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MOTIVATION

What ove the fundamenfal structures of concurrency?




MOTIVATION

A Jundamental. stucture for message passing: message. hearies.
1. Message Theories can be freely constiucted. over a sym.mon.cat.
Msg @ SymMon(at

2. Message thearies ore OE‘(“Lgebms 3. Have o concurrengy-style
peroct..
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Part 4 - Send./Receive. Duality.




CORNERINGS
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CORNERINGS

o)
(orttexings allow ws to spl monoicdal morphisms  along. ron- (purlel/sequentinl
decompositions.
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CORNER' NGS

Comumgs alow ws b splis monoidal morphiisis alorgg ron.- (purllel/ sequential)
decompositions. R
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SMooTH CORNERINGS

The horizontal category of the free comering (s the original

moroidol. cobegory plus freely odded dualibies.
g

./

a:-<—l

=l

x°\

A*~<

5

zz| Nester



SMooTH CORNERINGS
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Part 2 Inter(mvi@




Two programs Qe funning concurrently: in how mony Ways
oo they inkerleave?
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SHUFFLES

Mix some words, preserving the relolive order inside the words.
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Invarionk 1o renaming, defined up to -equivalence
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Part 3 : Inkerlude - Duoidals




DuoibAL  CATEGORIES

Duoidol categories have two tensom ond. ore distributes over
the dther. We ixd:e.rprd:

* XaY, sequenkiol tensor “X, ond. then Vs
. X8y ol tensor, * X ond Y af the same tin’,

(X<Y)e(UaV) —= (Xel))a(YeV).

When the unit distribukor is an isomorphism, T=>N, ik is norfmal .
A rorial, -symmelvic dwoidal, is o physicol. duoidal .

=2) fguiar € Mohojor 10, Shapiro € Spivak. 23




DuoibAL  CATEGORIES
Duoidol. citegories ore ot coherent, thete are tuo ormal. maps

1«1 — 1.

However, phusical. duoidal. categories are coherert - There is of most a single

enm:hisn} beliveen. a tio objects whete every Type appenss eadly once with
varance.

Ae(B<C) > (AeB)4C,



PHYsIcAL DuoipAL  CATEGORIES

The free. phusicol. duoicol cokegory over o single object is ully-{aith
ko POSd:S oanal  bijeckive-on-objects inclusions.
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PHYsIcAL MONOIDAL MULTICATEGORIES

When only sequenkiol composibion is representoble., les
Mpmet'eq’ns. mposikion. LS rep e, we recover Shuff

oS //\Y THEOREM. Shqﬂtes form. {he free
i' i’ g\i,lé;s\cal monowlal mulkicotegory
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SHUFFLES

Tis is not o stuflle: ‘@ ond “b" change order.
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SHUFFLES

T AN Y perwmon. A shufle is o bijeckion

. >\ U, e +ql“*ﬁ__> &b

b 4/ ¥\}l « Such tat the edges from relokive. orders (1)
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PolAR. SHUFFLES

xi\{/ veFINITioN. [olor shuffles e bijections
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PolarR. SHUFFLES
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Polor stuffles  mix programs et commuricate sending® and. receiving’
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PolaR. SHUFFLES
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Part D Message Theories




MESSAGE  THEORIES

Set: of Yupes, representing resource lupes = X, Y, Z,..

Two ackions for each resource: send. and receive,
X® means “send X"
X means “receive X”

Lists of actions represent sequencing of the ackions.

[= X0V W means “ask for X; send Y and then Z,
finally, receive W



MESSHGE THEO‘UES .0 monoidal mulicotegory.

LXXA I ... Ta

ECHO —————LNK SWFy

[LA (13, ..., Tale

—=— NoP

E Xo’ Xo

1. Doing rothing is a. session.
2. We can creake o, receive-send. “ecto” session..
3. We car link 0. Sewo bo o Recewe porl.

4. Events can be interleaved in ony order:



MESSAGE  THEORIES

perinirion. | message theoy M consisks of 0.5ek of Types, Mok, and, for each list
0f polnxized ’(ypes, 0 Set of sessions” typed. by Umlzpi'ssl:. J 1
MOXY, .., X8, for any list of objecks Xi€Maj and o: € {0, 03,
A message theoy must conbain (easorably axtomalized) opetations for
i. binasy shu g, swre: M(T)xM(A) - M(e(T'0);
ib. 0 no-opetion, Nop: M() ;

Bii.. 0. vecwe o send. chomel, sewk: M(T\ Q) = M(T) XX Q) ;
iv. liking 0. send 1o receive chomel, i M(TX2X50) = M(T. ),

M. Message theories are algebras or the monoidol operad. of stufles.



Parr 6 Process/ Message, Ao,




PREMoNoIDAL CATEGORIES
Premonoidal. cakegories exlend. moroidol. caleqories with effects.

ST < 3
# —J
8 B B B
Foillure. of  Interchonge
THEOREM.  Olring dingrams with runkime ore the inkernal language of

premonoldal cabegories.




MESSAGE THEORIES vs Process THEORIES

The free message theoyy The cofree process theoryy on
conkoins strmms extended @ messcgfge iheg@ has 03 «glorphisms

with “send.” ond,Tolzbe” effcks. the “receive-then-send.” Sessions:
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STRING DIRGRAMS + Senp/ ReceIvE
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= do = do =do =do
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We split . probocol into mulbiple ogents.
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PoLar. SHUFFLES FoR PRroTocoLs

€IS 0



PoLar. SHUFFLES ForR PRoTocoLs

= do =do
i
send.%:% e obp (msg®, olfack®, decrypt®) {
(aypt® aypth cypt3) s
bob Ckey®, aypt?, decypt®)s
- do _ (msg®, key®, aypt®) s
K < rondom. m < gok (cypt?, oltack®)s }
send. (k) K <get
c<gek send.(mek)

send ({(Kec)



MOTIVATION

A Jundamental. structure for message passing: message. hearies.
4. Message theories can be freely constiucted. over a sym.mon.cat.
Msg @ SymMon(ak

7. Message theores Qre ;‘(Jgebras 3. Hove 0. concuriengy-shyle
perodt.

of 0. el ¢ interol. laguage
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NexT Steps

f/

L O
£y
ol Do z_} 77
P %j\.’
Poloy Poseks X Polycakego@

(c{. Evenk Sirs) vi” Chu, Cors’lﬁ)cﬁm



END




SHUFFLES

AL good i the programs are independent.
Whot if they communicake ?
How con we add message possing?



PolaR. SHUFFLES

Polor studfles  mix programs et communicafe sending® and. receiving’



MOTIVATION

What is o fundamental strctie of concurrency?

| L
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OUTUNE

0. Stwiles
1 Studwre: Plar Sudles
/. Framework:  Monoida\ Cakegories.
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STRING DIAGRAMS

€ Ruer. Robinson,. Pemonoidal Categories and, Netions of Compitation .
£ Jeflrey. A Graphical View of Programs.

E] Komdn. P(omomd,s ard, String Diograms for Effeckful rees.

@ lalon, Megelbery. Linear Us:;; m% e




STRING DIAGRAMS

{0 =do {0 =do
et 0. = "hello” (et b ="world”
;.et b - ltworut\ #: .Ct Q- “k Qu,o“ ;
pruk (o) prunk (b)
prink (b) prnk (@)

@ Stoton, Levy. Universal, Properties of Tmpure Frogrammi .
D ey, el Ropertie o inpue Hogrnnig oggages
@ Pover, Robincon. Premoroidal (abegoties and Nefions of Compudation.
€ Hughes. Genetmlising monads 4o artows.




MuLTI-ParTy PrOCESSES

i

morphism info different agents: - does not conbrol the broadeast ;
o only olfack. of the end ; Bob keeps o bit it memoyy.




STRING DiAGRAMS + Senp/ RecEvE
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PolAR. SHUFFLES

\
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THEOREM. Rlar shuffles form the free. polar normal. monoidal symmelric. mlficotegory.



PolAR. SHUFFLES
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THEOREM. Rlor shuffles form the free. polar normol. monoidal symmetric. muficafegory
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THEOREM. Rlor shuffles form the free. polor normol. monoidal symmetric. mulficafenory.




ONE-TIME PaD

nwpt message

1024 random Key
%’ mwnp Crijpted. message.



MESSAGE  THEORIES

i tufles
L. L XX, A

L.LL ex ™ C.A

1.We can creake o receive-serd “echo” session..
2.We con receive what we just senk.

3.Events can be mter(eaved in. ony order
This is the free polarized. physical monoidol mulicalegory

LN®



MESSAGE  THEORIES

.
/ 7

L. L . LxXxA .

LR XX A

1. We can creake o receive-send “echo” session..
2.We can receive what we just senk.

3.Events can be mferleaved . ony order.
This is the free polarzed. physical morodal - mulkicategory



MESSAGE  THEORIES: AxIOMS

Linking is Mharal with respect. 1o Slmf/kngs
s M
l-" x Xo r’z Ty, |-1 X X rl A“;Az’-
r‘., 2 DBa = [REAJGX, XL G:Al :
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Spawning \SMhAral with respect to Shuﬂlmgs
r r; 4, r;. A.Az
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MESSAGE  THEORIES : AkIOMS

-ﬁ*—‘i— b, 'Z’XZA. o
LXEXXA =:im 5 [LCXXXA =im
XA XA
Spawnirg and. lmK«g inkerchange . |
nann X 6
CXXLYYG 00 G ,
AR R AA

This s the free. polarized. rormal. monoidal, mulkicokeqory on. a seb of Hypes.



MESSAGE  THEORIES: AxioMS
Stuffies  compose as in the mulbioteqy ofshu{(\es

= im
im, Emz im, 3"\3 [":”]* b
r" r;- §m3 ‘4‘” m, rl r3
Ml s =L _luble M im, o imy im,
[[.Flir‘;.]a’iﬁlt [G;LESE]‘I:’]G" r A (ﬁ.) A ‘— .

Tis ts thefree. rormal. monoidal. mullicateory on o sek of types.



ProoF: folor shufiles are. Message. derivations

1. Stuffles forin. the free. physical monoidal multicategory. Prop 42

2. Message theories are shudfles with dudls, by definikion.

3. Message theories are the free. polarized. physical. moroidol mulkicategory.

4. Message theories are coherertt, by finding their nomal. form. Tim, 442

5.Rlor duffles are coherertt, by definition.. Prop 444

6. A polar shuffle bebueen. some types exists if o, message theory desveition. exists.
7. Polar shwffles are message theory dervations. Prop 449

8. Polar shuffies form the feee polarized. physical mon. multicotegory. Than 4.4.4




ProoF: String diagrams for efleckful. cofegories

1. Broiding runkime forms  cligues.

2. Broid. digues on the rutime monoidal. form o effedful, EFM.G). Lem 175

3. There exists an id.on objs. Mor(V)—> EA.6) preserving mon.strudure.. [em 176
4. There exists o, wiigue efectul funclor out of Mont(V)—=EHWLG). [em 4177

5. The free efectful has morphisms A-+B {he Refl—>FeB df the runkime moroidal.. Tim 178
6. Jtring dingroms with runtime ae o language for eflectful. cafegories. cor 179



POLARIZATION

e ity is o poir of objects with two morphisms (LR, e.n)
su:h% pois of o)

“Polarization is
W, ] Le)(‘)t aotzg%cru@ to toking
© | | @ | e adpinks”
The free polarized. monoidal. el Leftbd

over 0. monoidal. cafﬁgofy. Mook « — _ Mon(ok

Polar
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THEOREM. Stuffles form, the free phujsical moroidal multicabegory .
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