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We fix 𝑆 as the inertial rest frame of the spaceship when it ejects missiles (let this moment 
be 𝑡 = 0). In frame 𝑆, the missiles are travelling at constant speeds 𝑣 and 2𝑣 respectively; 
their motion with respect to time is thus: 

𝑥! 𝑡 = 𝑣𝑡;  𝑥! 𝑡 = 2𝑣𝑡 
The spaceship is undergoing proper acceleration 𝑔. Let 𝑆’ be the inertial instantaneous rest 
frame of the spaceship at some time 𝑡; the Lorentz’ transformation gives  

𝑥! = 𝛾 𝑥 − 𝛽𝑐𝑡
𝑐𝑡! = 𝛾 𝑐𝑡 − 𝛽𝑥  

thus  
𝑑𝑥!

𝑑𝑡 = 𝛾
𝑑𝑥
𝑑𝑡 − 𝛽𝑐 ;  

𝑑!𝑥!

𝑑𝑡! = 𝛾
𝑑!𝑥
𝑑𝑡!  

and time dilation 𝑑𝑡 = 𝛾𝑑𝑡! applies; thus 
𝑑!𝑥!

𝑑𝑡!!
=

𝑑𝑡
𝑑𝑡!

!

⋅
𝑑!𝑥!

𝑑𝑡! = 𝛾!
𝑑!𝑥
𝑑𝑡!  

which gives the relation 𝒂 = 𝒈/𝜸𝟑 in frame 𝑆. We may solve this as follows: 
𝑑𝑣
𝑑𝑡 = 𝑔 1−

𝑣!

𝑐!

!/!

 

Substituting 𝑣 = 𝑐 ⋅ tanh𝜃: 
𝑑𝑣
𝑑𝜃 ⋅

𝑑𝜃
𝑑𝑡 = 𝑐 ⋅ sech! 𝜃 ⋅

𝑑𝜃
𝑑𝑡 = 𝑔 1− tanh! 𝜃 !/! = 𝑔 ⋅ sech! 𝜃 

𝐜𝐨𝐬𝐡𝜽 ⋅
𝒅𝜽
𝒅𝒕 =

𝒈
𝒄  

Initial conditions 𝑣!!! = 0 ∴ 𝜃!!! = 0: 

cosh𝜃 𝑑𝜃
!

!
= sinh𝜃 =

𝑔
𝑐 𝑑𝑡

!

!
=
𝑔𝑡
𝑐  

𝑣 = 𝑐 ⋅ tanh sinh!!
𝑔𝑡
𝑐 = 𝑐 ⋅

𝑔𝑡/𝑐
𝑔𝑡/𝑐 ! + 1

=
𝑔𝑡

𝑔𝑡/𝑐 ! + 1
 

𝑥 = 𝑣 𝑑𝑡
!

!
=

𝑔𝑡
𝑔𝑡/𝑐 ! + 1

 𝑑𝑡
!

!
=
𝑐!

𝑔 𝑔𝑡/𝑐 ! + 1− 1  

The missile catches up with the first and second missiles at 𝑡 = 𝑡! and 𝑡 = 𝑡! respectively 
(and corresponding to 𝜃 = 𝜃! and 𝜃 = 𝜃! respectively), which satisfy: 

𝑐!

𝑔 𝑔𝑡!/𝑐 ! + 1− 1 = 𝑣𝑡! ∴ 𝑐 ⋅ cosh𝜃! − 1 = 𝑣 ⋅ sinh𝜃! 

∴ 2𝑐 sinh!
𝜃!
2 = 2𝑣 sinh

𝜃!
2 cosh

𝜃!
2 ∴ 𝐭𝐚𝐧𝐡

𝜽𝟏
𝟐 =

𝒗
𝒄 

and similarly 
𝑐!

𝑔 𝑔𝑡!/𝑐 ! + 1− 1 = 2𝑣𝑡! ∴ 𝐭𝐚𝐧𝐡
𝜽𝟐
𝟐 =

𝟐𝒗
𝒄  

We want to find the proper time 𝑇 between the two events: 

𝑇 = 𝑑𝑡′ =
𝑑𝑡
𝛾

!!

!!
= 1−

𝑣!

𝑐!

!/!

𝑑𝑡
!!

!!
= sech𝜃 𝑑𝑡

!!

!!
=

𝑐
𝑔 𝑑𝜃

!!

!!
=
𝑐
𝑔 𝜃! − 𝜃!  

The change of integration variable from 𝑡 to 𝜃 makes use of cosh𝜃 ⋅ !"
!"
= !

!
 above. Thus: 

𝑇 =
2𝑐
𝑔 tanh!!

2𝑣
𝑐 − tanh!!

𝑣
𝑐 =

𝑐
𝑔 ln

1+ 2𝑣/𝑐
1− 2𝑣/𝑐 ⋅

1− 𝑣/𝑐
1+ 𝑣/𝑐 =

𝒄
𝒈 𝐥𝐧

𝒄+ 𝟐𝒗 𝒄− 𝒗
𝒄− 𝟐𝒗 𝒄+ 𝒗  


