Physics cup-Problem 3 Thomas Bergamaschi

Using Boundary conditions at the interface(r = R), we have(Note proof in Appendix 2):

in
BI™ = B%%t and also f = B2"t (1)

Since u > 1, BI* > B2, therefore the magnetic flux of B, inside the cylinder is much larger than the
flux of B, outside the cylinder.

This manner using Gauss law between the infinite planes 1-2 in the figure below:
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We obtain therefore(using that Bi™ does not depend on r, note proof in appendix 1):
dBin
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Bi"(z)mR? = 2nrhBS* + Bi"(z + h)nR? & 2rB¥t = —R?

Now, using Amperes law for the loop below we have:
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fﬁ cdl = Lpeioseq = 0 © HI'h + f (H2"t(z + h) — H2*(2))dr =0 (2)
R

Simplifying (2), we obtain therefore(using that B= yyoﬁ):
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Now using (1) we obtain:
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Using (4) in (3), we have now(defining the divergent logarithmic integral asn = fRoo g) :
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Therefore the solutions for this equation are(Valid only for z > 0):

Bi" = Ae™%/* where A = R /% (6)



In (6), one can see that A > R, since i, > 1. Now, using (6) and (1), we obtain that:
powt = AR a2 (7
T 2Ar

Now, to obtain A, we again use Amperes law, for the loop below:
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This time, we have(using that the loop is at z = 0):
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Remember that 7 is defined as n = fRooﬂ

This manner we obtain our expression for BL™:
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B = l;OZU e~ Z/4 9

Therefore the magnetic flux through the loop is:
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¢ =nR*B*(z=0) = (10)



Since inductance is defined as L = ¢/I, we obtain therefore:
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Now let us use the fact that 4 > R to find a expression for L. Since n = fRoog ,and A » R, therefore
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n= f}f TT =In (%), where f is a constant that we can adjust, since A = R % we obtain therefore

that:
_ [l _ L 12 A 2
n= ln<ﬁ > > = lnB+§ln(—2 ) < 2n=1Inp +ln(—2 ) = Inu + Inn + Inf* — In2 (12)

Now, since lnu > In2 and also that 2n > Inn , and that by hypothesis u is arbitrarily large(so we can
ignore [nfB?) we have that (12) simplifies to:

2n = Inu (13)
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Now, with (13), the inductance is simply, L = b /,tonR\[; = pomR /lnu.

Therefore the asked inductance is:

Appendix 1:Proof that BI" does not depend on 7.

Consider both ampere loops below:
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In the first loop we have by amperes law:
j H-dl =I,pseq = 0 © HM(R)h + j (HZ" (z + h) — HP**(2))dr = 0 (1)
R
For the second loop, we have again by amperes law:

j H-dl =0 & H*(r)h + fR(H;'”(z +h) — H;'”(z)) + foo(H;’“t(z + h) — H2*(2))dr = 0 (2)
r R

. out
Since at the interface HI* = HrT ,and u > 1, the second term in the expression above is approximately
0, therefore we obtain:

Hin(r)h = — f w(Hﬁ”t(z +h) — HP (2))dr (3)
R

Comparing (1) with (3), we see that HI*(r) = H™*(R), therefore Hi™ does not depend on 7.

Appendix 2:

Boundary conditions demonstration:



Let B_f and E be the normal components of the magnetic field in medium 1 and 2 respectively. By Gauss
law:

jﬁ-d§=0<:>BZS—B1$=O<:>B1=B2

Now, let use Amperes law to find the relation between the tangential field components. Now consider
the below figure, in which 1 has relative permeability u and 2 relative permeability 1, and also that Fl)
and H_Z) are the tangential H field components(recall that B= uyoﬁ).
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If the Interface has no free currents(which is the case in the problem), we have that:
jﬁ-d7= Loncioseq = 0 € Hyl —H,l=0 & H, = H,

Since B = yuoﬁ, we have that % =B,



