
1

P
e
a
tü

k
k
5

E
la
stsu

ste
o
o
r
ia

p
õ
h
iv
õ
r
r
a
n
d
id
,

n
e
n
d
e
la
h
e
n
d
u
sm

e
e
to

d
id

ja

lih
tsa

m
a
d

r
u
u
m
ilise

d
ü
le
sa
n
d
e
d

5
.1
.

T
a
sa
k
a
a
lu

d
ife

re
n
tsia

a
lv
õ
rra

n
d
id

5
-
2

5
.1

T
a
sa
k
a
a
lu

d
ife

r
e
n
tsia

a
lv
õ
r
r
a
n
d
id

V
älisjõu

d
u
d
e
toim

el
tah

kes
keh

as
tek

k
ivad

p
in
ged

p
ole

ü
ld
ju
h
u
l
kon

stan
tsed

,
vaid

v
õivad

om
ad

a
igas

keh
a
p
u
n
k
tis

erin
evaid

v
äärtu

si:

σ
x
=

σ
x (x

,y
,z),

σ
y
=

σ
y (x

,y
,z),

σ
z
=

σ
z (x

,y
,z),

τ
x
y
=

τ
x
y (x

,y
,z),...

(5.1)

V
aatlem

e
v
älisjõu

d
u
d
e
m
õju

all
tasakaalu

s
olevast

keh
ast

v
älja

lõigatu
d
ele-

m
en
taarristtah

u
kat

(jo
on

.
5.1).

Igal
risttah

u
ka

tah
u
l
m
õju

b
3
p
in
gekom

p
on

en
ti,

kok
k
u
seega

18
p
in
gekom

p
on

en
ti.

O
lgu

p
u
n
k
tis

ko
ord

in
aatid

ega
x
,y
,z

n
orm

aal-
p
in
ge

v
äärtu

s
σ
x (x

,y
,z).

K
asu

tad
es

T
ay
lori

rittaaren
d
u
st

1
(säilitad

es
seeju

u
res

vaid
esim

est
järk

u
v
äikesed

su
u
ru
sed

)
v
õim

e
k
irju

tad
a

σ
x (x

+
d
x
,y

+
d
y
,z

+
d
z)

=

σ
x (x

,y
,z)

+
∂
σ
x (x

,y
,z)

∂
x

d
x
+

∂
σ
x (x

,y
,z)

∂
y

d
y
+

∂
σ
x (x

,y
,z)

∂
z

d
z.

(5.2)

•
A
vald

ise
(5.2)

p
õh

jal
σ
x (x

+
d
x
,y
,z)

=
σ
x (x

,y
,z)

+
∂
σ
x
(x
,y
,z
)

∂
x

d
x
.

•
T
eiste

p
in
gekom

p
on

en
tid

e
jaok

s
saab

tu
letad

a
an

alo
ogilised

valem
id
.

1Ü
h
e
m
u
u
tu
ja

fu
n
k
tsio

on
i
korral

f
(x

+
d
x
)
=

∑
∞k
=
0

1k
! f

(k
)(x

)d
x
k
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y

x

z
d
x

dz

dy σ
x

σ
y σ

z

τ
y
x
τ
y
z

τ
x
z

τ
x
y

τ
z
y

τ
z
x

σ
x
+

∂
σ
x

∂
x
d
x

τ
x
y
+

∂
τ
x
y

∂
x
d
x

τ
x
z
+

∂
τ
x
z

∂
x
d
x

σ
y
+

∂
σ
y

∂
y
d
y

τ
y
x
+

∂
τ
y
x

∂
y
d
y

τ
y
z
+

∂
τ
y
z

∂
y
d
y

σ
z
+

∂
σ
z

∂
z
d
z

τ
z
x
+

∂
τ
z
x

∂
z
d
z

τ
z
y
+

∂
τ
z
y

∂
z
d
z

X
Y

Z

J
o
on

is
5.1:

E
lem

en
taarristtah

u
kas

•
K
eh
ale

m
õju

vate
m
ah

u
jõu

d
u
d
e
p
ro
jek

tsio
on

id
täh

istam
e
X
,Y

,Z
(N

B
!
m
a-

h
u
jõu

d
im

en
sio

on
on

1
N
/m

3).

5
.1
.

T
a
sa
k
a
a
lu

d
ife

re
n
tsia

a
lv
õ
rra

n
d
id

5
-
4

K
eh
a
on

tasakaalu
s,
järelik

u
lt
p
eab

ka
elem

en
taarristtah

u
kas

olem
a
tasakaalu

s
ja

talle
m
õju

vate
jõu

d
u
d
e
p
eavek

tor
ja

p
eam

om
en
t
olem

a
v
õrd

sed
n
u
lliga.

T
a-

sakaalu
v
õrran

d
ite

ko
ostam

isek
s
liid

am
e
esitek

s
risttah

u
kale

m
õju

vate
jõu

d
u
d
e

p
ro
jek

tsio
on

id
x
-teljele

ja
v
õrru

tam
e
saad

u
n
u
lliga:

(

σ
x
+

∂
σ
x

∂
x
d
x

)

d
y
d
z−

σ
x d
y
d
z
+

(

τ
y
x
+

∂
τ
y
x

∂
y
d
y

)

d
x
d
z−

τ
y
x d
x
d
z+

(

τ
z
x
+

∂
τ
z
x

∂
z
d
z

)

d
x
d
y−

τ
z
x d
x
d
y
+
X
d
x
d
y
d
z
=

0

(5.3)

A
vam

e
su
lu
d
ja

jagam
e
saad

u
d
v
õrran

d
i
elem

en
taarru

u
m
alaga

d
V

=
d
x
d
y
d
z:

σ
x

d
x
+

∂
σ
x

∂
x

−
σ
x

d
x
+

τ
y
x

d
y
+

∂
τ
y
x

∂
y

−
τ
y
x

d
y
+

τ
z
x

d
z
+

∂
τ
z
x

∂
z

−
τ
z
x

d
z
+
X

=
0.

P
eale

ko
on

d
am

ist
saam

e
ü
h
e
otsitavatest

v
õrran

d
itest

∂
σ
x

∂
x

+
∂
τ
y
x

∂
y

+
∂
τ
z
x

∂
z

+
X

=
0

(5.4)
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5
-
5

A
n
alo

ogiliselt
saab

tu
letad

a
veel

kak
s
tasakaalu

v
õrran

d
it

kasu
tad

es
jõu

d
u
d
e

p
ro
jek

tsio
on

e
y
-
ja

z-teljel:


∂
σ
x

∂
x

+
∂
τ
y
x

∂
y

+
∂
τ
z
x

∂
z

+
X

=
0,

∂
τ
x
y

∂
x

+
∂
σ
y

∂
y

+
∂
τ
z
y

∂
z

+
Y

=
0,

∂
τ
x
z

∂
x

+
∂
τ
y
z

∂
y

+
∂
σ
z

∂
z

+
Z

=
0.

(5.5)

S
aad

u
d
v
õrran

d
id

on
gi

elastse
keha

tasakaalu
(diferen

tsiaal)võrran
did.K

u
i
m
a-

h
u
jõu

d
u
d
e
p
ro
jek

tsio
on

id
sisald

avad
in
ertsjõu

d
u
sid

,
saab

v
iim

ste
ab

il
lah

en
d
a-

d
a
ka

d
ü
n
aam

ika
ü
lesan

d
eid

.
√

J
ärgn

evalt
leiam

e
m
om

en
d
id

ristah
u
ka

kesk
p
u
n
k
ti

läb
iva

x
-telje

su
h
tes

ja
v
õrru

tam
e
tu
lem

u
se

n
u
lliga:

(

τ
y
z
+

∂
τ
y
z

∂
y
d
y

)

d
x
d
z
d
y2
+
τ
y
z d
x
d
z
d
y2
−
(

τ
z
y
+

∂
τ
z
y

∂
z
d
z

)

d
x
d
y
d
z2
−
τ
z
y d
x
d
y
d
z2
=

0.

(5.6)

5
.1
.

T
a
sa
k
a
a
lu

d
ife

re
n
tsia

a
lv
õ
rra

n
d
id

5
-
6

A
vam

e
su
lu
d
:

τ
y
z d
x
d
y
d
z−

τ
z
y d
x
d
y
d
z
+

∂
τ
y
z

∂
y
d
x
d
z
d
y
2

2
−

∂
τ
z
y

∂
z
d
x
d
y
d
z
2

2
︸

︷
︷

︸

k
õrgem

at
järk

u
v
äikesed

liik
m
ed

→
0

=
0.

(5.7)

P
ärast

k
õrgem

at
järk

u
v
äikeste

liik
m
ete

h
ü
lgam

ist
saam

e
τ
y
z
=

τ
z
y .

L
eid

es
an

alo
ogiliselt

m
om

en
d
id

y
-
ja

z-telje
su
h
tes

saam
e
kok

k
u
v
õttes

τ
x
y
=

τ
y
x ,

τ
y
z
=

τ
z
y ,

τ
x
z
=

τ
z
x .

(5.8)

m
is
on

tu
n
tu
d
n
ihkepin

gete
paarsu

se
seadu

sen
a. 2

T
än

u
n
ih
kep

in
gete

p
aarsu

sele
v
äh

en
eb

tu
n
d
m
atu

te
p
in
gekom

p
on

en
tid

e
arv

ü
h
ek
salt

k
u
u
ele.

2S
am

a
sead

u
s
oli

h
om

ogeen
se

p
in
gu

se
jaok

s
tu
letatu

d
2.

p
eatü

k
is.
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5
.2

E
la
stsu

ste
o
o
r
ia

p
õ
h
iv
õ
r
r
a
n
d
id

1.
T
asakaalu

(diferen
tsiaal)võrran

did
(5.5)

(3
võrran

dit):


∂
σ
x

∂
x

+
∂
τ
y
x

∂
y

+
∂
τ
z
x

∂
z

+
X

=
0,

∂
τ
x
y

∂
x

+
∂
σ
y

∂
y

+
∂
τ
z
y

∂
z

+
Y

=
0,

∂
τ
x
z

∂
x

+
∂
τ
y
z

∂
y

+
∂
σ
z

∂
z

+
Z

=
0.

(5.9)

2.
C
au

chy
seosed

(3.6)
(6

võrran
dit):



ε
x
=

∂
u

∂
x
,

ε
y
=

∂
v

∂
y
,

ε
z
=

∂
w∂
z
,

γ
x
y
=

∂
u

∂
y
+

∂
v

∂
x
,

γ
y
z
=

∂
v

∂
z
+

∂
w∂
y
,

γ
x
z
=

∂
u

∂
z
+

∂
w∂
x
.

(5.10)

5
.2
.

E
la
stsu

steo
o
ria

p
õ
h
iv
õ
rra

n
d
id

5
-
8

3.
Ü
ldistatu

d
H
ooke’i

seadu
s
(6

võrran
dit)

n
n
.
otsesel

ku
ju
l
(3.23):



ε
x
=

1E
[σ

x −
ν
(σ

y
+
σ
z )],

γ
x
y
=

1G
τ
x
y ,

ε
y
=

1E
[σ

y −
ν
(σ

z
+
σ
x )],

γ
y
z
=

1G
τ
y
z ,

ε
z
=

1E
[σ

z −
ν
(σ

x
+
σ
y )],

γ
z
x
=

1G
τ
z
x

(5.11)

või
n
n
.
pöördku

ju
l
(3.31)



σ
x
=

λ
θ
+
2µ

ε
x ,

τ
x
y
=

µ
γ
x
y ,

σ
y
=

λ
θ
+
2µ

ε
y ,

τ
y
z
=

µ
γ
y
z ,

σ
z
=

λ
θ
+
2µ

ε
z ,

τ
z
x
=

µ
γ
z
x .

(5.12)

V
õrran

d
eid

kok
k
u
15.

T
u
n
d
m
atu

d
kok

k
u
15:

6
p
in
geten

sori
kom

p
on

en
ti

+
6
d
eform

atsio
on

iten
sori

kom
p
on

en
ti
+

3
siird

evek
tori

kom
p
on

en
ti.
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R
ajatin

gim
u
sed

ehk
ääretin

gim
u
sed

ehk
servatin

gim
u
sed

v
õivad

olla
kolm

e
p
õh

itü
ü
p
i.

1.
K
eha

välispin
n
al

on
an

tu
d
pin

djõu
d.

S
el

ju
h
u
l
esitatak

se
ra
jatin

gim
u
sed

valem
itega

(4.5).


p
ν
x
=

σ
x l
+
τ
y
x m

+
τ
z
x n

,

p
ν
y
=

τ
x
y l
+
σ
y m

+
τ
z
y n
,

p
ν
z
=

τ
x
z l
+
τ
y
z m

+
σ
z n
.

(5.13)

2.
K
eha

välispin
n
al

on
an

tu
d
siirded.

P
õh

im
õtteliselt

täh
en
d
ab

see
sed

a,
et

on
an

tu
d
keh

a
v
älisp

in
n
a
liik

u
m
issead

u
s,
n
äitek

s
k
u
ju
l

x
=

x
(t),

y
=

y
(t),

z
=

z(t).
(5.14)

3.
O
sal

keha
pin

n
ast

on
an

tu
d
siirded

ja
osal

pin
djõu

d.
S
ee

k
u
ju
tab

en
d
ast

kah
e
eelm

ise
kom

b
in
atsio

on
i.

V
õib

esin
ed
a
veelgi

kom
p
litseeritu

m
aid

ju
h
te,

k
u
s
m
in
gil

osal
keh

a
p
in
n
ast

on
an

tu
d
n
äitek

s
ü
k
s
kolm

est
siird

ekom
p
on

en
d
ist

ja
kak

s
p
in
d
jõu

kom
p
on

en
ti.

5
.2
.

E
la
stsu

steo
o
ria

p
õ
h
iv
õ
rra

n
d
id

5
-
1
0

P
idevu

stin
gim

u
sed.

K
u
i
p
õh

im
u
u
tu
jatek

s
on

valitu
d
d
eform

atsio
on

id
v
õi

p
in
-

ged
,
siis

on
tarv

is
arvestad

a
ka

p
id
ev
u
stin

gim
u
si
(3.19):



∂
2ε

x

∂
y
2
+

∂
2ε

y

∂
x
2
=

∂
2γ

x
y

∂
x
∂
y
,

∂
2ε

y

∂
z
2
+

∂
2ε

z

∂
y
2
=

∂
2γ

y
z

∂
y
∂
z
,

∂
2ε

z

∂
x
2
+

∂
2ε

x

∂
z
2
=

∂
2γ

x
z

∂
x
∂
z
,

∂∂
x

(
∂
γ
x
z

∂
y

+
∂
γ
x
y

∂
z

−
∂
γ
y
z

∂
x

)

=
2
∂
2ε

x

∂
y
∂
z
,

∂∂
y

(
∂
γ
x
y

∂
z

+
∂
γ
y
z

∂
x

−
∂
γ
x
z

∂
y

)

=
2
∂
2ε

y

∂
x
∂
z
,

∂∂
z

(
∂
γ
y
z

∂
x

+
∂
γ
x
z

∂
y

−
∂
γ
x
y

∂
z

)

=
2
∂
2ε

z

∂
x
∂
y
.

(5.15)
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5
.3

E
la
stsu

ste
o
o
r
ia

ü
le
sa
n
n
e
te

la
h
e
n
d
u
sm

e
e
to

d
id

E
lastsu

steo
oria

p
õh

iv
õrran

d
eid

v
õib

lah
en
d
ad

a
m
itm

el
erin

eval
m
o
el,

sõltu
valt

sellest
m
illised

su
u
ru
sed

on
valitu

d
p
õh

im
u
u
tu
jatek

s.

1.
L
ahen

dam
in
e
siiretes

—
tu
n
d
m
atu

tek
s
on

valitu
d
siird

evek
tori

kom
p
on

e-
n
ed
id

u
(x
,y
,z),

v
(x
,y
,z)

ja
w
(x
,y
,z).

2.
L
ahen

dam
in
e
pin

getes
—

tu
n
d
m
atu

tek
s
on

valitu
d
p
in
geten

sori
kom

p
o-

n
en
d
id

σ
x (x

,y
,z),...,τ

x
y (x

,y
,z),....

3.
L
ahen

dam
in
e
deform

atsioon
ides

—
tu
n
d
m
atu

tek
s
on

valitu
d
d
eform

atsio
o-

n
iten

sori
kom

p
on

en
d
id

ε
x (x

,y
,z),...,γ

x
y (x

,y
,z),....

4.
N
n
.
segalahen

di
leidm

in
e
—

eelm
ise

kolm
e
kom

b
in
atsio

on
id
.

J
ärgm

ises
ala

jaotu
ses

vaatlem
e
kah

te
esim

est
ju
h
tu
.

T
e
o
r
e
e
m
:

K
u
i
keh

a
olek

on
ü
h
eselt

m
ääratu

d
ja

keh
tib

jõu
d
u
d
e

m
õju

sõltu
m
atu

se
p
rin

tsiip
(eh

k
su
p
erp

ositsio
on

i
p
rin

tsiip
),
siis

om
ab

elastsu
steo

oria
ü
lesan

n
e
ü
h
est

lah
en
d
it.

5
.3
.1
.
E
la
stsu

steo
o
ria

ü
le
sa
n
n
e
te

la
h
e
n
d
a
m
in
e
siire

te
s

5
-
1
2

5
.3
.1

E
la
stsu

ste
o
o
r
ia

ü
le
sa
n
n
e
te

la
h
e
n
d
a
m
in
e
siir
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ekom
p
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u
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v
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1.
T
asakaalu

v
õrran

d
ites

(5.9)
olevad

p
in
geten

sori
kom

p
on

en
d
id

asen
d
atak

se
ü
ld
istatu

d
H
o
oke’i

sed
u
se

(5.12)
ab

il
d
eform

atsio
on

iten
sori

kom
p
on

en
tid

e-
ga.

V
õrran

d
ist

(5.9)
1
saam

e:

λ
∂
θ

∂
x
+
2µ

∂
ε
x

∂
x

+
µ
∂
γ
x
y

∂
y

+
µ
∂
γ
x
z

∂
z

+
X

=
0.

(5.16)

2.
K
asu

tad
es

C
au

ch
y
seoseid

(5.10)
saam

e

λ
∂
θ

∂
x
+
µ

(
∂
2u

∂
x
2
+

∂
2u

∂
y
2
+

∂
2u

∂
z
2

)

︸
︷
︷

︸

=
∇

2u

+
µ

(
∂
2u

∂
x
2
+

∂
2v

∂
x
∂
y
+

∂
2w

∂
x
∂
z

)

︸
︷
︷

︸

=
∂∂
x (

∂
u

∂
x
+

∂
v

∂
y
+

∂
w

∂
z )

=
∂
θ

∂
x

+
X

=
0,

(5.17)

k
u
s∇

2
on

L
aplace’i

operaator.
K
ok

k
u
saim

e
v
õrran

d
i

(λ
+
µ
)
∂
θ

∂
x
+
µ∇

2u
+
X

=
0.

(5.18)
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3.
K
orrates

sam
a
p
rotsed

u
u
ri
v
iim

asele
kah

ele
v
õrran

d
itest

(5.9)
saam

e
L
am

é
võrran

did:


(λ
+
µ
)
∂
θ

∂
x
+
µ∇

2u
+
X

=
0,

(λ
+
µ
) ∂

θ

∂
y
+
µ∇

2v
+
Y

=
0,

(λ
+
µ
) ∂

θ

∂
z
+
µ∇

2w
+
Z

=
0.

(5.19)

S
aad

u
d

v
õrran

d
id

ü
h
en
d
avad

en
d
as

k
õik

eelp
o
ol

vaad
eld

u
d

seosed
ja

v
õrran

d
id
,
st.

n
ad

sisald
avad

en
d
as

tasakaalu
v
õrran

d
eid

,
C
au

ch
y
seoseid

n
in
g
ü
ld
istatu

d
H
o
oke’i

sead
u
st.

4.
K
u
i
ra
jatin

gim
u
sed

ju
b
a
on

esitatu
d
siiretes

k
u
ju
l
(5.14),

siis
p
ole

lisak
s
va-

ja
teh

a
m
itte

m
id
agi.

K
u
i
aga

ra
jatin

gim
u
sed

on
esitatu

d
läb

i
p
in
d
jõu

d
u
d
e

k
u
ju
l
(5.13)

siis
tu
leb

n
ad

teisen
d
ad

a
siiretesse

kasu
tad

es
valem

eid
(5.12)

ja
(5.10)

(n
agu

L
am

é
v
õrran

d
ite

tu
letam

isel):

5
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E
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o
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n
n
e
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h
e
n
d
a
m
in
e
siire
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s

5
-
1
4



p
ν
x
=

λ
θl

+
µ
∂
u

∂
ν
+
µ

(
∂
u

∂
x
l
+

∂
v

∂
x
m

+
∂
w∂
x
n

)

,

p
ν
y
=

λ
θm

+
µ
∂
v

∂
ν
+
µ

(
∂
u

∂
y
l
+

∂
v

∂
y
m

+
∂
w∂
y
n

)

,

p
ν
z
=

λ
θn

+
µ
∂
w∂
ν
+
µ

(
∂
u

∂
z
l
+

∂
v

∂
z
m

+
∂
w∂
z
n

)

,

(5.20)

k
u
s

∂
u

∂
ν
=

∂
u

∂
x
l
+

∂
u

∂
y
m

+
∂
u

∂
z
n
,

∂
v

∂
ν
=

...,
∂
w∂
ν
=

...
(5.21)

5.
Ü
lesan

d
e
ed
asin

e
lah

en
d
am

in
e
k
äib

järgm
iselt:

(i)
L
am

é
v
õrran

d
id

(5.19)
in
tegreeritak

se
ra
jatin

gim
u
stel

(5.20);

(ii)
C
au

ch
y
seostest

(5.10)
m
ääratak

se
d
eform

atsio
on

iten
sori

kom
p
on

en
-

d
id
;

(iii)
Ü
ld
istatu

d
H
o
oke’i

sead
u
sest

(5.12)
m
ääratak

se
p
in
geten

sori
kom

p
o-

n
en
ed
id
.

M
ä
r
k
u
s:

kah
te

v
iim

ast
leitak

se
m
u
id
u
gi

vaid
ju
h
u
l
k
u
i
k
ü
sitak

se.



5
.3
.2
.
E
la
stsu

steo
o
ria

ü
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la
stsu

ste
o
o
r
ia
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sa
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h
e
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e

p
in
g
e
te
s
k
o
n
sta

n
tse

te

m
a
h
u
jõ
u
d
u
d
e
k
o
r
r
a
l

O
tsitavad

:
6
p
in
geten

sori
kom

p
on

en
ti.

•
E
eld

am
e,

et
k
õik

m
ah

u
jõu

d
on

kon
stan

tsed
igas

keh
a
p
u
n
k
tis

⇒
∂
X∂
x
=

...
=

0.

•
A
lu
stam

e
ru
u
m
d
eform

atsio
on

i
θ
ja

p
in
geten

sori
esim

ese
in
varian

d
i
I
σ1
om

a-
d
u
ste

u
u
rim

isega.
S
ellek

s
teisen

d
am

e
L
am

é
v
õrran

d
eid

(5.19)
järgm

iselt:

∂∂
x
(5.19)

1
+

∂∂
y
(5.19)

2
+

∂∂
z
(5.19)

3 ,

...,

(λ
+
µ
)

(
∂
2θ

∂
x
2
+

∂
2θ

∂
y
2
+

∂
2θ

∂
z
2

)

︸
︷
︷

︸

∇
2θ

+
µ

(
∂∂
x ∇

2u
+

∂∂
y ∇

2v
+

∂∂
z ∇

2w

)

︸
︷
︷

︸

∇
2(

∂
u

∂
x
+

∂
v

∂
y
+

∂
w

∂
z )

=
∇

2θ

=
0,

...,

(λ
+
2µ

)∇
2θ

=
0.

(5.22)

5
.3
.2
.
E
la
stsu

steo
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ria
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n
d
e
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h
e
n
d
a
m
in
e
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g
e
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s

5
-
1
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V
iim

an
e
on

sam
av
äärn

e
v
õrran

d
iga

∇
2θ

=
0.

(5.23)

–
F
u
n
k
tsio

on
i,
m
is
rah

u
ld
ab

L
aplace’i

võrran
dit

(5.23)
n
im

etatak
se

har-
m
oon

iliseks
fu
n
ktsioon

iks.

–
K
u
i
raken

d
ad

a
H
o
oke’i

sead
u
st

ru
u
m
d
eform

atsio
on

il
(3.25),

m
ille

p
õh

jal
θ
=

(1−
2
ν
)I

σ1

E
,
siis

saam
e
v
õrran

d
ile

(5.23)
k
u
ju

∇
2I

σ1
=

0.
(5.24)

•
K
u
u
e

tu
n
d
m
atu

m
ääram

isek
s

p
eam

e
an

tu
d

ju
h
u
l
kasu

tam
a

tasakaa-
lu
v
õrran

d
eid

ko
os

p
id
ev
u
stin

gim
u
stega

(5.15).
N
eed

k
u
u
s
p
id
ev
u
sv
õrran

d
it

tu
leb

aga
v
äljen

d
ad

a
p
in
getes.

–
A
sen

d
am

e
H
o
oke’i

sead
u
sest

(5.11)
d
eform

atsio
on

iten
sori

kom
p
on

en
-

d
id

esim
esse

p
id
ev
u
sv
õrran

d
isse

(5.15)
1 :

∂
2σ

x

∂
y
2
−
ν

(
∂
2σ

y

∂
y
2
+

∂
2σ

z

∂
y
2

)

+
∂
2σ

y

∂
x
2
−
ν

(
∂
2σ

z

∂
x
2
+

∂
2σ

x

∂
x
2

)

−
2(1

+
ν
) ∂

2τ
x
y

∂
x
∂
y
=

0.

(5.25)
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–
V
iim

asest
ellim

in
eerim

e
n
ih
kep

in
ge

τ
x
y .
S
ellek

s

∂∂
x
(5.9)

1
+

∂∂
y
(5.9)

2 −
∂∂
z
(5.9)

3

...

−
2
∂
2τ

x
y

∂
x
∂
y
=

...→
(5.25)±

∂
2σ

x

∂
z
2
,±

∂
2σ

y

∂
z
2
,±

∇
2σ

z
...

(5.24)
⇒

(1
+
ν
)∇

2σ
z
+

∂
2I

σ1

∂
z
2
=

0.

•
K
ok

k
u

saam
e

an
alo

ogiliselt
toim

id
es

k
u
u
s

v
õrran

d
it,

m
is

on
tu
n
tu
d

B
eltram

i–M
ichelli

võrran
diten

a
n
in
g

m
is

v
äljen

d
avad

p
id
ev
u
stin

gim
u
si

p
in
getes

(ju
h
u
l
k
u
i
m
ah

u
jõu

d
on

kon
stan

tsed
)
—



(1
+
ν
)∇

2σ
x
+

∂
2I

σ1

∂
x
2
=

0,
(1

+
ν
)∇

2τ
x
y
+

∂
2I

σ1

∂
x
∂
y
=

0,

(1
+
ν
)∇

2σ
y
+

∂
2I

σ1

∂
y
2
=

0,
(1

+
ν
)∇

2τ
y
z
+

∂
2I

σ1

∂
y
∂
z
=

0,

(1
+
ν
)∇

2σ
z
+

∂
2I

σ1

∂
z
2
=

0,
(1

+
ν
)∇

2τ
x
z
+

∂
2I

σ1

∂
x
∂
z
=

0.

(5.26)
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K
o
k
k
u
v
õ
te
.

A
n
tu
d
ju
h
u
l,
st.,

elastsu
steo

oria
ü
lesan

d
e
lah

en
d
am

isel
p
in
getes

tu
leb

:

(i)
lah

en
d
ad

a
tasakaalu

v
õrran

d
id

(5.9)
ko

os
p
in
getes

esitatu
d
p
id
ev
u
stin

gi-
m
u
stega

(5.26)
ja

ra
jatin

gim
u
stega

(5.13);

(ii)
m
äärata

ü
ld
istatu

d
H
o
oke’i

sead
u
sest

(5.11)
d
eform

atsio
on

iten
sori

kom
p
o-

n
en
d
id
;

(iii)
m
äärata

C
au

ch
y
seostest

(5.10)
siird

evek
tori

kom
p
on

en
d
id
.

M
ä
r
k
u
s:

K
ah

te
v
iim

ast
leitak

se
jällegi

vaid
ju
h
u
l
k
u
i
k
ü
sitak

se.
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m
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5
.4

L
ih
tsa

m
a
d

r
u
u
m
ilise

d
ü
le
sa
n
d
e
d

K
äesolevas

ala
jaotu

ses
vaatlem

e
m
õn

in
gate

lihtsam
ate

elastsu
steooria

ü
lesan

n
ete

lahen
dam

ist
pin

getes.

•
V
aad

eld
avate

ü
lesan

n
ete

lihtsu
s
seisn

eb
eesk

ätt
selles,

et
pin

gekom
pon

en
did

on
kon

stan
tsed

või
lin

eaarfu
n
ktsioon

id
koordin

aatidest
(x
,y
,z).

–
S
ellisel

ju
h
u
l

on
B
eltram

i-M
ich

elli
v
õrran

d
id

(5.26),
st.

p
id
e-

v
u
sv
õrran

d
id

p
in
getes,

au
tom

aatselt
rah

u
ld
atu

d
.

•
V
aatlem

e
elem

en
taarteooriast,

st.
tu
gev

u
sõp

etu
sest

(teh
n
ilisest

m
eh
aan

i-
kast),

tu
n
tu
d
lahen

deid
ja

n
äitam

e,
et

n
ad

rahu
ldavad

elastsu
steooria

tasa-
kaalu

võrran
deid

(5.9)
ja

rajatin
gim

u
si

(5.13).

•
L
eiam

e
keh

a
p
u
n
k
tid

e
siird

ed
läb

i
ü
ld
istatu

d
H
o
oke’i

sead
u
se

(5.11)
ja

C
au

ch
y
seoste

(5.10).
E
lem

en
taarteo

orias
p
iird

u
tak

se
p
eaasjalik

u
lt

vaid
vard

a
telje

siirete
m
ääram

isega.

5
.4
.1
.
K
o
n
sta

n
tse

ristlõ
ik
eg
a
ü
m
a
rv
a
rra

ste
v
ä
ä
n
e

5
-
2
0

5
.4
.1

K
o
n
sta

n
tse

r
istlõ

ik
e
g
a
ü
m
a
r
v
a
r
r
a
ste

v
ä
ä
n
e

x
y

z

b

x

yz

b

r

x

y
ϕ

τ
z
y

τ

τ
z
x

A

J
o
on

is
5.2:

Ü
m
arvard

a
v
ään

e.

V
aatlem

e
kon

stan
tse

ristlõikega
ü
m
arvarrast,

m
ille

otstesse
on

raken
datu

d
pöördem

om
en
did.

V
astavalt

elem
en
taarteo

oriale,
st.

tu
gev

u
sõp

etu
sest

tu
n
tu
d

valem
itele,

avald
u
b

n
ih
kep

in
ge

vard
a
v
ään

d
el

k
u
ju
l

τ
=

G
ϑ
r,

(5.27)

k
u
s

G
on

n
ih
keelastsu

sm
o
o-

d
u
l,

r
–

p
olaarraad

iu
s
ja

ϑ
–

v
ään

d
en
u
rk

vard
a
p
ik
k
u
sü
h
ik
u

koh
ta.

P
in
gevek

tor
τ
on

seeju
u
res

risti
vard

a
raad

iu
sega

r.
T
u
letam

e
m
eeld

e,
et

v
ään

d
en
u
rk

ϑ
≪

1
ja

et
on

teh
tu
d
terve

rid
a
katsean

d
m
etel

p
õh

in
evaid

lih
tsu

s-
tavaid

eeld
u
si:

(i)
ristlõiked

jäävad
tasap

in
n
alistek

s;
(ii)

ristlõigete
vah

ekau
gu

s
ei

m
u
u
tu
;
(iii)

ristlõige
z
=

con
st.

p
öörd

u
b
n
u
rga

ϑ
z
=

ϑ
z
v
õrra;

(iv
)
raad

iu
sed

jäävad
sirgetek

s;
(v
)
vard

a
läb

im
õõt

ei
m
u
u
tu
;
(v
i)
m
ah

u
jõu

d
on

h
ü
ljatu

d
.
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5
-
2
1

L
ah

u
tam

e
n
ü
ü
d
p
in
gevek

tori
τ
x
-
ja

y
-telje

sih
ilisek

s
kom

p
on

en
d
ik
s:

τ
y
z
=

τ
z
y
=

G
ϑ
r

︸
︷
︷
︸

=
τ

xr
=

G
ϑ
x
,

τ
x
z
=

τ
z
x
=

−
G
ϑ
r

︸
︷
︷
︸

=
τ

yr
=

−
G
ϑ
y
.

(5.28)

V
iim

ases
avald

ises
on

arvestatu
d
,
et

cos
ϕ
=

xr
ja

sin
ϕ
=

yr
.
Ü
lejään

u
d
p
in
ged

on
vastavalt

teh
tu
d
eeld

u
stele

n
u
llid

,
st.,

σ
x
=

σ
y
=

σ
z
=

τ
x
y
=

0.
(5.29)

A
llp

o
ol

n
äitam

e,
et

vaad
eld

av
lah

en
d

rah
u
ld
ab

lin
eaarse

elastsu
steo

oria
p
õh

iv
õrran

d
eid

.

K
u
n
a
p
in
gekom

p
on

en
d
id

on
kas

n
u
llid

v
õi

lin
eaarfu

n
k
tsio

on
id

ko
ord

in
aatid

est
x
ja

y
,
siis

on
p
id
ev
u
stin

gim
u
sed

p
in
getes

(B
eltram

i–M
ich

elli
v
õrran

d
id
)
(5.26)

au
tom

aatselt
rah

u
ld
atu

d
:



(1
+
ν
)∇

2σ
x
+

∂
2I

σ1

∂
x
2
=

0,
(1

+
ν
)∇

2τ
x
y
+

∂
2I

σ1

∂
x
∂
y
=

0,

...,
...,

...,
....

5
.4
.1
.
K
o
n
sta

n
tse

ristlõ
ik
eg
a
ü
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m
arvard

a
p
u
h
u
l
elem

en
taarteo

oria
lah

en
d
ei

sob
i,
sest

n
orm

aal
p
ole

en
am

an
tu
d
avald

istega
(5.30).

J
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õgu

s
ja

ristsu
u
n
as

ku
m
er,

st.
m
oodu

stab
sadu

lpin
n
a.



5
.4
.3
.
P
la
a
d
i
p
u
h
a
s
p
a
in
e

5
-
2
9

5
.4
.3

P
la
a
d
i
p
u
h
a
s
p
a
in
e

x

y
z

b

(a)

M
1

x

y
z

b

(b
)

M
1

M
2

J
o
on

is
5.4:

R
istk

ü
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ü
lgi

(v
t.
jo
on

is
5.4

(a)),
siis

om
ab

p
laad

i
p
in
d
p
eale

d
eform

atsio
on

i
sad

u
lp
in
n
a
k
u
ju
,
k
u
sju

u
res

tem
a
k
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õrreld

es
p
laad

i
p
ak

su
sega

v
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ü
ü
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õib

kasu
tad

a
ap

rok
sim

atsio
on

i

1R
1
=

−
∂
2w

∂
x
2
;

1R
2
=

−
∂
2w

∂
y
2
.

(5.45)



5
.4
.3
.
P
la
a
d
i
p
u
h
a
s
p
a
in
e

5
-
3
1

T
äh

istad
es

D
=

E
h
3

12(1−
ν
2)

(5.46)

ja
arvestad

es
(5.45)

saam
e
avald

istele
(5.44)

k
u
ju

M
1
=

−
D

(
∂
2w

∂
x
2
+
ν
∂
2w

∂
y
2

)

,
M

2
=

−
D

(
∂
2w

∂
y
2
+
ν
∂
2w

∂
x
2

)

.
(5.47)

K
on

stan
ti
D

n
im

etatak
se

plaadi
pain

dejäiku
seks.

J
u
h
u
l
k
u
i
p
laat

p
ain

d
u
b
silin

d
riliselt

(m
o
o
d
u
sta

ja
on

p
aralleeln

e
y
-teljega),

siis
∂
2w

/∂
y
2
=

0
ja

(5.47)
saab

k
u
ju

M
1
=

−
D
∂
2w

∂
x
2
,

M
2
=

−
D
ν
∂
2w

∂
x
2
.

(5.48)

K
u
i
M

1
=

M
2
=

M
,
siis

ka
1/R

1
=

1/R
2
=

1/R
ja

p
laat

p
ain

d
u
b
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d
im

en
sio

on
id

(jo
on

.
5.3):−

a
≤

x
≤

a
,−

b≤
y
≤

b
ja

0
≤

z
≤

l.
O
tstesse

(servad
esse)

z
=

0
ja

z
=

l
on

raken
d
atu

d
m
om

en
d
id

M
.
L
eid

a
(ala-

jaotu
ste

5.3.5
ja

5.3.4
p
õh

jal)
tala

(p
laad

i)
p
eatasan

d
i
x
z
ja

lõike
z
=

l
d
efor-

m
eeru

n
u
d
k
u
ju

järgm
istel

ju
h
tu
d
el:

1.
M

=
2k

N
m
;
l
=

0,2m
;
a
=

0,015m
;
b
=

0,025m
;

2.
M

=
10k

N
m
;
l
=

1m
;
a
=

0,03m
;
b
=

0,05m
;

3.
M

=
10k

N
m
;
l
=

1m
;
a
=

0,015m
;
b
=

0,5m
;

4.
M

=
10k

N
m
;
l
=

0,5m
;
a
=

0,015m
;
b
=

0,5m
.

V
aad

eld
a
kolm

est
m
aterjalist

talasid
(p
laate):

1.
teras:

E
=

210G
P
a;

ν
=

0,3;

2.
alu

m
iin

iu
m
:
E

=
70G

P
a;

ν
=

0,35;

3.
vask

:
E

=
110G

P
a;

ν
=

0,32.

H
in
n
ata

m
ak

sim
aalse

vertikaalsiird
e

ja
tala

p
ak

su
se

su
h
et,

st.
sed

a
kas

läb
ip
ain

d
ed

on
v
äikesed

v
õi

ei.
L
ah

en
d
u
sed

v
t.

h
t
t
p
:
/
/
c
e
n
s
.
i
o
c
.
e
e
/
~
s
a
l
u
p
e
r
e
/
l
o
k
o
.
h
t
m
l
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5.5:

V
ard

a
d
eform

at-
sio

on
om

akaalu
m
õju

l.

V
aatlem

e
ü
lem

isest
otsast

jäigalt
k
in
n
itatu

d
ristk

ü
lik

u
lise

ristlõikega
varrast.

M
ahu

jõu
d:

X
=

Y
=

0,
Z

=
−
ρ
g
,

(5.50)

k
u
s
ρ
g
on

vard
a
erikaal.

P
in
ge:

vard
a
igas

ristlõikes
on

n
u
llist

erin
ev

vaid
tem

ast
allp

o
ol

asu
va

osa
kaalu

st
p
õh

ju
statu

d
n
orm

aalp
in
ge:

σ
z
=

ρ
g
z,

σ
x
=

σ
y
=

τ
x
y
=

τ
y
z
=

τ
x
z
=

0.
(5.51)

R
ajatin

gim
u
sed:

N
u
llist

erin
evad

p
in
ged

vaid
vard

a
ü
lem

isel
v
älisp

in
n
al

—
seal

σ
z
=

ρ
g
l.

T
asakaalu

võrran
did

(5.9)
on

sellise
p
in
gejaotu

se
kor-

ral
rah

u
ld
atu

d
.
K
u
n
a
pidevu

stin
gim

u
sed

p
in
getes

(v
t.

n
äitek

s
B
eltram

i-M
ich

elli
v
õrran

d
id

(5.26))
sisald

avad
vaid

teist
järk

u
osatu

letisip
in
gekom

p
on

en
tid

est,siis
on

n
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an
tu
d
ju
h
u
l
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tom
aatselt
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u
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atu

d
.

5
.4
.5
.
V
a
rd
a
tõ
m
m
e
o
m
a
k
a
a
lu

m
õ
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S
iird

ed
ja

d
eform

atsio
on

id
m
ääram

e
H
o
oke’i

sead
u
se

ab
il



ε
z
=

∂
w∂
z
=

σ
z

E
=

ρ
g
z

E
,

ε
x
=

∂
u

∂
x
=

ε
y
=

∂
v

∂
y
=

−
ν
ρ
g
z

E
,

γ
x
y
=

∂
u

∂
y
+

∂
v

∂
x
=

0,
γ
x
z
=

∂
u

∂
z
+

∂
w∂
x

=
0,

γ
y
z
=

∂
v

∂
z
+

∂
w∂
y
=

0.

(5.52)

S
iird

ekom
p
on

en
d
id

u
,v

ja
w

leitak
se

avald
istest

(5.57)
in
tegreerim

ise
teel.

In
-

tegreerim
iskon

stan
d
id

m
ääratak

se
ra
jatin

gim
u
stest

p
u
n
k
tis

A
.
J
äiga

k
in
n
itu

se
tõttu

on
seal

keelatu
d
n
ii
siird

ed
k
u
i
p
öörd

ed
,
st.,

p
u
n
k
tis

x
=

y
=

0,
z
=

l
on

u
=

v
=

w
=

0
ja

∂
u
/∂

z
=

∂
v
/∂

z
=

∂
v
/∂

x
=

0.
T
u
lem

u
s
on

järgm
in
e

(tu
letu

sk
äik

u
v
t.
n
äit.

T
im

osh
en
ko

&
G
o
o
d
ier):



u
=

−
ν
ρ
g
x
z

E
,

v
=

−
ν
ρ
g
y
z

E
,

w
=

ρ
g

2E

[z
2−

l 2
+
ν
(x

2
+
y
2)
]

(5.53)

O
n
selge,

et
z-telje

pu
n
ktid

om
avad

vaid
vertikaalseid

siirdeid:

w|
x
=

0

y
=

0

=
ρ
g

2E
(z

2−
l 2)

(5.54)
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0
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h
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taaseid
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eid
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S
eega

sirged,
m
is

olid
en
n
e
deform

atsioon
i
paralleelsed

z-teljega
on

peale
de-

form
atsioon

i
z
su
htes

kaldu
.
T
ala

lõiked,
m
is

olid
en
n
e
deform

atsioon
i
risti

z-teljega,
m
oodu

stavad
pärast

deform
atsioon

i
paraboolse

pin
n
a.

N
äitek

s
p
u
n
k
-

tid
,
m
is

olid
en
n
e
d
eform

atsio
on

i
tasan

d
il
z
=

c
asu

vad
p
eale

d
eform

atsio
on

i
p
in
n
al

z
=

c
+
w|z

=
c .
S
ee

p
in
d
on

risti
k
õigi

n
en
d
e
vard

a
k
iu
d
u
d
ega,

m
is

en
n
e

d
eform

atsio
on

i
olid

vertikaalsed
.


