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Some history

“1980: I visited Milan and discovered that the sheaf condition can be expressed in
terms of Cauchy completeness of categories enriched over a bicategory of ‘relations’
- this work appeared in Cahiers. A group of us studied categories enriched over
bicategories, and bimodules between them. We looked at properties which lifted from
the base bicategory to the bicategory of bimodules.”

“1982: Lifting the tensor product lead to my idea with Lawvere and Carboni that
the classical treatment of this in terms of symmetry could be explained in terms of a
tensored one-object bicategory and a Eckmann-Hilton argument - | gave a lecture on
this on 26th January 1983 which inspired Ross to discover braided monoidal categories
with Joyal (whose motivation was different).”

from My Interest in Monoidal Bicategories, 1997
rfcwalters.blogspot.com
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https://rfcwalters.blogspot.com/2006/02/my-interest-in-monoidal-bicategories.html
https://rfcwalters.blogspot.com/2006/02/my-interest-in-monoidal-bicategories.html

Background: Metric spaces as enriched categories
Recall: in enriched categories, homs are no longer sets but objects in some other category.

(Lawvere, 1973) Metric spaces are categories enriched in the poset V = ([0, 0], >)
with addition as monoidal product.!

m Objects are points, and

m for each pair of objects we have a hom-object d(z,y) € [0, 0],
m satisfying d(z,y) + d(y, z) > d(x, z) (composition), and

m d(z,z) > 0 (units).

PV-functors F': X — Y are contracting maps:

m functions F: Ob X — Ob Y,
m satisfying dy(z,z") > dy (F(x), F(z")) for each pair z,z" € X.

IMetric spaces without symmetry and positivity axioms, and with potentially infinite distances.
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http://www.tac.mta.ca/tac/reprints/articles/1/tr1abs.html

V-bimodules
We have a tensor product A ® B of V-categories:

m Objects are Ob A x Ob B

m Hom-objects are given by tensor in ®: (A® B)((a,b), (a’,b")) = A(a,a’) ® B(b,b")
For metric spaces, this amounts to the sum of the metrics on the product space:
dagp((a,b),(a’,b)) = dy(a,a’) + dp(b, V).

V-bimodules P : X oo Y are V-functors Y°P ® X — V or equivalently:

A family {P(y,7)},cy zcx of V objects, equipped with left and right actions:

Y(v',y)® P(y,z) = P(y',z)  P(y,x) ® X(x,2") = P(y,z’)

V-categories, V-bimodules and V-natural transformations form a bicategory, and thus
we have a notion of adjointness for bimodules.

4/17



Cauchy-completion for V-categories

(Lawvere, 1973) A metric space Y is Cauchy-complete <= every pair of adjoint
bimodules p : X Y : ¢ is induced by a V-functor f: X — Y.

Suffices to consider points, X = 1.

P-functors 1 — Y are just points of Y. Every point y : 1 — Y gives rise to a pair of
adjoint bimodules, “the distance to/from y":

Y, (%, ) 1 Y oo 1 :=dy(y,x), Y (w, %) : Loe Y :=dy(z,y)

Bimodules 1 e Y, Y e 1 are “virtual points” (decreasing maps Y°P) — [0, 00])
Adjointness p ¢ : 1 LY means:

m Unit: 0> Ay p(*,y) +a(y, ),

m Counit: q(z,%) +p(x,y) > dy(z,y),

m Snake equations (hold automatically)
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http://www.tac.mta.ca/tac/reprints/articles/1/tr1abs.html

Cauchy-completion for V-categories cont.

Unit: 0> A, p(xy) +aq(y,*)  Counit: g(z,%) +p(x,y) > dy(z,y)

Unit => for every n € N we can choose y,, € Y s.t. p(*,,) + q(y,,,*) < +.
Now using the counit: let k,I > n,
dy (Y v1) < PCx y) + ayn, %) < PG ye) + aly, #) +pleye) +alyp ) < 5+ 7 < 2

k
Thus adjoint pairs of bimodules p: 1LY : ¢ are points in the completion of Y.

Further examples:
m V = Set, Cauchy-completion is splitting of idempotents.

m For a ring R considered as a VV = AbGrp enriched category, Cauchy-completion is
the category of finitely generated projective R-modules.
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V-categories as lax 2-functors, and W-categories

Consider the monoidal V as a one-object bicategory 3V: morphisms are the objects of
PV, 2-cells the morphisms of 7V, composition ®.

For a set of objects X, let X, be the “chaotic” bicategory: objects X and trivial
hom-categories.

Then the data of a V-category with objects X is exactly that of a lax 2-functor
X — 2V

The local functors Fy p: 1 — XV(e,e) pick out the hom-object from A to B.
Laxators give us identities and composition:

m for each A € X, a 2-cell Id, = F4 4(ld,),

m for each triple A, B,C € X, a 2-cell Fz (1) o Fy (1) = Fy o(1o1).

Replacing ¥V with an arbitrary bicategory W, we obtain categories enriched in W.2

2Replacing the functor with certain spans of functors gives “categories enriched on two sides” (Kelly, Labella, Schmitt, Street).
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https://doi.org/10.1016/S0022-4049(01)00048-2

W-categories
More explicitly, a W-category A is given by
m For each U € W, a set of objects A; over U, (for x € A write e(z) = U)
m for objects A, B over U,V respectively, a 1-cell A(A,B) : U — V in W,

1y v
i - : e A(B,C A(A,B)

m for objects A, B,C over U,V, W, 2-cells: U Jﬁm U A )/ Uﬂ\
’ U—— W

B pasting diagrams expressing unitality and associativity of 7, . A4,0)

(Walters, 1981) “Draw a picture. A is a space lying over W."

This idea was in the air: in notes of (Betti, 1980), but also (Bénabou, 1967) had called
these polyads, since monads in W are the case where A = 1.

Walters' first advance was to provide a serious example (particularly of
Cauchy-completion). Motivated by this, he went on to deepen the theory.
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http://www.numdam.org/item/CTGDC_1981__22_3_283_0/
https://doi.org/10.1007/BFb0074299

W-functors and W-bimodules / -modules / -profunctors / -distributors

A W-functor F': A — B is given by:
m A function F': Ob A — Ob B, such that for A € A; = FA € By, and

A(A,A7)
ma2cel U /P V' in W for each pair A, A’ € A over U, V.

—

B(FA,FA’)

Bimodules now given by indexed family of 1-cells in W equipped with actions.
For W-categories A, B, a bimodule ® : 4 oo B is given by:
malcell®(B,A):V = UinW, for each pair A € A, B € B over U,V respectively,
ma2celr:®(B,A) o AA,A) — §(B, A), for each pair A, A" € A and B € B,
ma2cell:B(B,B)o®(B,A) = ®(B’, A), for each A € A and pair B, B’ € B.

satisfying axioms making r, £ into (compatible) actions.
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Adjoint WW-bimodules

At first Walters only considered bicategories whose hom-categories are posets, in which
case the axioms for 2-cells hold automatically.

Composition of bimodules can be defined as a colimit, we will only need posetal case.
For locally posetal WW-categories, bimodules p : A L B : g are adjoint if:

m A(AA) <\ yp(B,A)oq(A’, B) (sup in the appropriate hom-poset)

=\, a(A, B)op(B', A) < B(B,B)

Cauchy-complete W-categories are then defined exactly as for V-categories.
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Sheaves as sets with equality in a locale

(Higgs, 1973) and (Fourman and Scott, 1979) developed a perspective on sheaves (on
locales) as sets with a locale-valued equality.

m A aset, O(X) alocale,

m[e~e]: Ax A— O(X), afunction such that
B [a>~b=[b~a] and

B b~c]Afa>~b <[a=~c]|

There is an equivalence of categories between O(X)-sets and sheaves on X.
This looks like a category enriched in the locale, but lacking identities.

Walters' insight: by constructing an appropriate bicategory from the locale, we can
refine the base of enrichment and get an exact correspondence.
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https://mathoverflow.net/questions/270545/higgs-paper-a-category-approach-to-boolean-valued-set-theory
https://doi.org/10.1007/BFb0061824

Presheaves on locales as W/-categories

Given a locale O(X) we form the bicategory Rel(O(X)):

m O-cells elements U € O(X)

B lcelsU —V areelements W CUAV

m 2-cells given by C in O(X)

m Composition given by A in O(X)

Given a presheaf F': O(X)° — Set, we can form a Rel(O(X))-category F:
Take the objects over U to be the set F/(U).

Take as hom F (s € F(U),t € F(V)) the largest of those W C U AV where the
restrictions s|y, = t|y agree.

(Walters, 1981) F is a sheaf precisely when F is Cauchy-complete.
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http://www.numdam.org/item/CTGDC_1981__22_3_283_0/

Sheaf condition as Cauchy-completion
(Walters, 1981) F is a sheaf precisely when & is Cauchy-complete.
A presheaf on a locale is a sheaf when “every compatible family glues uniquely”:
Given U C \/. U;, and a family of sections {x, € F'(U;)} compatible in the sense that
xi‘Ui/\Uj = :c]-\UiAUj, then there exists a unique = € F'(U) such that z|,; =z,
For each U € W there is a one-object W-category U with * over U and (7(*, %) = 1.
Suffices to consider modules to/from X = U for all U € W.

A W-functor s : U —  is a section s € F(U). Every section s € F(U) gives rise to a
pair of adjoint bimodules, assigning to each section t € F'(V') the largest W CU AV
such that s|yy = t|yy.

s, (6, 1) : F oo U= F(s,t),  s*(t,%):U oo F := F(t,s)
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http://www.numdam.org/item/CTGDC_1981__22_3_283_0/

Sheaf condition as Cauchy-completion (cont.)
Now consider adjoint bimodules p ¢ : UZ? Adjointness means:
m Unit: U C\__ (p(*,8) Aa(s,x)), so {U, :=p(*,s) Aq(s,*)}, covers U
m Counit: g(s,*) A p(*,t) C F(s,t)
Counit implies U; AU, C F(s,t), so {s|y_} is a compatible family.
F'is a sheaf = there exists a unique s, € F'(U) such that sy[, = sy .
Claim: s, : U — F represents the adjoint pair, p(*,s) = F (o, s) = q(s, *).
Follows from unit/counit and properties of bimodules.

(Walters, 1981) The category of sheaves on (X)) is equivalent to the category of
skeletal symmetric Cauchy-complete Rel(O(X))-categories.

(Walters, 1982) Generalizes this to sheaves on arbitrary sites. In this case the
enrichment is in a bicategory of relations not arising as internal relations.
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http://www.numdam.org/item/CTGDC_1981__22_3_283_0/
https://doi.org/10.1016/0022-4049(82)90061-5

A contemporary perspective

psd.
An indexed family of monoidal categories F': €°? —— MonCat is equivalently a
monoidal fibration fF — €, when C is cartesian monoidal.

(Shulman, 2007) shows that monoidal fibrations give rise to framed bicategories
(double categories with extra properties).

For a locale O(X), define § : O(X)°P — MonCat by:

B mapping an open U to the monoidal poset (® = A) of opens V C U, and
m for each U C V, define the monoidal functor (V) — S(U) : W = W NU.
The resulting framed bicategory has loose bicategory that of (Walters, 1981).
We can enrich in double categories: just take the underlying loose bicategory.

What is different is the resulting wider notion of enriched functor, which is the correct
one in many cases. The requirement that when A lives over U then F'A also lives over
U, can be relaxed by requiring a compatible family of tight morphisms U — V.

15 /17


https://arxiv.org/abs/0706.1286
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