additional assumption
that the category of realizers is a weakly cartesian closed restriction category (such as
a Turing category) we show that if the base category is a cartesian closed restriction
category, so is the category of assemblies. This is not all strictly necessary for the
construction of the realizability tripos as every discrete cartesian closed restriction
category necessarily has ranges, but it is interesting that the category of realizers is
required only to be a cartesian restriction category for the category of assemblies to
inherit the discrete and range structure of the base category. We complete the story
by showing that if the base category has finite joins and the category of realizers is
a discrete cartesian restriction category with finite interleaving, then the category of

assemblies has finite joins.

Lemma 5.5. If ¢ € O(F(A) x X) is an assembly and e € O(X) is a restriction
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tdempotent in X, then e is tracked by the identity map 14, and gives a restriction

idempotent e € O(yp) in asm(F).

Proof. We need only show that the two tracking identities are satisfied:

[Tk.1]
P(F(1a) x e)p = p(F(La) X €)p = pp(F(1a) x )
= o(F(1a) x €)
[Tk.2]
p(F(1a) x €) = ¢(1pa) x €)
as required. 0

Corollary 5.6. If X has universal quantification, so does asm(F'). IfX has existential
quantification, so does asm(F'). In particular, this means that if X has ranges, so does

asm(F), as having ezistential quantification implies that each map is open. (See [22]

Proposition 5.7. If A is a cartesian restriction category, X is a discrete cartesian
restriction category, and F : A — X is a cartesian restriction functor, then asm(F)

1s a discrete cartesian restriction cateqory.

Proof. 1t suffices to show that for two maps f,g : ¢ — ¥ of asm(F) where ¢ €
O(F(A) x X), v € O(F(B) xY), with underlying maps f,¢g: X — Y in X, tracked
by a,b: A — B in A respectively, the meet fNg: X — Y is tracked, giving a map
@ — 1 of asm(F'). In that case, the meet identities are satisfied because they hold in
X, and asm(F) is therefore discrete. We actually have two tracking maps for f N g,

as either of a, b suffices. We show that a tracks the meet
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[Tk.1]

o(F(a) x (fNg)Y=p(F(a) x (fNg)

[Tk.2]
p(F(a) x (fNg))=e1x(fNg)(F(a)x f)
=(Ix(fng)e(F(a)x f)=(1x(fNg))e( x f)
=p(Ix (fNg)f)=pdx(fNg))

as required. O

Proposition 5.8. If A is a weakly cartesian closed restriction category, X is a discrete
cartesian closed restriction category, and F : A — X is a cartesian restriction functor,

then asm(F) is a cartesian closed restriction category.

Proof. We write T4 p for the weak exponential of A, B in A, and write the corre-
sponding evaulation map as 74p : A X T4 p — B.
Let ¢ € O(F(A) x X) and ¢ € O(F(B) xY) be objects of asm(F'). We define

the exponential assembly ¢¥ € O(F(Tag) x Y¥) as follows

Y7 =A( x 1)ex(F(Tap) X ev)) N A((¢ x 1)ex(F(7a,5) X ev)y))

M x Dex(F(tap) xev)) NA((¢p x 1)ex(1 x ev)!)

where the typing is given by ev : X x Y¥ — Y. The idea being that a map of
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assemblies ¢? is a map Y of X together with a tracking map in T4 p of A. Our
exponential idempotent ¥ € O(F (T4 p) x Y) is defined precisely when the F/(T )
component of the product tracks the YX component as a map ¢ — ¢ in asm(F).
The left and right conjuncts that form ¥ ensure that tracking identities [Tk.1] and
[Tk.2] hold, respectively.

The evaluation map p*1)¥ —— 1 is given by ev : X x YX — X in X, with tracking

map 745 : A X Ty p — B. For the tracking identities, we have

[Tk.1]

(0% 0%) (F(7) x eV}
— ex(1 x ¥#)(ip x D)ex(F(r) x eV}

— ex(1 x ¥¥)(1 x M(¢p x Dex(F(1) x ev)))ev
= ex(1 x ¥PA((¢p x 1)ex(F(7) x ev)ih))ev

= ex(1 x YPA((¢p x 1)ex(F(7) x ev)))ev

= ex(1 x ¥9)(1 x A((p x Dex(F(r) x ev)))ev
= ex(1 x ¥%)(¢ x 1)ex(F (1) x ev)

= (p* ) (F(1) X ev)

[Tk.2]

(o x¥?)(F(7) x ev)

=ex(1 x ¢¥?)(p x 1)ex(F (1) x ev)!

=ex(1 x ¢?)(1 x AM(¢ x 1)ex(F(7) x ev)!))ev

=ex(1 x ¥?)(1 x AM((p x 1)ex(1 x ev)!)ev

=ex(1 x ¥?)(p x 1)ex(1 x ev)!

= (pxy?)(1 x ev)
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as required.

We proceed to show that our construction is the exponential. Suppose y €
O(F(C) x Z) is an assembly, and that (¢ * x) SN 1 is a map of asm(F') corre-
sponding to f : X x Z — Y in X with tracking map v : A x C — B in A. We
must define, for every e € O(y), an exponential transpose /\e;(>f) Y% in asm(F). This
is the map given by A\.(f) : Z — Y¥X in X, tracked by any weak transpose of 7,

h:C—Tspin A, asin

AXTA’B;B

¥

AxC
We show the tracking identities:

[Tk.1] We work with each of the two idempotents that make up ¥ separately.

First, we have

X(E(h) X A(f)A((p x T)ex(F(7) x ev))

= X(F'(h) X A(fNAA X X(F(h) x Ac(f)))(p x 1)ex(F(T) x ev))

= X(F'(h) X A(f))A((0 x x)(1 x 1 x F(h) x A(f))ex(F(T) x ev))

= X(F(h) X Ac(f))A((0 x x)ex(1 x F(h) x 1 x A(f))(F(T) x ev))

= X(F(h) x Ac(f)) Mexex(p x x)ex((1 x F(h))F(1) x (1 X Ac(f))ev))
= X(EF(h) x A(f))Aex(0 + x)(F(7) x [))

= X(F(h) x Ae(f))M(ex( + X)(F () x [)e)

= X(EF(h) X Ae(FNAL X x(F(h) x Ae()))(p x D)ex(F(7) x ev)))

= X(F(h) x A(£)A((p x V)ex(F(1) x ev)y)

which gives

X(F(h) X Ae(f))AM(p x Dex(F(7) x ev) N A((p x 1)ex(F(7) x ev)y))
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= X(F(h) x A (f))A((¢ x D)ex(F(1) x ev))x(F(h) x Ac(f))

= X(F'(h) x Ac(f))

Next, we have

X(E(h) X A(f)A(p x T)ex(1 x ev)!)

= X(F(h) X A(FDA1 > x(F(h) x Ae(f)))(p x 1)ex(1 x ev)!)

= X(F(h) x A(£)A(e x x)ex((1 x F(h)) x (1 X Ac(f))ev)!)

= X(F'(h) X Ac(f)) Aexex(p x x)ex((1 x F(h)) x f)!)

= X(EF(h) x Ae(f))Aex(ep x x) (1 x [)!)

= X(F(h) x A(f))A(ex(ep x x)(F'(7) x [)!)

= X(F(h) x Ae(£)A(@ x x)ex(F(h) X 1 x A(f) x D(F(7) x ev)!)
= X(F(h) X Ae(FNAL > x(F(h) X Ae())) (9 x Dex(F(7) x ev)!)
= X(F(h) x A(f))A((p x 1)ex(F(1) x ev)!)

which gives

X(E(h) X Ae(f)A((¢ x Dex(F (1) x ev)) N A((¢ x 1)ex(1 x ev)!)
= X(F(h) x A(f))A((p x 1)ex(F(7) x ev))x(F(h) x Ac(f))

= X(F(h) x Ac(f))

Together, the above identities give immediately that

X(E(h) X Ae(f))1h? = x(F(h) x Ae(f))
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[Tk.2] Since h is total we have

X(E(h) X Ac(f) = x(F(h) x Ac(f)) = x(1 X Ae(f))

SO our transpose Y M Y¥ is well-defined. Finally, we know (1 x A.(f))ev = f,
Ae(f) = e, and that A.(f) is the unique map with these properties since this is all the

case in X.

We have now shown

Theorem 5.9. If A is weakly cartesian closed restriction category, X is a discrete
cartesian closed restriction category, and F' : A — X is a cartesian restriction functor,

then asm(F’) is a discrete cartesian closed restriction category.

In particular, we have shown that this holds when A is a Turing category, since
every Turing category is weakly cartesian closed.

We also consider joins, and show how joins in the base category correspond to
joins in the category of assemblies when the category of realizers admits interleaving

of maps.

Proposition 5.10. If X is a cartesian restriction category with finite joins, A s a
discrete cartesian restriction category with finite interleaving and F : A — X is a

cartesian restriction functor that preserves joins, then asm(F) has finite joins.

Proof. We must show that asm(F’) has restriction zeroes and binary joins.
The restriction zero O, : ¢ — 1 is given by Oxy in X, which is tracked by

rasg: A — B in A. Using the fact that for any map k£ : A — B we have

(F(k‘) X 0X7y) = (F(/{i) X 0X7y)(F(k’) X 0X7y)
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= moF (k) m0xy(F(k) x Ox,y)

=0 moF(k)(F(k) % Ox.y)

= 0moF(k)(F(k) x Oxy)

we show the tracking identities as follows.

[Tk.1]

@(F(rasp) x Oxy) = 0y = 0 = ¢0

= p(F(rasg) X Oxy)

[Tk.2]

©(F(rasp) x Ox,y) = ¢0 = (1 x Oxy)

Thus, our restriction zero is well-defined. That 0, is in fact the restriction zero
in asm(F") follows immediately from the fact that Oy y is the restriction zero in X, as
usual.

The join of two maps f,g : ¢ — ¥ with f — ¢ is given by the join of the
corresponding maps f,g : X — Y in the base. Clearly f — ginX;so fVg: X =Y
is a map in X. If f and g are tracked by v: A — B and w : A — B respectively, then

any interleaving h: A — B of v and w in A tracks f V g as follows

[Tk.1]

e(F(h) x (fV g =pF(hNy)V(hNw)) x (fVg)Y

= @((F(hny) vV E(RNw) x(fVg)
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= o((F(hny) x f)V (F(hNw) x g))

= o((F(hN)F(y) x )V (F(hNw)F(w) x g))¢

= @(F(hN)F(y) x YV p(F(hNw)F(w) x g)i

= (F(hN7) x D(F(y) x i)V (F(hNw) x 1)p(F(w) x g)y)
= (F(hN7) x De(F(7) x £)) V((F(hNw) x D)gp(F(w) x g))

= e((F(hny) x )V (F(hNw) xg)) = ¢(F(h) x (fV9g)

[Tk.2] Notice that

(1 x f) =@(F(y) % f) =@(F@) x f)
< o(F(h) x f) = o(F(h) x [)

< @(F(h) x(fVag)

and similarly (1 x g) < @(F(h) x (f V g)). We now have

(1 x (fVvg)=e((IV1)x(fVyg)
= (I x f)V(Ixg))=p(lxf)Velxg)
= (I x f) Vel xg)

< @(F(h)x(fVg))

which gives o(F(h) X (fV g)) = o(1 X (fVg)) as the reverse inequality clearly
holds.

So fVg:¢ — ¢ is well-defined in asm(F'). That it is the join follows from
fVg: X —Y being the join in X.
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6 Latent Fibrations

Fibrations play an important role in categorical logic, where they are used to model
systems of logic with universal or existential quantification [18]. We are interested in
constructing such logical fibrations, in particular triposes, in our restriction categor-
ical setting. However, the relevant techniques from categorical logic presuppose that
the category on which we base our fibrations is one of total maps, and that the logical
structure is presented accordingly. Logical structure in a restriction category is more
nuanced due to the partiality of the maps, and the techniques must be adapted. In
this chapter, we introduce the restriction categorical analogue of a fibration, called a
latent fibration. We show some elementary properties of latent fibrations, and show
that if a latent fibration reflects total maps, we can construct from it a fibration over
the total map category of the original base category. Finally, we give two examples
of latent fibrations, the properties of which will be investigated in some depth in the

sequel.

6.1 Latent Fibrations

We begin with the definition:

Definition 6.1. Let 0 : E — X be a restriction functor, with E and X arbitrary

restriction categories.

(i) An arrow f: X’ — X in E is prone in 0 in case whenever we have g : ¥ — X

in Eand h:9(Y) — 0(X’) in X such that ho(f) > 9(g),

inE Y inX 0(Y)
3~§\9\\ a(9)
hy > >
I s
A (X') 577 OX)

there is a lifting hY — X' in X such that

91



(a) his a candidate lifting. That is, h f>gand 8(%) < h.
(b) I is the smallest candidate lifting. That is, for any other candidate lifting

k'Y = X'in X, h< k.

(ii) A restriction functor 0 : E — X is a latent fibration in case for each f : A —

J(X) in X for some X in E, there is a prone arrow over f with codomain X.

It is equivalent to require in the definition that }NL f = g, instead of ?L f >y, as

follows.

Lemma 6.2. If f is a prone arrow where kO(f) > 0(g) and k is the lifting of k

~ a(9)
klx ’“l > ’
f a(f)

then g :%:%7 and k f=g.

Proof. Since g %S% and % f S% trivially, it suffices to show that both g % and ]; f
are candidate liftings of k. z is < any other candidate lifting of k, and so this gives

the identities immediately.

For g %, we have ¢ <7 i f immediately, and using the fact that 8(];) <k,

—_ —_—~

(g k)k = 8(g) (k)k = d(9)0(k) = (g k)

~

Ok )k = (k)A(f)k = kO(f)k = kd([) = 8(k)O(F) = (k T)

which gives 8(% )

Sku
%fzg. O

Finally, ; f=9
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Many results and constructions involving fibrations have a restriction categorical
analogue for latent fibrations. For example, given a fibration, any two prone arrows
over the same arrow induce an isomorphism between their domains. For a latent

fibration, we show that the analogous situation induces a partial isomorphism instead.

Lemma 6.3. If f, f' are prone arrows with codomain 'Y such that O(f) = O(f’)
X
X
X/ —,> Y

then there is a unique partial isomorphism o @ X — X' such that 0(a) < 1,

af =f,anda=f, andat = [

Proof. Let (3, " be the liftings of the identity as in

X X'

8 X B’%X
Y N
/é —_—
XY f

Then by the previous lemma, f/5 = ' = B'f, f5=58=Bf, 'f = f, and Bf' = f.

Consider

X

N

v
where £ is the lifting of the identity. Since f is a candidate lifting of the identity,
k < f, which also means k = k. We then have

=kf=kf=1]

wl|
\h|

k=kf=

and therefore we have that f is the lifting of the identity in the above situation.

Now pp'f = Bf' = f > f, and 9(BB") = 9(B)I(F) < 1, so 5 is a candidate
lifting of the identity as well, meaning that f < 3/3’. Then we have
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pe =188 =71
and similarly obtain 5’8 = f’. Finally,

B=f8=FB=BF=Bp8 =58 =
and similarly 8’ = f’, so B8’ = B and '8 = B’, which means that / is a partial
isomorphism with =1 = 8. To see that 3 is unique, suppose h : X — X’ is a partial
iso with d(h) < 1, hf' = f, and h = f. Then h is clearly a candidate lifting of the
identity, and so 8 < h. This gives 8 = fh = fh = hh = h and we are done. The
unique partial isomorphism is 8 : X — X/, with 37! = ' : X' — X as above.

]

Analogous to the fiber of an object in a fibration, we can talk about the fiber of
an object in a latent fibration. Note that maps in a fiber of a latent fibration are not
those above the identity map of an object, but those over any restriction idempotent

on that object.

Definition 6.4. The fiber of B an object of X, written 9~1(B), is the category whose
objects are objects X of E such that 9(X) = B, and whose maps are maps f of E
such that O(f) < 1p. (That is, such that 9(f) € O(B)).

Latent fibrations may be cloven, which means the same thing it does for ordinary

fibrations:

Definition 6.5. A latent fibration has a cleavage (is cloven) in case there is a chosen

prone arrow f% : f*(X) — X over each f: A — B for each X over B.

We construct the analogue for latent fibrations of reindexing functors between the
fibers in a fibration. In general we will only be able to obtain restriction semifunctors,

which are like restriction functors, but do not preserve the identity.
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Definition 6.6. A restriction semifunctor F : X — Y consists of an assignment of
objects A of X to objects F'(A) of Y, and an assignment of maps f : A — B of X to

maps F(f): F(A) — F(B) of Y such that F(fg) = F(f)F(g) and F(f) = F(f).

Definition 6.7. Let 0 : E — X be a cloven latent fibration, and let u : A — B be
a map in X. We define the reindexing semifunctor v* : 9~1(B) — 07 1(A) as follows:
on arrows f: X — Y in 07Y(B), u*(f) is the arrow u*(X) — u*(Y) in 07! (A) given

by the lifting of the identity for

inE " (X) nX A
w(f) X La B
N\ > Yif)
v
w(Y) - Y A u B
Uy

where u*(X) is the domain of the prone map above u with codomain X.
we then have

Proposition 6.8. If 0 : E — X is a latent fibration with a cleavage and v : A — B is

a map in X, then u* : 071 (B) — 07 '(A) as defined above is a restriction semifunctor.

Proof. We must show that u*(f) = u*(f) and u*(fg) = u*(f)u*(g).

First, suppose f : X — Y is a map in 97'(B). Then u*(f) is defined as the lifting

of 14 for
u*(X)
&
u*(f) X
\
u*(X) - X
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ui fur(fuy = wiefu(fluy = u(fug w(fluy

and since 0 is a restriction functor O(u*(f)) < 14, meaning that u*(f) is a candidate
lifting of 14, so we have u*(f) < u*(f). In particular, note that this means u*(f) is

a restriction idempotent. Then, we have

and so u* preserves the restriction combinator.
Next, suppose f: X — Y and g : Y — Z are maps of ~'(B). Then u*(fg) is

defined as the lifting of 14 for

u*(X)
Y
u*(fg) X
\<i
u*(Z) - A

Now, u*(f)u*(g)ul, = v*(f)uyg = u fg > uik fg, and clearly O(u*(f)u*(g)) < 1a,
so u*(f)u*(g) is a candidate lifting of 1,4 and we have u*(fg) < u*(f)u*(g). Then, we

have

u'(fg) = w(fg)w (fHu'(9) = w(fo)uzu (flu'(g) = ui fgu (f)u’(g)

96



and so u* preserves composition, and is therefore a restriction semifunctor. O

Definition 6.9. A latent fibration 0 : E — X is said to reflect total maps if whenever

f is total and dg = f, then g is also total.

These reindexing semifunctors become restriction functors precisely when our la-

tent fibration reflects total maps.

Proposition 6.10. If 0 : E — X is a latent fibration with a cleavage that reflects
total maps u : A — B is a total map in X, then u* : 9~ 1(B) — 07'(A) is a restriction

functor.

Proof. We have already shown that u* is a restriction semifunctor. Since 0 reflects

total maps, we have that u% : u*(X) — X is total, as u is. This gives

u(1x) = u"(Ix) = u*(1x) = w*(1x)uy

=u*(1x)uy = uy = Ly(x)

and so u* is a restriction functor. Il

Given a latent fibration over base category X which reflects total maps, there is
a fibration (in the usual sense) over base category total(X). We use the fact that the
category of restriction categories and restriction functors has finite limits [10], and in

particular pullbacks, to construct this fibration.

Proposition 6.11. The pullback of a latent fibration along any restriction functor is

a latent fibration.
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Proof. Suppose 0 : Z — Y is a latent fibration, that F': X — Y is restriction functor,

and consider the pullback

pol la
in which the category W is defined by

objects are pairs (X, Z) where X and Z are objects of X and Z respectively which
satisfy FI(X) = 0(Z).

maps of type (X, Z) — (X', Z’) are pairs (f,g) where f and g are maps of X and

Z respectively which satisfy F'(f) = 0(g).

composition and identities are pairwise.

restriction is given by (f,g) = (f,g), which is well defined since, if F(f) = d(g),

then F(f) = F(f) = 0(g9) = 9(9).

and the pullback maps pg, p1 are the first and second projections.
We must show that pg is a latent fibration. To that end, suppose f: X — X' is
a map of X, with (X', Z) an object of W. We define the prone map above f to be
(X, F(f)(2) P2 (X, 2)
where F(f)* is the prone map above F(f) in 0. F(f) = O(F(f)*) by definition, so
(f, F(f)") is a well-defined map of W. We proceed to show that (f, F'(f)*) is prone

in pg. Suppose we have

in W (Y, D) inX Y
(9,k) hL X
>
* / X—= X'

and notice that in this case we must also have
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\ - l ) (9)
F((2)jm 2 F(X) o F(2)

The properties of W ensure that F'(g) = 0(k), and we already knew that O(F(f)*) =

F(f). Since 0 is a latent fibration, we thus have a lifting

~

F(h): D — F(f)"(2)

of F(h) in 0. Recall that our current goal is to find a lifting of h in py. This
lifting is (h, F'(h)) : (Y, D) — (X, F(f)*(Z)), which is a well-defined map of W since

~ ~

F(h) = 0(F(h)) by definition. We have hf > g by assumption, and F'(h) F(f)* > k
>

(9,k),

and our lifting is a candidate lifting. To see that it is the smallest candidate lifting,

because 0 is a latent fibration, so (h, F'(h))(f, F(f)*) = (hf, F(h) F(f)*)

suppose (h,w) is also a candidate lifting of h in py. Then (h,w)(f, F'(f)*) > (g,k),
and so in particular wF'(f)* > k. But we also know that since (h,w) is a map of W,
F(h) = 0(w), and so w is a candidate lifting of F'(h) in 0, meaning that F(Nh)g w.
This in turn means that (h, F(Nh)) < (h,w), and so (h, F(Nh)) is the smallest candidate
lifting of h in pg. We conclude that (f, F'(f)*) is prone in po, and have therefore

shown that pg is a latent fibration. O

Next, we consider the pullback of a latent fibration 0 : Z — X which reflects total

maps along the inclusion total(X) — X a special case of the above situation.

Proposition 6.12. If 0 : Z — X is a latent fibration which reflects total maps, then

i the pullback

W2 -7
poj L@
total(X) —X

the arrow py is a fibration.
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Proof. We have already shown that py is a latent fibration. Notice that for every map
(f,g) of W, since f is a map of total(X), O reflects total maps, and d(g) = f, we
know that f and g are both total maps. Thus, (f,g) = (f,g) = (1,1) = 1, and so
every map of W is total.

Observe that for total maps h and k, h < k if and only if h = k. Since py : W —
total(X) is a latent fibration and the restriction is trivial in both W and total(X), the
inequalities in the definition of a latent fibration are replaced with equalities, and pg

is a fibration. N

6.2 The Domain Latent Fibration

Let X be a restriction category, and define the restriction category R(X) by

objects: pairs (X, e) where X is an object of X, and e is a restriction idempotent

on X.

maps: (X, e)to (X', ¢)aremaps f : X — X’ of X such that e < fe/, or equivalently

e =cefe.

composition: is composition in X. This is well-defined since if
f ron S "o
(Xae)_>(Xae)_)(X7€)

are maps of R(X) given by f: X — X’ and f': X’ — X” in X, then we have

R e P e e e
— o] = a7 = ¢

meaning ff’ gives a map (X, e) — (X", €") in R(X).

identities: as in X. That is, 1(x,) = 1x. Trivially e = el xe, so this is well-defined.
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restriction: also as in X, with f: (X,e) — (X, e) for f: (X,e) = (X', €) given by
f:X — X. This is well-defined as

e=ecfe =effe =eeffe =efefe =efefe =efe

Associativity of composition, the restriction combinator axioms, and the requirements
on identity maps all hold in R(X) immediately since they hold in X.

Now, we define a restriction functor O : R(X) — X by mapping (X, e) to X, and
mapping f : (X,e) — (X', €¢') to f: X — X'. It is easy to see that this is in fact a

restriction functor. In fact, we have:
Proposition 6.13. O : R(X) — X is a latent fibration.

Proof. Suppose f : X’ — X in X and let (X, e) be an object of R(X). Then (X', fe) is

also an object of R(X), and f gives a map (X', fe) — (X, e) in R(X) since fe = fefe
trivially. It suffices to show that this map is prone. To that end, suppose that

g:(Y,e)— (X,e)and h: Y — X’ are maps in R(X) and X respectively such that

in X. Then ghf gives a map (Y,¢') — (X', fe) in R(X) since

e'Ghf fe =e'Gfe =e'ge = e

/

and this map is a candidate lifting of h in X as clearly O(ghf) = ghf < h in X
and ghff = ghf = g > ¢ in R(X) since this is the case in X. To see that ghf is

the smallest candidate lifting, suppose k : (Y,¢') — (X', fe) has 9(k) = k < h and
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kf > g. Then ghf < k since

and so the lifting of h is ghf, meaning that f is a prone map in R(X) as required. [

We refer to O : R(X) — X as the domain latent fibration.

Notice that the fiber O7'(X) of O are exactly the restriction idempotents on X,
which we have been denoting O(X). We will abuse our notation and often write
O(X) for the fiber over X in O in the sequel.

It is easy to see that O : R(X) — X reflects total maps. Thus, we can pull O

back along the inclusion X — total(X)

W —25R(X)
pol @)
total(X) X

and in doing so obtain a fibration py : W — X.

Consider the restriction category W. In this case, W is defined to be

objects: pairs (X, (Y, e)) where X, Y are objects of X, e € O(Y), and X = O(Y) =

Y. We may thus equivalently specify objects of W as pairs (X, e) where e € O(X).

maps: (X, e) — (X', ¢') are then pairs (f, g) where f : X — X’ is a map of total(X),
and g : X — X' is a map of X with e < g¢/ and f = O(g) = g. Note that it suffices

to supply a total map f: X — X’ of X with e < fe'.
composition: is now composition of total maps in X.
The identity: on (X, e) is given by 1x in X.

restriction: is trivial.
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It is easy to see that in this situation W is isomorphic to total(R(X)).

We define total(O) : total(R(X)) — total(X) to be the fibration py obtained this
way, and refer to total(Q) as the domain fibration, since the fiber of X in total(X)
consists of the collection of restriction idempotents on X, which are sometimes called

“domains of definition”.

6.3 The Realizability Latent Fibration

Our second example of a latent fibration is constructed from a category of assemblies.

It turns out that if X is a cartesian restriction category and F' : A — X is
a restriction functor, the forgetful functor 0 : asm(F) — X is a latent fibration.
Specifically, if ¢ € O(F(A) x X), v € O(F(B)xY), and f : ¢ — ¢ a map in
asm(F), then O(f) is f : X — Y, the underlying map in X. Clearly 0 is a cartesian

restriction functor.
Proposition 6.14. 0 : asm(F') — X as defined above is a latent fibration.

Proof. Suppose f: X — Y isamap in X, and let ¢ € O(F(B) x Y') be an assembly.

Then (1 x f)i € O(F(B) x X) is also an assembly, and f gives a map (1 x f)i) — ¢

in asm(F'). The tracking map is 15, and we verify the required identities:

[The 1] (1[I x [y = (1 x [l = (1 x [y = (1 x [l x f)
[Tk.2] is immediate.

Now, suppose that in asm(F') we have an assembly x € O(F(C) x Z) a map
g:x =Y givenby g: Z — Y in X tracked by w : C — B in A such that for some
h:Z—=XinX hf>yg

in asm(F) X inX: Z
9 9
\ 1IN
(1 x f)¢f—>¢ X—f>Y



and define the lifting of h to be ghf, which is tracked by w as a map y — (1 x f)v

[Tk.1]
X(F(w) x ghf)(1 x )i = x(F(w) x ghf /) (F(w) x ghf)
= X(F(w) x ghf)y(F(w) x ghf) = x(F(w) x g)(F(w) x ghf)
= X(F(w) X 9)(F(w) x ghf) = x(1 x g)(F(w) x ghf)
= x(1 xg)(1 x ghf) = x(1 x ghf)
(Tk.2]

and so gives a map in asm(F). Clearly d(ghf) = ghf < h and ghff = ghf =g > g,
so ghf is a candidate lifting for h. It remains to show that it is the smallest such
candidiate lifting. To that end, suppose that k is also a candiate lifting for h. That
is, (k) = k < h and g < kf. Then, we have gkf = g = ghf, and consequently

Gkf =ghf. Additionally, k < h gives gkf < ghf. Now, we can derive

and so ghf < k, meaning that ghf is the smallest candidate lifting for h, and is
therefore the lifting for A in f. Thus, f : (1 X f)y — @ is prone, and 0 : asm(F') — X

is a latent fibrantion. O]
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We refer to 0 : asm(F) — X as the realizability latent fibration.
It is easy to see that 0 : asm(F) — X reflects total maps. Thus, we can pull 0

back along the inclusion total(X) — X

W P asm(F)

1
total(X) X
to obtain a fibration py. We again consider what W is defined to be in this situation:

objects are pairs (X, ¢) in which ¢ € O(F(A) x X) for some A of A. Since ¢ alone

determines the pair, an object of W is an object of asm(F).

maps of type ¢ — ¥ where p € O(F(A) x X), v € O(F(B) x X') for A, B objects
of A, X, X’ objects of X are then total maps f : X — X’ of X with a tracking

element A — B in A.
composition, identities, and restriction are all as in asm(F)

Thus, W is isomorphic to total(asm(F)). We define total(0) : total(asm(F')) —
total(X) to be the fibration py obtained this way, and refer to total(0d) as the realiz-

ability fibration, since it is how we construct the realizability tripos in the sequel.
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7 'Triposes

Introduced in [31], triposes play an important role in the construction of the classical
realizability topos. A realizability tripos is constructed, and then the realizability
topos is defined in terms of the internal language of the tripos. We construct our
more general realizabilty topos in the same way, constructing a realizability tripos in
the restriction categorical setting, with the associated realizability topos constructed
from this tripos as it is in the classical case (see the final chapter). Further, we notice
that from any tripos one can construct a partial topos in the sense of [13] whose total
maps are the realizability topos. This construction involves a minor modification of
the tripos-to-topos construction, and as such makes use of the internal language of a
tripos. We use the internal language rather informally, and do not provide the details

of the interpretation of proof of soundness here. For this we recommend [36].

7.1 Definition and Internal Logic

Definition 7.1. If X is a cartesian closed category, an X-tripos is a fibration p : E —

X satisfying:

(i) Each fiber of p is a Heyting pre-algebra (a preorder whose poset completion
is a Heyting algebra), and for every map f : X — Y of X the reindexing

f*:p 1Y) — p71(X) is a morphism of Heyting pre-algebras.

(ii) p has universal and existential quantification. That is, for each map f: X — Y
of X, the reindexing functor f* : p~'(Y) — p~!(X) has a right adjoint V; :
p (X)) = p (V) and a Frobenius left adjoint 3; : p~*(X) — p~*(Y), both of
which satisfy the Beck-Chevalley condition. That is, if

A" pB
Jo
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is a pullback in X, then g* oVy ~ V, o h*, and ¢g* o dy ~ 3, o h*.

(iii) p has a generic predicate. That is, an object ¢ in p~1(X) for some ¥ in X such
that for every object X in X, every ¢ in p~(X), there is a map [¢] : X — ¥ of

X such that ¢ is isomorphic to [p]*(o).

It is worth mentioning that it is possible to define a tripos over any cartesian
category, not necessarily cartesian closed [31] [36]. In this more general setting we
require a membership predicate ( [36] Definition 2.1.2) instead of a generic predicate.
In the cartesian closed case the definition is slightly easier to satisfy, and is general
enough for our purposes.

We have already constructed one example of a tripos:

Proposition 7.2. If X is a discrete cartesian closed restriction category, then the

domain fibration total(O) : total(R(X)) — total(X) is a tripos.

Proof. Clearly total(X) is a cartesian closed category. Universal and existential quan-
tification for total(Q) are given by the (different notion of) universal and existential
quantification in X, which are both present since X is a discrete cartesian closed re-
striction category. Similarly, that each fiber of total(Q) is a Heyting algebra follows
from each O(X) for X in X being a Heyting algebra. We have also shown that for
total maps f of X the pullback functor f* is a Heyting algebra morphism, so we need
only show the existence of a generic predicate. For this, we use the subobject classifier
0—=-1
then v € O(1Q) is the generic predicate. Suppose e € O(X) for some object X of X.

Then we have y, : X — ) which satisfies

XgaW:XgoeV:a:SO

as required. O
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The following well known lemma [27] [18] about existential quantification in a

fibered Heyting algebra (such as a tripos) will be useful in the next section:

Lemma 7.3. If 3y : O(X) — O(Y) is a left adjoint to f* : OY) — O(X) for
some map f: X =Y of a restriction category X such that both O(X) and O(Y) are

Heyting algebras, then the Frobenius identity

(@) A < T A FH(Y))

holds if and only if

[l =)= (f(p) = )
holds.

Proof. Suppose 3¢(p) A < 3p(p A f*(¢)). First, we have
['lo=1) < [ (e) = [*(¥)
[rle=v)A [ (e) < [ (@)
(o= V) A [ (p) <)
(=) A <¥
and certainly 3;(f*(¢ = ¢)) AN < ¥, s0 [ (o = ¥) < f7(0) = [7(¥).
Next, we show the reverse inequality
)= ") < e = ¢)
()= W) <e=19
3 (o) = W) Ao <9
(S (0) = W) A f(p) <9
(f* () = W) A (p) < F1(¥)
o) = () < f(p) = [*(¥)
and certainly f*(¢) = f*(1) < f*(¢) = f*(¢), so f*(¢) = f*(¥) < f*(¢ = ¢), and
therefore f*(o = ) = f*(p) = f*(¥).
Now, suppose f*(¢p = ) = f*(¢) = f*(¢). We must show 3¢(p) A < Jp(p A
f*(x)). Notice that
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() AN < Fp(p A f(¥))
Jr(p) <= (e A f (1))
e < "W =FeA ()
e < (V) = "Gl A f*@)))
e N () < Erle A (@)
Jr(e A f1 () < Fple A [ (W)
Clearly (o A f*(¥)) < Jp(@ A f7(¢)), and thus 3y(p) A < Jp(@ A f7(1)) as

required.

7.2 The Partial Topos of a Tripos

Every tripos has as its internal language a model of higher-order intuitionistic logic
without equality. Given a tripos p : E — X, formulas are interpreted as elements
over some fiber p(X) of the tripos. For a closed formula ¢, say that p F ¢ in case the
interpretation of ¢ into p is the top element of p(1), the fiber of the terminal object.
Working in this internal language, we define the category X|[p| of partial equivalance
relations over p as follows, writing [¢] for the interpretation of ¢ as an element of

some fiber of the tripos:

objects are pairs (X, ~) where ~ € p(X x X) such that ~ is symmetric and tran-

sitive. That is,

pEVry(r ~y =y~ )

pEVzyz(r ~yANy~z—x ~ 2)

hold.
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maps (X,~) — (Y,~) of X[p| are isomorphism classes of objects F' € p(X xY)

that are strict, relational, deterministic, and total. That is,

pEVy(F(r,y) o~z Ay ~y)
p EVaa'yy (F(z,y) Aov ~ 3" Ny ~y — F(2,y)
p EVayy (F(z,y) NF(z,y') =y ~y)

pEVr(x ~ 2z — JyF(z,y))
hold.
composition is as in the category of relations. That is, the composite of

F:(X,~)—= (Y,~)and G : (Y,~) = (Z,~) is defined to be

FG = [3y(F(z,y) NG(y, 2))]

The identity map on (X, ~) is given by ~ € p(X x X) itself.

So defined, the category X[p] is a topos [31].
There is a notion of partial topos, first introduced in [13], that can be phrased in

terms of restriction categories as follows:

Definition 7.4. A partial monic in a restriction category is a map m such that if

fm = gm, then fm = gm.

Definition 7.5. A partial topos is a discrete cartesian closed restriction category in

which every partial monic has a partial inverse.

The total map category of such a partial topos is a topos, and the category of
partial maps formed from the stable system of monics consisting of all monics of some

topos is a partial topos.
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Given the existence of these partial toposes and the fact that our category of
assemblies is a restriction category whose total maps are the classical category of
assemblies, it is natural to ask if there is a restriction category whose total maps
are the realizability tripos we have constructed. We give a positive answer to this
question by showing that when the requirement that maps in the category of partial

equivalence relations be total relations is dropped, the result is a partial topos.

Definition 7.6. If X is a category with finite products and p : E — X is a tripos,

define the restriction category X{p} as follows:
objects as in X][p].

maps (X, ~) — (Y, ~) are isomorphism classes of objects F' in p(X x Y') which are

strict, relational, and deterministic. That is,

pEVry(F(z,y) —x ~x Ay ~y)
pEVa'yy (F(z,y) Ao~ 3" Ny ~y — F(2,y)

p EVayy (F(z,y) NF(z,y') =y ~y)

hold. Note that we do not require our maps to be total, and that the maps of X][p|

are precisely the maps of X{p} for which p F Vaz(x ~ z — JyF(x,y)) holds.
composition as in X[p].
identities as in X[p|.

restriction If F': (X,~) — (Y, ~) is a map of X{p}, defined F : (X,~) = (X, ~)
by

F

[(x ~ ") A yF(z,y)]

in p(X x X).
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Since maps of X{p} are defined as isomorphism classes of interpreted formulae,
and the interpretation is sound, we may show two formulas give the same map when
interpreted by showing that each implies the other. In fact, we can more generally
show that [p] < [¢] in the relevant fiber of p by showing that ¢ E ¢ in the internal

language. We make heavy use of this below.
Proposition 7.7. X{p} as defined above is a restriction category.

Proof. We must show that composition is well-defined and associative, that identities
are well-defined and satisfy the definition of identity maps, and that restriction is
well-defined and satisfies the restriction axioms.

For composition, we first show that for F': (X, ~) — (Y,~), G: (Y,~) — (Z,~),
the composite FG := [y(F(z,y) A G(y, 2))] is strict, relational, and deterministic.
For strictness, observe that if FG(z,z), then in particular F(z,y) and G(y, 2), so
since F' and G are strict we know = ~ x and z ~ z, meaning that F'G is also strict.
To see that F'G is relational, suppose FG(z,z), x ~ 2/, and z ~ z’. Then for some y
we know F(x,y) and G(y, z), and that y ~ y since F' is strict. Now we have F(z',y)
and G(y,2’) since F' and G are relational, so we know Jy(F(2',y) A G(y, 2’), which
means F'G(2,2'), and so FG is relational. For determinism, suppose F'G(z,z) and
FG(z,2"). Then for some y,y" we have F(z,y),G(y, 2),F(x,y'),G(y,2"). Since F is
deterministic we then know y ~ g/, which since G is relational gives G(y, z’), meaning
that z ~ 2’ since G is deterministic. Thus F'G is well-defined.

To show that composition is associative, we suppose that F : (X,~) — (Y, ~),
G:(Y,~)—= (Z,~),and H : (Z,~) — (W, ~) are maps of X{p}. It suffices to show
that (FG)H 4 F(GH), and we have the following two-way inference:

(FG)G(z,w)
2(FG(x,z) N H(z,w))
3Gy (F(2,y) NGy, 2)) A H(z,w))
Fy(F(z,y) A32(Gly, 2) A H(z,w)))
F(GH)(z,w)
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so composition is associative.

Next, we deal with identity maps, and begin by showing that if (X, ~) is an object
of X{p} then ~ € p(X x X) is strict, relational, and deterministic. If z ~ 2’ then by
symmetry ' ~ z and transitivity gives x ~ x and 2’ ~ 2/, meaning ~ is strict. To
see that ~ is relational, suppose x; ~ 3, 1 ~ 2}, and x5 ~ x5,. Then 2| ~ x; by
symmetry, and transitivity gives =} ~ x}. For determinism, if 21 ~ x5 and x; ~ x},
then symmetry gives xo ~ x; and by transitivity we have xo ~ xf,. Our identity maps
are therefore well-defined.

We must also show that ~ F = F = F ~ for F': (X,~) — (Y,~), and it suffices
to show that ~ F 4+ F' 4+ F ~. For ~ F' 4 F, suppose ~ F(z,y). Then 32’ with
x ~ 2’ and F(2',y), and since F is strict and relational we have F(z,y). Conversely
if F(z,y) then since F' is strict  ~ x, and so 32'(x ~ 2/ A F(2',y)), where 2’ is
x, giveing ~ F(x,y). Similarly we have F' 4+ F ~, and so your identity maps are
indeed identity maps.

Finally, we turn our attention to restirction. Suppose F' : (X,~) — (Y,~) is a

map of X{p}. We show that the domain of definition of F', defined by

F = (z ~2') AJyF(z,y)]

in p(X x X) defines a map by showing that it is strict, relational, and deterministic.
For strictness, notice that if F'(z, 2') then in particular x ~ 2. Symmetry gives 2’ ~ z,
and transitivity then gives z ~ 2 and 2’ ~ 2’ as required. To see that F is relational,
suppose , ~ xh,xy ~ x5, and F(z1,z3). Then by symmetry and transitivity we have
Xy ~ x1 ~ x9 ~ ), and also y ~ y since F is strict. As F' is also relational we now
know z ~ x5 A JyF(z},vy), and so F is relational. For determinism, if F'(x;, r5) and
F(x1,25) then in particluar z; ~ x5 and z; ~ 4, so x5y ~ ), as required, and F is

well-defined.
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For the restriction axioms:

For F'F = F, it suffices to show F'F - F. If FF(x,y) then 32'(F(z,2") A F(2',y),
and since F is strict and relational we know F(z,y), so F'F = F. Conversely, if
F(z,y) then x ~ x since F is strict, so certainly we have 32'((z ~ a') A JyF(x,y) A

F(z,y)) with 2’ = 2, meaning F = FF, as required.

For FG = G F, it straightforward to verify that the following two-way inference
holds:

FG(xy,29)
Jz(F(x1,7) A Gz, 73))

Jx(xy ~a A JYF(z1,y) Ao~ 29 ANT2G(x, 2))
dryz(zy ~x A F(xy,y) ANx ~x9 ANG(x,2))
Jryz(xy ~x A F(z,y) Ao~ a9 A G(21,2))

Jx(xy ~ a2 A F2G(21,2) Nz~ 29 AN JYyF(,Y))

32(G (1, ) A F(x,15))
G F(x1, 1)

which means F G -+ G F, and we are done.

For FG = F G,
F_G(xl,a:g)
Ty ~ 2o A J2FG(21, 2)
x1 ~ 2o A I3 (F(21,2) A Gz, 2))
21 ~ 2o A Jz3x(z1 ~ 2 A F F(21,y) AN G(z, 2))
dryz(xy ~ a9 Ay ~x A F(xy,y) ANG(x, 2))
Jryz(xy ~x Ax ~ a9 A F(xy,y) NG(x, 2))
dx(zy ~ 2 Ay F(21,y) ANz~ z9 NGz, 2))
Jo(F(x1,7) A Gz, 25))
FG(xy,29)
For FG = FGF,
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FG(z.y)
W (F(z,y) NG, y))
W (F(z,y) Ny ~y N3Gy, 2)
Wy ~yAFx,y) NGy, 2))
W'y z(x ~ a2 NF(x,y) NGy, 2) N F(2,y))

A’ (x ~ 2" A T2FY (F(x, ') NG(Y, 2)) A F(2,y))

' (z ~ ' NzFG(x,2) AN F(2,y))

32 (FG(z,2") A F(2',y))
FGF(z,y)

)

We have now shown that X{p} is a restriction category. O

Observe that F' = 1(x ., if and only if p E Va(z ~  — JyF(x,y)) as follows:
Suppose p E Va(z ~ x — JyF(z,y)). Then if x ~ 2/, we know z ~ x, which means
JyF(z,y) by assumption and so  ~ 2’ A JyF(z,y). Conversely if x ~ 2’ A JyF(z,y)
then certainly z ~ 2/, and so F =~ = I(x,~). On the other hand, if we assume that
F = I(x,~), then if  ~ z, we have F(x,z), which is to say # ~ x A 3yF(z,y), so
pEVr(r ~ 2z — JyF(z,y)) holds.

This means that total(X{p}) is X[p].

Next, observe that X{p} is split. Notice that if (X, ~) is an object of X{p} and
F:(X,~) — (Y,~), then the domain of defintion of F', F' € p(X x X), is a symmetric
and transitive relation, and so also defines an object (X, F) of X{p}. Then we a map

S:(X,F) = (X,~) defined by
S(x,a') =z~ 1
ein p(X x X), and amap R: (X,~) = (X, F) defined by
R(x,2') = F(x,2)
inp(X xX). SR=~F=F = lix 7 and RS = F ~= F, meaning that we have
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shown F is split. Since F' was an arbitrary map in X{p}, we know that X{p} is a
split restriction category.

Finally, we show that every monic in X{p} is a restriction monic as follows: A map
M : (X,~) — (Y,~) is monic if and only if p F Vzz'y(M(x,y) AN M (2, y) = = ~ ).

Thus, given a monic M : (X, ~) — (Y, ~), we define its retraction to be

R(y,z) :== M(x,y)

We show that this is well-defined: R is obviously strict. To see that R is relational
suppose z ~ 2’ .y ~ ¢/, and R(y,x). Then M (z,y) and since M is relational M (z',y'),
meaning R(y',2'). To show R is deterministic suppose R(y,z) and R(y,z’). Then
M(z,y) and M(z',y), so since M is monic z ~ z’, as required. Now, we show
that 1 < MR and RM < 1, establishing that M R is total and RM is a restriction
idempotent, and thus that M is a restriction monic. For 1 < M R, we use that M is

total to obtain

x~x' ANJyM(z,y)
Fy(M(z,y) N M (2", y))
Fy(M(z,y) A R(y, 2'))
MR(z, ")

and for RM < 1, we have

RM((y,y')
Jx(R(y, x) A M(2,y'))
Jo(M(z,y) N M(z,y'))

y~y

Thus the class of all monics in X{p} is the class My, of restriction monics in

X{p}, which together with the fact that

X{p} =~ Par(total(X{p}), Mx(p) ~ Par(X[p], Mx})
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tells us that X{p} is a partial topos, since X[p] is a topos and Mxy,, contains all

the monic maps in X{p} (see [13] theorem 6.1).

8 The Realizability Fibration

Let A be a Turing category, X a discrete cartesian closed restriction category, and
F : A — X a cartesian restriction functor. In this section we are concerned with the

properties of the fibration

total(0(X)) : total(asm(F)) — total(X)

Specifically, we show that it is a tripos. Most of our reasoning will be about the

realizability latent fibration 0 : asm(F) — X.

8.1 Existential Quantification

Existential quantification for total(0) is defined directly in terms of existential quan-

tification for total(Q). Universal quantification is a bit more complicated.

Proposition 8.1. total(0d) has existential quantification. That is, for every map
[+ X =Y of total(X), the reindezing functor f* : total(9)~'(Y) — total(9)~*(X)

has a left adjoint which satisfies the Beck-Chevalley and Frobenius conditions.

Proof. We use the existential quantification in total(Q) to define the existential quan-
tification in total(d). Suppose X is an object of X, ¢ € O(F(A) x X) is an object of
total(9)~1(X), and f: X — Y is a map of total(X). Define 3;(p) € O(F(A) x Y) by

35() == 3axn(p)

We must show that the mapping defined by 3; : total(9)"*(X) — total(d)'(Y)

is a functor, that it is left adjoint to f* : total(9)~}(Y) — total(9)~!(X), and that it
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satifies the Beck-Chevalley and Frobenius conditions.
First, we show that 3y is left adjoint to f*, the reindexing functor over f in
total(d). We must prove that if ¢ € O(F(A) x X) and ¢» € O(F(B) x Y) are objects

in the fiber over X and Y respectively, then

Fixs(p) =3 () F Y

p b fr() =1 x v
It suffices to show that 7 : A — B in A is a realizer for 31 s(¢) F ¢ if and only if

it is a realizer for ¢ - (1 x f)1. Notice that

Jaxn (@) = Jaxp (@) (F(y) x 1)
Jaxp(p) < (F(y) x 1)
p < (A x f)F(v) x1)=(F(y) x 1)
e(F(7) x1) =¢

and so [Tk.2] in each case implies [Tk.2] in the other, and we may restrict our

attention to [Tk.1] . Suppose that 314 (¢) F ¢ is realized by 7. Then we have

Jaxn(®) = 3axp (@) (F () x 1) = Jaxp (@) (F(7) x 1)

= Jaxp) (@) (F(y) x 1)y

meaning 3 (@) < (F(v) x 1)y, But then
Suxplp) < (Fly) x Dy
p < (A )F@) x D= (F(y) x f

which gives [Tk.1] :

P(F(y) x DA x flY = (F(7) x 1)(1 x f)ip(F(v) x 1)
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and so v realizes ¢ = (1 x f)¥. For the converse, suppose v realizes ¢ = (1 x f)v.

Then we have

o =p(F(y) x 1) = p(F(y) x 1)(1 x f)

= oI x f)(F(y) x1)p =@ (1 x f)(F(y) x 1)

meaning a < (1 X f)F(y) x 1)b. But then

a < (1x f)(F(y)x1
Jaxpla) < (Fy) x 1)b

which gives [Tk.1] :

Jaxpn (@) EF(7) x )Y = Faxp) (@) (F(7) x Dp(F(7) x 1)

= 3w (P)(F() x 1)

and so y realizes 31, 7(p) F 1. Thus, 3y is left adjoint to reindexing over f in total(9).
This also gives that 3y is a functor of preorders. If ¢ -9, then ¢ -9 F f*(34(¢)),
and we have 3¢(¢) - 3f(¢), as required.
Next, we show that if f : X — Y in total(X) then 3, in total(0) satisfies the
Beck-Chevalley condition.
Suppose that the square
w1l
|
A — Y
¢ : O(F(A) x X) is an object of total(9)~!(X).

~< ™

is a pullback in total(X), and that

Then the square

1xh

F(A) x W—F(A) x X

1xkl lle
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is also a pullback in total(X), and since the Beck-Chevalley condition holds for exis-

tential quantification in total(O), we know

(1 x 9)F1xs(p) = Fisn((L X h)p)

which says exactly that

9°Crp)) = 3(h*(¥))

in total(0), as required.
For the Frobenius condition, we must show that for ¢ € O(F(A) x X) and ¢ €

O(F(B) xY),

(@) AP 3l A ()

Specifically, we must construct a realizer v : A x B — A x B of A for this
entailment.

Notice that if

(@) A < 3l A fH (1))

then we know that 1445 : A X B — A X B is our realizer as follows:

[Tk.1]

(Fr(@) AY)(F () x ) Fp(e A f5(¥)))
= (Fr(@) AL)Fp(o A f5(¥)))

=3r(p) NY
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[Tk.2] immediately

Grl@) AY)F (1) x 1) = F(p) Ay

Using that existential quantification over total(O) satisfies the Beck-Chevalley and

Frobenius conditions, we have

3/(p) A & = (F(mo) x 13 (9) (F(m) x Do
— 314 (F(mo) x D) A (m) x Do
< 314 (F(mo) x Dp A (F(m) x DL x [)9)

=3 A fr (1))

as required.

Thus, total(0) has existential quantification.

8.2 Fibered Heyting algebra Structure

Consider total(9)~(X) for some object X of X. Its objects are assemblies over X,
and if ¢ € O(F(A) x X) and ¢ € O(F(B) x X) are two such assemblies, a map
f ¢ — 1 in total(9)"}(X) is amap f : ¢ — v in asm(F) with 9(f) = 1x. This
means there is at most one map between any two objects ¢ and 1) of total(9)~!(X).
That is, each fiber of total(9)~*(X) is a preorder. We write ¢ = ¢ to indicate that
a map  — 1 exists, and note that this is the case if and only if there is a tracking
map v: A — Bfor 1x : X — X. So, to show ¢ I 1, it is necessary and sufficient to

exhibit a map 7 : A — B of A such that

[Tk.1] o(F(v) x 1x)¥ = @(F(vy) x 1x)
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[Tk.2] o(F(vy) x 1x) = ¢
hold.

In fact, each fiber of total(0) is a Heyting algebra. We show this now, beginning

with the bounded meet semilattice structure.

Proposition 8.2. Each fiber of total(0) has binary meets and a top element. Further,

reindezing over total(0) preserves the meet and top element.

Proof. Let X be an object of X. We define the top element of total(9)~!(X) to be

the identity map on F'(1) x X.

Ti=1€eO(F(1) x X)

If o € O(F(A) x X) is an object of total(9) (X)), we have p = T since !4 : A — 1
tracks 1y:
[Tk.1]

p(F(1) x D1 =p(F(!) x 1)

[Tk.2]

p(F() x1)=¢

as required. To see that reindexing over total(d) preserves the top element, note that
since f is total,

AT =0xHT=1=T

Now, suppose ¢ € O(F(A) x X)and ¢ € O(F(B) x X) are objects of total(9) ' (X).
We define their meet, (p A¢) € O(F(A x B) x X) to be

(o A1) i= (F(mo) x D)o (F(m) x 1)y

We show ¢ A ¢ = ¢ using m as the tracking map for 1x:
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[Tk.1]

(e AP)(F(mo) x 1) = (F(m) x 1)¢ (F(m) x 1)p(F(mo) x 1)¢
= (F(m1) x 1)ip(F(mo) x ) = (F(m1) x 1)ip(F(mo) x 1)¢

= (F(m) x 1)¢ (F(m) x 1)p(F(mo) x 1)

[Tk.2]

(e A)(F(mo) x 1) = (¢ A )

Similarly, m; tracks 1x to give (p A ) .

Next, suppose that y € O(F(C) x X) is an object of total(9)~!(X) with x F ¢
and y F¢. Let v: C — A and w : C — B be the tracking maps for 1x that then
exist. We obtain x F (¢ A ¢) by showing that (y,w) : C' — A x B is a tracking map

for 1x:

[Tk.1]

X(E((7,w)) x D) (e Ay) =

= X(F({y,w)) x D(F(m) x L) (F(m) x 1)

= X(F(@7y) x D¢ x(F(w) x 1) x(F({y,w)) x 1)

= X(F(w) x D(F(7) x Vg x(F(7) x D)(F(w) x 1) x(F({y,w)) x 1)
= X(F(7) x L x(F(w) x )Y x(F({y,w)) x 1)

= X(F(y) x 1) x(F(w) x 1) x(F((7,w) x 1)

= X(F({y,w)) x 1)

[Tk.2]

X(E((y,w)) x 1) = x(F({y,w)) x 1)
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Finally, we show that reindexing over total(d) preserves the meet:

e nd) = (1 x f) (F(m) x e (F(m) x 1)¢

= (I x f)(F(mo) x g (1 x f)(F(m) x 1) (1 x f)
= (F(mo) x 1)(1 x f)g (F(m) x 1)(1 x f)y

= (f" (@) A f (W)

We make the following useful observation:

Lemma 8.3. (p AY) = (1 x A)ex(p x 1)

Proof.

(1 x A)ex(p x 1) = (1 x A)ex(p x 1)(1 x v)

= (1 x A)ex(p x 1) (1 x A)ex(1 x ¥)(1 x A)ex

= (1 x A)ex(p x 1) (1 x A)ex(1 x v)

= (1 x A)exmp (1 x A)exmi)

= (F(mo) x 1) (F(m) x 1)t = (¢ A1)

Next, we deal with the Heyting implication
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Proposition 8.4. Fach fiber of total(0) has a Heyting implication. Further, reindez-

ing over total(Q) preserves the Heyting implication.

Proof. Let ¢ € O(F(A) x X) and ¢ € O(F(B) x X) be objects of total(9)~(X).
Define (¢ = ) € O(F(Ta,) x X) to be

(o = ) =A(P A Ly p)xx)(F(Ta8) X 1)) NA((0 A Lpry p)xx)(F(Ta8) x 1))

M A Lp@y pyxx)(F(Tas) X DY A A Limy 5)xx)!)

We must show

(XAp) 9
X F (o= 1)

Suppose (x A ¢) F 1. Then also (¢ A x) F 9, and this is realized by some

v7:AXxC — Bin A. Let h: C — T4 p be a weak exponential transpose of 7, as in

AXTA’BT—>B

¥

AxC
We show that h realizes x F (¢ = ¢):

[Tk.1] Observe that

X(F'(h) x DA((p A1) (F(T) x 1))

= x(F(h) x DA((1 x A)ex(ip x 1)ex(1 x ACYVY(F(7) x 1))

= YM((1 x (F(h) x 1))(1 x A)ex(¢p x Dex(1 x ACYY(F(r) x 1))
= YA((1 x A)ex(p x Y)ex(1 x ACDYF((1 x h)7) x 1))

= XA((e AX)(F(7) x 1)) = xA (e AX)(F(7) x 1)v)

= YA((1 x A)ex(p x x)ex(1 x ATYY(F((1 x h)7) x 1)1)
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= X(F(h) x DA((p AL)(F(7) x 1)¥)

and similarly

X(F(h) x A((e A (F () x 1))

= XA((1 x (F(h) x 1))(1 x A)ex(p x Dex(1 x ACDY(F(7) x 1))
= XA AX)(E () x 1)) = xA((e A x)Y

= YA((1 x A)ex(p x x)ex(1 x AT

= YA((1 x A)ex(p x x)ex(1 x ACYY (1 x F(h)) x 1))

= YA((1 x x(F(h) x 1))(1 x A)ex(p x 1)ex(1 x AT

= X(F(R) x DA((p A 1))

which gives

X(F(h) x 1) (¢ = 1)

= X(F'(h) x DA((e AL F(7) x 1) x(F(h) x A((¢ A 1)) x(F(h) x 1)

= x(F(h) x 1)

[Tk.2] Since h is total we have

X(F'(h) x 1) =x

For the converse, suppose x F (¢ = ). Then some map w : C — Ty p of A

realizes this. We show that (1 x w)7: A x C' — B realizes (¢ A x) b 9 as follows:
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[Tk.1]

(@ AX)F((1 x w)T) x Dip = (1 x A)ex(p x \)(F((1 x w)T) x 1)¢)

= (1 x A)ex(p x x)(1 x A)ex(1 x (F(w) x 1))ex(1 x ACVY(F(7) x 1)

= (1 x A)ex(ip x x(F(w) x 1)ex(1 x ACY)(F(r) x 1))

= (1 x x(F(w) x 1))(1 x A)ex(p x Dex(1 x ACDY(F(7) x 1)1
= (Lx x(F(w) x 1)(e = ) (e AL (F(7) x 1)9))

= (I x x(F(w) x 1)(e = )1 x A(e A (F(1) x 1)¢))ev

= (I x x(F(w) x 1)(e = ) (1 x A(p A1) (F(7) x 1))ev

= (I x x(F(w) x (e A1)(F(1) x 1)

= (1 x x(F(w) x 1)(1 x A)ex(p x ex(1 x ACDY(F(7) x 1)

= (@ AX)(F((1 xw)T) x 1)

[Tk.2]

(e AX)(F((1 xw)r) x 1)

= (1 x x(F(w) x 1)(1 x A)ex(¢ x 1)ex(1 x ACDY(F (1) x 1)!

= (I xx(F(w) x (e = 9))(1 x M AD(F () x 1)!))ev
= (I x x(F(w) x 1)(e = ) (1 x M A1)!))ev

= (1 x x(F(w) x 1))(1 x A)ex(p x 1)!

= (1 x A)ex(p x 1)(1 x x(F(w) x 1))

= (I x A)ex(p x 1)x = (¢ A X)

So our Heyting implication is in fact a Heyting implication.
Reindexing over total(d) preserves our Heyting implication since existential quan-

tification for total(0) satisfies the Frobenius condition.
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We move on the the join semilattice structure

Proposition 8.5. Fach fiber of total(0) has binary joins and a bottom element. Fur-

ther, reindexing over total(0) preserves the join and bottom element.

Proof. Let X be an object of X. Since X is a discrete cartesian closed restriction
category, we know that O(F(T) x X) has a bottom element. We define the bottom

element of total(9)~'(X) to be

L:=1ecO(F(T)x X)

If p € O(F(A) x X) is an object of total(9) (X)), then since any e € O(F(T) x X)
has L <e, any map 7 : T — A is a tracking map for 1x as a map L — ¢ in asm(F):
[Tk.1]

L(E(y) x D = L(F(y) x D (F(y) x 1) = L(F(y) x 1)

[Tk.2]

TFOxD=LEM <D =1

and since each object A of A is a retract of T', the retraction ry : T — A is such
a map and L F ¢ for all ¢ in total(9)"*(X). To see that reindexing over total(d)

preserves the bottom element, we recall that reindexing over total(Q) does, and so

L) =TxHL=1

For the join of ¢ € O(F(A) x X) and ¢ € O(F(B) x X), we use the join in the
fibers total(O) to define

(o V) = Crwxn(®) V Irw)x)(¥) € O(F(A#B) x X)
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where
ALl A#B<" B
is the weak coproduct of A and B in A. We show that this is actually the join.

ok (pV)since k: A — A#B is a tracking map for 1y:
[Tk.1] Notice that we have

Frex1(©) < (Frex1(¥) V Ipenxa (P)
¢ < (F(k) X 1)(Frmx1(p) V Irnx1(¥))
= (F(r) x 1) Frwx1(9) V Irex1(¥))

)
)

which gives

p(F(r) x D(p V) = o(F(r) X 1)Bremx1(p) V I« (¥))
= ¢ (F(8) X DE@rmx1(p) V 3ree)a(¥) (F(k) x 1)

= p(F(k) x 1)

as required.

[Tk.2] & is total so immediately

p(F(rk) x 1) =9

Similarly, ' : B — A#B is a tracking map for 1x to give ¥ - (¢ V ¢). Next,
we suppose that for some y € O(F(C) x X) we have ¢ - x and ¢ - x, realized by
v:A— Cand w: B — C in A respectively. We take v to be their weak coproduct
map, as in

A" A#BL B

N%

C

and now (p V1) F x since v is a tracking map for 1x as follows:

129



[Tk.1] Notice that we have

o (F(k) X 1)(F(v) x 1)x = ¢(F(k) x 1)(F(r) x 1)x

=p(F(v) x x =@ (y) x1)=¢

and that this gives

¢ (F(r) x D(F(v) x )x = ¢
p < (F(r) x )(F(r) x 1)x
Frix1 () < (F(v) x 1)x
(F(v) x D)X 3rpx1(9) = e < (9)

Similarly, we obtain

(F(v) x 1)x 3p)yx1 (V) = Tppeyxa (V)

and then we have

(e VO)F () x 1)x = (o V) (F) x Dx(F(r) x 1)

= (F(v) x Dx(p V) (F(r) x 1)

= (F(v) x DXBrex1(9) V Ieeya () (F(v) x 1)

= ((F(r) x Dx3remx1(9) V (F() x 1)3peyxa () (F(v) x 1)

= (Fr(x1 () V Fpen 1 () (F(v) x 1) = (¢ V) (F(v) x 1)

[Tk.2] Using again that

(F(v) x 1)x 3pm)x1(¢) = Frm)x1(9)

and
(F(v) x 1)x 3peyx1(¥) = Tppeyx1(¥)
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we have

(o V) F (V) x 1) = (F() X 1)(Frmx1(9) V 3ren < (1))
= (F(¥) x D)3pwxa(p) V (V) x 1)3pe)a ()

= HF(K)X1(Q0) \% EIF(M)Xl(d’) = (90 v ¢)

and so our join is in fact a join. We proceed to show that reindexing over total(0)

preserves the join. Since

1xf

_—

F(n)xll lF(N)Xl

B ——
1xf

is a pullback square in total(X) and 3 satisfies the Beck-Chevalley condition in

total(O), we have

(1% f)Ir@wx1(p) = Frmwx1((1 x fe)

and similarly

(1 X f)Irenx1(¥) = Frenx<a (1 x [

which gives

[ oVa) = (1x f)Brux1(e) V Ire)yx1(¥))
= (1 X f)3rwx1(p) V (1 X f)Ip@nx1(¥)

= Ireya (1 X)) V 3rwya (T X ))P)

= (") V(@)
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We have now shown

Theorem 8.6. Fach fiber of total(0) is a Heyting algebra. Further, reindexing over

total(9) is a Heyting algebra morphism.

8.3 Universal Quantification

We require a technical lemma before we can define the universal quantification.

Lemma 8.7. In a Turing category, for every object A, there is an object Ty and a
map T4 2 Ta — A such that for any map v : B — A there is a total map 6 : B — Ty

such that 6T4 =, as in

TAT_A>A
A

A

B

Proof. Fix an object A. Using the weakly cartesian closed notation, we define Ty :=

1 xTi 4 and 74 := 7y 4. Suppose v : B — A. Then we have

1 x TA A A
A
1xh:
T,
1x B .
<'B:13>T
B
and the ¢ := <!B; 1B>(1 X h) ]

With this in hand, we move on to the universal quantification.

Proposition 8.8. total(0d) has universal quantification. That is, for every map f :
X =Y of total(X), the reindexing functor f* : total(9)~'(X) — total(9) "' (Y) has a

right adjoint which satisfies the Beck-Chevalley condition.

Proof. Define, for ¢ € O(F(A) x X) an assembly over X,

V() = Vi (F(7a) X 1))
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where the quantifier on the right hand side is the universal quantification for total(O).
First, we show that V is right adjoint to reindexing over f* in total(d). It suffices
to show that
N

p Vi)
Suppose that for ¢ : O(F(A) x X) and ¢ € O(F(B) xY), the map y: A — B

realizes f*(p) = (1 X f)p 1. That is,

[Tk.1] (1 x fe(F(y) x D) = (1 x fle(F(y) x 1)

[Tk.2] (1 x f)p(F(y) x 1) = (1 x fe

Now, let 6 : A — T be defined by

TBT—B>B
A

A

A
We show that 0 realizes ¢ = Vi ((F(75) X 1)1) =V (¢):

[Tk.1] Notice that if

@ < (F(0) x DViur((F(7p) x 1)3)

then we have the required identity as follows

p(F(0) X DVip((F(75) x 1))
= @ (F(0) x Vi ((F(75) x 1)) (F(9) x 1)

= @(F(0) x 1)

Now, since ¢ is total,
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F(6)x1

_—

1><fl lle

F(d)x1

is a pullback square in total(X), and so since universal quantification in total(Q)

satisfies the Beck-Chevalley condition, we have

F(0)V1x s ((F(75) x 1)¢)
= Vi (F(78) x 1)¢))

= Vs (F(y) x 1)y)

and so

p < (F(6) x DVixs((F(78) x 1)¢))
p < Vi ((F(7) x 1)9)
(Ix flo < F(y) x Lo

but using our assumption that v realizes (1 X f)y F ¢ we have

(Ix fle (F(y) x 1) = (1 x flo(F(y) x 1)

=[x flp(F(y)x1)=(1xfe

meaning (1 x f)o < (F(y) x 1)1, as required.

[Tk.2] Since 6 is total, we immediately have

p(F(0) x1)=¢
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For the converse, suppose 0 : A — Tp realizes ¢ F Vy(¢)). We show that d7p :
A — B realizes (1 X f)p = f*(¢) F -

Notice that (1 x f)e < (F(d75) x 1) since

(1 x fle = (1 x fe(F(0) x1)

= (I x f)p(F(5) x 1)¥;(¥)

= (1x f)e(F(8) x V1 ((F(rp) x 1)1)

= (1% [)p(F(8) x 1)(1 x f)¥1xs((F(75) x 1)9))
< (I x Ne(F @) x (F(rp) x 1)y

= (I x f)p(F(o75) x 1)y

= (Ix fg (F(678) x 1)¢

Using this, we have

[Tk.1]

(1% fle(F(67p) x 1) = (1 x f)e (F(d75) x 1) (F(075) x 1)

= (I x fp(F(67s) x 1)

[Tk.2] since (1 x f)p < (F(615) x 1)y < (F(o15) x 1),

(1 x fle (F(0ms) x 1) = (1 x f)e (F(0m) x 1) = (1 x f)g

and we have established the required adjunction.

This also gives that V is a preorder morphism, as if ¢ ¢, then f*(Vpxp) = ¢ = 1,
and so V(@) F V(2).

Finally, we show that universal quantification over total(0d) satisfies the Beck-

Chevalley condition. To that end, suppose
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Wt X
k lf
Z—=Y
is a pullback square in total(X). Then
F(Tg) x W P(Tp) x X
1xk lle

F(Tg) x ZTg>F(TB) xY
is also a pullback square in total(X). Now, the Beck-Chevalley condition is satisfied

by universal quantification in total(Q), so we have

(1 X Vi p (F(m8) x 1)¢) = Vi (1 x h)(F(75) x 1)9)

and then because (1 x h)(F(r5) x 1)p = (F(7) x 1)(1 x h)y we have shown that in
total(0)

g' (Vi) = (1 x g)V¢(¥) = Vi((1 x h)¢) = Vi (h* (1))

and so certainly we have

9" (Vs(1)) A Vi (h*(¥))

as required. Thus total(d) has universal quantificaiton.

8.4 The Generic Predicate

Proposition 8.9. total(0d) has a generic predicate.

Proof. The genereic predicate is the assembly &v € O(F(T) x 1¥™) where T is the
Turing object of A. Let ¢ € O(F(A) x X) be an object of total(9)~!(X) for some

object X of X. We use the fact that T is a universal object to define (F'(r4) x 1)p €
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O(F(T) x X), and then define h : X — 17 in total(X) by h := A((F(r4) x 1)),
as in

F(T) x 171 -1

A
1xh:
S (F(ra)x1)p!

F(T)x A
We must show that ¢ 4 h*(ev) = (1 x h)ev = (1 X h)ev = (F(ra) x 1)¢.

For o = (F(ra) x 1)p, the realizer is s4 : A — T as follows:

[Tk.1]

p(F(sa) x 1)(F(ra) x 1) = o(F(sara) x 1)p(F(sa) x 1)

= op(F(sa) x 1) = p(F(sa) x 1)

[Tk.2] o(F(s4) x 1) = ¢ immediately as s, is total.
For (F(r4) x 1)p = ¢, the realizer is r4 : T'— A as follows:

[Tk.1] (F(ra) x 1)e(F(ra) x g = (F(ra) x g = (F(ra) x 1)e(F(ra) x 1)

[Tk.2] (F(ra) x D)p(F(ra) x 1) = (F(ra) x g
and so &v : O(F(T) x 1¥™) is a generic predicate for total(d). O
Note that we have now shown
Theorem 8.10. total(9) is a tripos.

We call total(0) the realizability tripos of F': A — X where A is a Turing category,
X is a discrete cartesian closed restriction category, and F' is a restriction functor.
Similarly, we call X[total(0)] the realizability topos of F.

We conclude by observing that when the realizability fibration is a tripos, the

constant objects functor [31] can be modified to give a restriction functor from the
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base category into the partial topos of the realizability tripos. Define
Ay : X — total(X){total(d)} by, for X an object of X and f: X — Y in X:

A(‘)(X) = HAX(lF(l)xX) € 8_1(X X X)

No(f) =3 (Ara) x f) €071 (X x Y)

It is straightforward to verify that this gives a restriction functor. A more detailed
proof for the total case can be found in [36], and the details are largely the same in the

partial case. The main difference is that instead of having Ay(f) be a total relation,

we require that Ay(f) = As(f). That is, we require

Bap @ x Dl y)] = Bay(D)(@,2) A3 Gun 1 x 1)) (@, y)]

which is immediate since Ay(f) : Ag(X) — Ay(Y) defines a strict relation in the
internal language of the tripos (see [36]).
Recall that in a discrete cartesian closed restriction category we can define a range

combinator by ]?: 3;(f). We observe that on objects

—

Ap(X) = 3n, (1rayxx) = Fixay (T X Ax) = (I x Ax) = (1 x Ax) = (1 x ACD)

and similarly, on maps

— e~

Aa(f) - El(l,f>(1F(1) X 7) - E|1><<1,f)(1 X <17f>) =1x <17f> =1x <17f>

offering another way to understand the constant objects functor in which we use the
range combinator to construct a restriction idempotent (1, f) corresponding to the
graph of a function f.

Now, we construct a functor from the category of realizers into the partial topos
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of the realizability tripos by composing H : A — asm(F') (lemma 5.4) and the
realizability latent fibration 0 : asm(F) — X with our modified constant objects

functor:

A—L X 2% total(X){total(9)}

| A

asm(F)
or equivalently by composing F' : A — X with Ay. This has the potential to be an

interesting functor, since it captures the sense in which the category of realizers is

present in the realizability (partial) topos.
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9 Conclusions and Further Research

We have constructed categories of assemblies in a way that generalizes existing con-
structions of such categories, and investigated their structure. We have introduced
latent fibrations, and have shown that each category of assemblies defines a related
latent fibration. We have shown that for a cartesian restriction functor with a Turing
category and discrete cartesian closed restriction category as its domain and codomain
respectively, this latent fibration defines a fibration, and this fibration is a tripos. We
have also noticed that given a tripos, we can construct a partial topos, and that the
total maps of this partial topos are exactly the topos associated with the tripos.

There are many directions for further research. Perhaps the most glaring omission
in this thesis is the absence of a definition of “latent tripos”. As mentioned in the
chapter on restriction categories, there ought to be such a thing, and our domain latent
fibration and realizability latent fibration ought to be examples of it. More generally,
finding latent fibrational analogues of fibrational structure in categorical logic and
connecting these to the work already done on the logical structure of restriction
categories would be a good thing to do.

Having constructed our more general categories of assemblies, it would be nice
to have some more general examples. There are likely to be interesting categories of
assemblies in which the domain and/or codomain of the associated functor have less
structure than they do in the classical examples. What are they, and how do they
relate to the classical examples? From here, one might investigate the realizability
latent fibration of interesting categories of assemblies. What structure does it have?
This ties in to the first avenue of further research on logical structure in latent fibra-
tions. Lars Birkedal’s work in [4] deals with a part of this question for fibrations, and
would be a good place to start.

Another potentially interesting area of study is how relationships between the

functors associated with different categories of assemblies induce relationships be-
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tween the categories of assemblies themselves. For example, an applicative morphism
between two partial combinatory algebras in the category of sets and partial functions
induces a regular functor between the corresponding categories of assemblies [29].
What other things like this happen? This extends, of course, to induced relationships

between the associated realizability fibrations as well.
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