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ä
id
e
K
2
:
D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
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öörd

eten
sor

R
k
K
.

8.
G
reen

i
d
eform

atsio
on

iten
sori

C
K
L
in
varian

d
id
.

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
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õrran

d

(v
2 )

2

3
+

(v
3 )

2

13

=
1.

(10)

S
eega,

algse
rin

gi
raad

iu
s
r
=

2/ √
3
=

1,155
ja

ellip
si
p
o
olteljed

a
=

√
3
=

1,732
n
in
g
b
=

1/ √
3
=

0,577

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

6

  x2

3
1/2

 v
2

(4/3) 1/2

  x3

3
−

1/2

 v
3

  x2

 G

 C
 dX

 B  F

  x3

 D

 dX  O
 dX  E A

  x1

J
o
on

is
2:

D
eform

eeru
n
u
d
rin

g
ja

d
eform

eeru
n
u
d
k
u
u
p
.

2
b
.
K
u
u
p
.
K
u
u
b
i
d
eform

eeru
n
u
d
k
u
ju

leid
m
isek

s
on

m
itu

erin
evat

v
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äärtu
sele

C
α
vastab

p
easu

u
n
d
N

α
≡

(N
1α ,N

2α ,N
3α ),m

ille
m
ääram
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ü
d
,
et

N
3
=

(

0,±
1√2
,∓

1√2

)

.
(28)

 X
2

I2

N
1

N
3

I3

 X
3

N
2

I1
 X

1

J
o
on

is
3:

G
reen

i
d
eform

atsio
on

iten
sori

C
K
L
p
easu

u
n
ad

(p
eavek

torid
N

1
ja

N
3

asu
vad

X
2 −

X
3
tasan

d
il).

V
alem

ite
(23)–(28)

p
õh

jal
on

iga
p
easu

u
n
a
p
u
-

h
u
l
v
õim

alik
valid

a
kah

e
vek

tori
vah

el.
T
egeli-

k
u
lt
tu
leb

silm
as

p
id
ad

a,
et

p
easu

u
n
ad

p
eavad

m
o
o
d
u
stam

a
p
arem

a
k
äe

kolm
ik
u
.
S
eega,

ka-
h
e
p
easu

u
n
a
p
u
h
u
l
v
õim

e
valid

a
ü
k
sk
õik

k
u
m
-

m
a
kah

est
leitu

d
vek

torist,
k
u
id

kolm
as

p
ea-

su
u
n
d
p
eab

olem
a
valitu

d
n
ii,

et
kok

k
u
m
o
o-

d
u
stu

k
s
p
arem

a
k
äe

kolm
ik
.
N
äitek

s,
k
u
i
vali-

m
e
N

1
=

(

0,
1√2 ,

1√2

)

ja
N

2
=

(1,0,0),
siis

p
eab

N
3
vastam

a
tin

gim
u
sele

N
3
=

N
1 ×

N
2 ,
m
is
an

-

tu
d
ju
h
u
l
täh

en
d
ab

,
et

N
3
=

(

0,
1√2 ,−

1√2

)

(v
t.

jo
on

.
3).

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

1
4

4
b
.

C
a
u
ch

y
d
e
fo
rm

a
tsio

o
n
ite

n
so

r
c
k
l .

N
ü
ü
d
tu
leb

läh
tu
d
a
v
õrran

d
ist

(c
k
l −

cδ
k
l )
n
l
=

0.
(29)

E
eln

en
u
ga

an
alo

ogilin
e
p
rotsed

u
u
r
an

n
ab

tu
le-

m
u
sek

s

c
1
=

(1
+
A
) −

2;
c
2
=

1;
c
3
=

(1−
A
) −

2.
(30)

P
eav

äärtu
ste

järjestam
ise

ju
u
res

tu
leb

silm
as

p
id
ad

a,
et

esim
esele

p
eav

äärtu
sele

c
1
p
eab

vas-
tam

a
su
u
rim

p
eap

iken
em

in
e
λ
1
ja

kolm
an

d
ale

v
äh

im
,
st.

C
α
=

1/c
α
=

λ
2α .

 x
2

i2

n
1

n
3

i3  x
3

n
2

i1
 x

1

J
o
on

is
4:

C
au

ch
y
d
eform

atsio
on

iten
-

sori
c
k
l
p
easu

u
n
ad

(p
eavek

torid
n
1
ja

n
3
asu

vad
x
2 −

x
3
tasan

d
il).

S
elgu

b
,
et

an
tu
d
ü
lesan

d
e
korral

C
au

ch
y
ja

G
reen

i
d
eform

atsio
on

iten
sori

p
easu

u
-

n
ad

ü
h
tivad

,
seega

n
1
=

(

0,±
1√2
,±

1√2

)

,
n
2
=

(±
1,0,0)

,
n
3
=

(

0,±
1√2
,∓

1√2

)

.
(31)

V
iim

astest
v
õim

e
valid

a
eeln

evaga
an

alo
ogilise

kolm
ik
u

n
1
=

(

0,
1√2 ,

1√2

)

,
n
2
=

(1,0,0),
n
3
=

(

0,
1√2 ,−

1√2

)

(v
t.
jo
on

.
4).



D
e
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rm

a
tsio

o
n
i
a
n
a
lü
ü
s

1
5

4
c.

L
a
g
ra

n
g
e
’i
d
e
fo
rm

a
tsio

o
n
ite

n
so

ri
E

K
L
p
eav

äärtu
sed

ja
p
easu

u
n
ad

saab
m
äärata

v
õrran

d
ist

(E
K
L −

E
δ
K
L
)
N

L
=

0,
(32)

k
u
st

saam
e

E
1
=

A2
(A

+
2),

E
2
=

0,
E

3
=

A2
(A

−
2).

(33)

P
eav

äärtu
ste

järjestam
isel

tu
leb

jällegi
silm

as
p
id
ad

a,
et

su
u
rim

ale
p
eap

iken
e-

m
isele

λ
1
vastak

s
esim

en
e
p
eav

äärtu
s
E

1
ja

v
äh

im
ale

kolm
as.

S
iin

ju
u
res

tu
leb

läh
tu
d
a
seostest

C
α
=

λ
α
2
ja

E
α
=

λ
α
2−

1.
L
agran

ge’i
d
eform

atsio
on

iten
sori

p
easu

u
n
ad

ü
h
tivad

G
reen

i
d
eform

atsio
on

iten
sori

p
easu

u
n
d
ad

ega.

K
o
n
tro

ll.

K
on

sp
ek
ti
valem

i
(3.105)

p
õh

jal
2E

=
C
−
1.

S
eega

2E
1
=

(1
+
A
)
2−

1
=

A
(A

+
2),

2E
2
=

1−
1
=

0
ja

2E
3
=

(1−
A
)
2−

1
=

A
(A

−
2).

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

1
6

4
d
.
E
u
le
ri

d
e
fo
rm

a
tsio

o
n
ite

n
so

ri
e
k
l

p
eav

äärtu
sed

saab
m
äärata

seosest
2e

=
1−

c,
seega

e
1
=

0,5(1−
c
1 )

=
A
(2

+
A
)

2(1−
A
)
2 ,

e
2
=

0,5(1−
c
2 )

=
0,

e
3
=

0,5(1−
c
3 )

=
−
A
(2−

A
)

2(1−
A
)
2 .

(34)

E
u
leri

d
eform

atsio
on

iten
sori

p
easu

u
n
ad

ü
h
tivad

C
au

ch
y

d
eform

atsio
on

iten
sori

p
easu

u
n
d
ad

ega.

L
o
om

u
lik

u
lt
v
õib

E
u
leri

d
eform

atsio
on

iten
sori

p
easu

u
n
ad

m
äärata

ka
v
õrran

d
ist

(e
k
l −

eδ
k
l )
n
l
=

0



D
e
fo
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a
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o
n
i
a
n
a
lü
ü
s

1
7

5
.
D
e
fo
rm

a
tsio

o
n
ie
llip

so
id
id

R
u
u
m
ilin

e
d
eform

atsio
on

iellip
soid

on
esitatu

d
valem

iga
(3.112)

ja
m
ateriaaln

e
valem

iga
(3.115)

C
α
(d
X

α )
2
=

d
s
2
=

k
2,

c
α
(d
x
α )

2
=

d
S
2
=

K
2.

(35)

K
u
i
A

=
1/2,

siis


C
1
=

(1
+
A
)
2
=

94
,

C
2
=

1,

C
3
=

(1−
A
)
2
=

14
,

c
α
=
1/C

α

⇒



c
1
=

49
,

c
2
=

1,

c
3
=

4,

(36)

K
u
i
valid

a
t
=

t
0
p
u
h
u
l
d
S

=
d
s
=

K
=

k
,
siis

avald
u
vad

p
o
oltelged

e
p
ik
k
u
sed

järgm
iselt:

R
u
u
m
ilin

e:

a
sα
=

k
√
C

α

a
s1
=

23
k
;
a
s2
=

k
;
a
s3
=

2k
.

M
ateriaaln

e:

a
mα
=

K√c
α
≡

k
√
c
α
=

k
√

C
α

a
m1
=

32
k
;
a
m2
=

k
;
a
m3
=

12
k
.

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

1
8

D
eform

atsio
on

iellip
soid

id
e
p
o
oltelged

e
orien

tatsio
on

on
m
ääratu

d
d
eform

atsio
o-

n
iten

sorite
p
easu

u
n
d
ad

ega
—

ru
u
m
ilise

d
eform

atsio
on

iellip
soid

i
p
o
oletelged

ele
vastavad

N
α
ja

m
ateriaalse

om
ad

ele
n
α
(v
õrd

le
jo
on

iseid
3–5).

 X
2

3

1

 X
3

2
 X

1

1

 x
2

3

 x
3

2
 x

1

J
o
on

is
5:

R
u
u
m
ilin

e
ja

m
ateriaaln

e
d
eform

atsio
on

iellip
soid

.



D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

1
9

6
.
P
ik
e
n
e
m
in
e
ja

p
ö
ö
re

6
a
.
E
le
m
e
n
ta
a
rk

u
u
b
i
se
rv
a
d
e

ja
d
ia
g
o
n
a
a
lid

e
p
ik
e
n
e
m
isk

o
e
fi
tse

n
d
id

(v
t.

jo
o
n
is

2
).

K
on

sp
ek
ti

valem
ite

(3.71)
ja

ten
sori

C
K
L
d
efi
n
itsio

on
i
(3.36)

p
õh

jal
avald

u
b
p
iken

em
isko

efi
tsen

t
su
u
n
as

N
järgm

iselt:

Λ
(
N
)
=

d
s

d
S

=
√

C
K
L
N

K
N

L
=

√

x
k
,K
x
k
,L
N

K
N

L
.

(37)

P
easu

u
n
d
ad

e
p
u
h
u
l
Λ
α
=

√
C

α .
L
ih
tsu

se
m
õttes

leiam
e
p
iken

em
isko

efi
tsen

tid
e

ru
u
d
u
d
Λ
2(
N
) .

1
)
S
e
rv

O
A
:
O
A

‖
X

1
on

2.
p
easih

is
3,
seega

Λ
2(O

A
) ≡

Λ
2(1) ≡

Λ
22
=

C
2
=

1.
(38)

2
)
S
e
rv

O
C
.
L
eiam

e
Λ
2(O

C
) ≡

Λ
2(2)

kah
el

erin
eval

m
o
el,

arvestad
es,

et
N

(O
C
)
=

I
2
=

(0,1,0).

i)
Λ
2(2)

=
d
s
2

d
S
2
=

d
X

2
+
A

2d
X

2

d
X

2
=

1
+
A

2,

ii)
Λ
2(2)

=
C

22 ·1·1
=

1
+
A

2,
(39)

3T
äp

su
stam

e
jällegi

täh
istu

si:
Λ
(
K

)
täh

istab
p
iken

em
isko

efi
tsen

ti
ko

ord
in
aad

i
X

K
sih

is
ja

Λ
α
on

p
eap

iken
em

in
e

p
easu

u
n
as

α
.

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

2
0

3
)
S
e
rv

O
D
.
J
o
on

ise
2
p
õh

jal

Λ
2(O

D
) ≡

Λ
2(3)

=
Λ
2(2)

=
1
+
A

2.
(40)

4
)
D
ia
g
o
n
a
a
l
O
G

on
1.

p
easih

is,
st.,N

(O
G
)
=

N
1
=

(0,1/ √
2,1/ √

2).
L
eiam

e
p
iken

em
isko

efi
tsen

d
i
Λ
(O

G
)
jällegi

kolm
el

erin
eval

m
o
el:

i)
Λ
2(O

G
) ≡

Λ
21
=

C
1
=

(1
+
A
)
2,

ii)
Λ
2(O

G
)
=

d
s
2

d
S
2
=

2(d
X

+
A
d
X
)
2

d
X

2
+
d
X

2
=

(1
+
A
)
2,

iii)
Λ
2(O

G
)
=

C
K
L
N

K
N

L
=

C
22 ·

12
+
C

33 ·
12
+
2C

23 ·
12
=

(1
+
A
)
2.

(41)

5
)
D
ia
g
o
n
a
a
l
D
C

on
3.

p
easu

u
n
as,

seega

Λ
2(D

C
) ≡

Λ
23
=

C
3
=

(1−
A
)
2.

(42)



D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

2
1

6
)
D
ia
g
o
n
a
a
l
O
E

p
ole

ei
telje-

ega
p
easih

ilin
e.

Ü
h
ik
vek

tor
N

(O
E
)
=

(1/ √
2,0,1/ √

2)
ja

i)
Λ
2(O

E
)
=

d
s
2

d
S
2
=

2d
X

2
+
A

2d
X

2

d
X

2
+
d
X

2
=

1
+

A
2

2
,

ii)
Λ
2(O

E
)
=

C
K
L
N

K
N

L
=

...
(43)

7
)
D
ia
g
o
n
a
a
l
O
F
.
A
n
alo

ogselt
eelm

isega,
N

(O
F
)
=

(1,1,1)/ √
3
ja

i)
Λ
2(O

F
)
=

d
s
2

d
S
2
=

d
X

2
+
2(1

+
A
)
2d
X

2

3d
X

2
=

1
+

4A3
+

2A
2

3
,

ii)
Λ
2(O

F
)
=

C
K
L
N

K
N

L
=

...
(44)

8
)
D
ia
g
o
n
a
a
l
D
B
.
N
ü
ü
d
,
N

(D
B
)
=

(1,1,−
1)/ √

3
ja

i)
Λ
2(O

F
)
=

d
s
2

d
S
2
=

d
X

2
+
2(1−

A
)
2d
X

2

3d
X

2
=

1−
4A3

+
2A

2

3
,

ii)
Λ
2(O

F
)
=

C
K
L
N

K
N

L
=

...
(45)

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

2
2

9
)
Ü
le
jä
ä
n
u
d
se
rv
a
d
e
ja

d
ia
g
o
n
a
a
lid

e
p
ik
e
n
e
m
isk

o
e
fi
tse

n
d
id

o
n
v
õ
rd

se
d

ju
b
a
le
itu

te
g
a
.

K
o
n
tro

ll.
Λ
2(K

)
=

C
K

K
ja

Λ
1
n
in
g
Λ
3
on

ek
strem

aalsed
k
õigi

Λ
(
N
)
seast.

6
b
.
S
u
h
te
lin

e
p
ik
e
n
e
m
in
e
. 4

E
(
N
)
=

ǫ
(
n
)
=

d
s−

d
S

d
S

=
Λ
(
N
) −

1.
(46)

S
eega

{

E
(1)

=
1−

1
=

0,
E
(2)

=
E
(3)

=
√

1
+
A

2−
1,

E
1
=

(1
+
A
)−

1
=

A
,
E
2
=

E
(1)

=
0,

E
3
=

(1−
A
)−

1
=

−
A
.

(47)

S
u
h
telisel

p
iken

em
isel

E
(X

K
) ≡

E
(K

)
p
u
u
d
u
b
n
ii
otsen

e
seos

L
agran

ge’i
d
eform

at-
sio

on
iten

soriga
E

K
L
k
u
i
on

p
iken

em
isko

efi
tsen

d
i
Λ
(K

)
ja

G
reen

i
d
eform

atsio
on

i-
ten

sori
C

K
L
vah

el.

4i)
S
u
h
telist

p
iken

em
ist

E
(
N

)
=

ǫ
(
n
)

ei
toh

i
segi

a
jad

a
ten

sori
E

K
L

p
eav

äärtu
stega

E
α
:

2E
α
=

C
α
−
1
=

Λ
2(
N

) −
1
.

ii)
A
n
alo

ogiliselt
p
iken

em
isko

efi
tsen

tid
ega

täh
istab

E
α

su
h
telist

p
iken

em
ist

p
easu

u
n
as

α
ja

E
(
K

)
su
h
telist

p
iken

em
ist

ko
ord

in
aad

i
X

K
su
u
n
as.



D
e
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rm

a
tsio

o
n
i
a
n
a
lü
ü
s

2
3

V
alem

ite
(3.78)

p
õh

jal

2E
K

K
=

(1
+
E
(K

)

)

2−
1
=

Λ
2(K

) −
1,

eh
k

2E
K

K
=

d
s
2(K

) −
d
S
2(K

)

d
S
2(K

)

.

T
eatavasti

on
v
iim

an
e
tu
n
tu
d
1D

ju
h
u
l
k
u
i
L
agran

ge’i
d
eform

atsio
on

.

D
e
fo
rm

a
tsio

o
n
i
a
n
a
lü
ü
s

2
4

6
c.

K
u
u
b
i
se
rv
a
d
e
ja

d
ia
g
o
n
a
a
lid

e
p
ö
ö
re
.

A
rv
u
tam

isek
s
on

(v
äh

em
alt)

kak
s
v
õim

alu
st:

(i)
läb

i
d
eform

eeru
n
u
d
k
u
u
b
i
geo-

m
eetria

ja
(ii)

läb
i
algse

k
u
u
b
i
ja

d
eform

eeru
n
u
d
k
u
u
b
i
servasih

iliste
vek

torite
skalaarkorru

tise.

A
rv
u
tu
sete

ju
u
res

on
v
õetu

d
A

=
0,5

ja
vastu

sed
on

k
raad

id
es.

1
)
S
erv

O
A

ei
p
öörd

u
,
seega

β
O
A
=

0.

2
)
S
erv

O
C

(v
t.
jo
on

is
6),

β
O
C
=

26,5651

O
C

=
(0,1,0)d

X
,
O
C

′
=

(0,1,A
)d
X
,
∣∣O

C
∣∣

=
d
X
,
∣∣O

C
′
∣∣

=
√

1
+
A

2d
X
.

(i)
läb

i
d
eform

eeru
n
u
d
k
u
u
b
i
geom

eetria,

cos
β
O
C
=

∣∣O
C
∣∣

∣∣O
C

′
∣∣

=
0.89443,

β
O
C
=

26,5651.
(48)

(ii)
läb

i
algse

k
u
u
b
i
ja

d
eform

eeru
n
u
d
k
u
u
b
i
servasih

iliste
vek

torite
skalaarkor-

ru
tisecos

β
O
C
=

O
C
·O

C
′

∣∣O
C
∣∣·

∣∣O
C

′
∣∣

=
0.89443,

β
O
C
=

26,5651.
(49)
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3
)
S
erv

O
D
,
β
O
D
=

26,5651

4
)
D
iagon

aal
O
B
,
β
O
B
=

19,4712

O
B

=
(1,1,0)d

X
,
O
B

′
=

(1,1,A
)d
X
,
∣∣O

B
∣∣

=
√
2d
X
,
∣∣O

B
′
∣∣

=
√

2
+
A

2d
X
.

läb
i
d
eform

eeru
n
u
d
k
u
u
b
i
geom

eetria,

cos
β
O
B
=

∣∣O
B
∣∣

∣∣O
B

′
∣∣

=
0.89443,

β
O
B
=

26,5651.
(50)

5
)
D
iagon

aal
O
E
,
β
O
E
=

19,4712

6
)
D
iagon

aal
O
F
,
β
O
F
=

10,025

7
)
D
iagon

aal
O
G
,
β
O
G
=

0

D
e
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i
a
n
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2
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6
d
.
A
lg
se

tä
isn

u
rg

a
m
u
u
t
X

2 −
X

3
ta
sa
n
d
is

—
n
ih
e
.
O
n

selge,
et

teljega
X

1
p
aralleeln

e
k
u
u
b
i
serv

d
eform

atsio
on

i
k
äigu

s
ei

p
öörd

u
n
in
g
servad

,
m
is

on
p
aralleelsed

X
2
ja

X
3
teljega

p
öörd

u
vad

n
u
rga

β
=

arctan
A

v
õrra

(jo
on

is
6).

L
eiam

e
X

2
ja

X
3
telje

vah
elise

täisn
u
rga

m
u
u
d
u
.

Γ
(2,3)

=
π2
−
ϑ
(2,3)

=
2β

=
2
arctan

A
.

(51)

S
eega

A
=

1/2
korral

Γ
(2,3)

=
2
arctan

0,5
=

53,13 ◦.

T
eiselt

p
o
olt

valem
i
(3.81)

p
õh

jal

cos
ϑ
(2,3)

=
C

23
√
C

22 C
33

=
2A

1
+
A

2
(52)

ja
valem

i
(51)

p
õh

jal
sin

Γ
(2,3)

=
cos

ϑ
(2,3) .

K
u
i
A

=
1/2,

siis
sin

Γ
=

4/5
ja

Γ
=

53,13 ◦.
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n
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2
7

J
o
on

is
6:

A
lgse

täisn
u
rga

m
u
u
tu
s.

7
.
P
ö
ö
rd

e
te
n
so

r
R

k
K
=

n
k
α N

α
K

p
öörab

G
reen

i
d
eform

atsio
on

iten
sori

p
easu

u
-

n
ad

N
α
C
au

ch
y
’
d
eform

atsio
on

iten
sori

p
easu

u
n
d
ad

ek
s
n
α .

A
n
tu
d
ju
h
u
l
p
easu

u
n
-

d
ad

e
n
α
ja

N
α
avald

ised
ü
h
tivad

,
st.,

n
1
=

N
1
=

(0,±
1√2 ,±

1√2 ),
n
2
=

N
2
=

(±
1,0,0)

ja
n
3
=

N
3
=

(0,±
1√2 ,∓

1√2 ).

S
eega

k
u
i
valim

e
p
easu

u
n
d
ad

ek
s

n
1
=

N
1
=

(0,
1√2 ,

1√2 ),
n
2
=

N
2
=

(1,0,0)
ja

n
3
=

N
3
=

(0,
1√2 ,−

1√2 ),

siis
p
öörd

eten
sor

R
k
K
=

δ
k
K
.

(53)
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2
8

K
u
i
aga

valid
a

n
1
=

−
N

1
=

−
(0,

1√2 ,
1√2 ),

n
2
=

N
2
=

(1,0,0)
ja

n
3
=

−
N

3
=

(0,−
1√2 ,

1√2 ),

siis
saam

e
h
o
op

is
teistsu

gu
se

p
öörd

eten
sori

—

R
k
K
=



1
0

0
0

−
1

0
0

0
−
1



.
(54)

8
.
G
re
e
n
i
d
e
fo
rm

a
tsio

o
n
ite

n
so

ri
C

K
L
in
v
a
ria

n
d
id
.

I
C
=

C
1
+
C

2
+
C

3
=

.................................
=

3
+
2A

2,

II
C
=

C
1 C

2
+
C

2 C
3
+
C

3 C
1
=

........................
=

3
+
A

4,

III
C
=

C
1 C

2 C
3
=

....................................
=

(1−
A

2)
2.

(55)

K
u
i
A

=
1/2,

siis
I
C
=

7/2,
II

C
=

49/16
ja

III
C
=

9/16.


