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p
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2

4
.1

P
in
g
e
d
k
a
ld
p
in
n
a
l

J
o
on

is
4.1:

P
in
ged

kald
p
in
n
al.

K
ald

p
in
n
al

n
orm

aaliga
ν
m
õju

v
p
in
gevek

tor
p
ν
on

esitatu
d
läb

i
tem

a
p
ro
jek

tsio
on

id
e
p
ν
x ,

p
ν
y
ja

p
ν
z .
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S
ellek

s,
et

u
u
rid

a
p
in
geseisu

n
d
it
su
valises

keh
a
p
u
n
k
tis

on
va

ja
osata

leid
a
p
in
-

geid
m
eelevald

se
orien

tatsio
on

iga
kald

p
in
n
al.

J
o
on

isel
4.1

k
u
ju
tatu

d
kald

p
in
n
a

a
bc

orien
tatsio

on
ko

ord
in
aattelged

e
su
h
tes

on
m
ääratu

d
p
in
n
an

orm
aali

ν
su
u
-

n
ako

osin
u
stegal

=
cos(

ν
,x
),

m
=

cos(
ν
,y
),

n
=

cos(
ν
,z).

(4.1)

K
o
os

ko
ord

in
aatp

in
d
ad

ega
m
o
o
d
u
stu

b
lõ
p
m
ta

vä
ike

tetra
eed

er
O
a
bc.

T
äh

istam
e
kald

p
in
n
a
a
bc

p
in
d
ala

d
A
.
T
etraeed

ri
teiste

k
ü
lged

e
p
in
d
alad

aval-
d
u
vad

n
ü
ü
d
läb

i
vek

tori
ν
su
u
n
ako

osin
u
ste

1:

A
O
a
b
=

d
A
·l,

A
O
bc
=

d
A
·m

,
A

O
a
c
=

d
A
·n

.
(4.2)

K
o
ostam

e
tetraeed

ri
jaok

s
tasakaalu

v
õrran

d
id
.
P
eale

jo
on

isel
4.1

n
äid

atu
d
p
in
-

gete
m
õju

vad
tetraeed

rile
veel

m
ah

u
jõu

d
X
,Y

,Z
,
m
id
a
p
ole

jo
on

isel
n
äid

atu
d
.

P
ro
jek

teerim
e
tetraeed

rile
m
õju

vad
jõu

d
x
-teljele:

p
ν
x d
A
−
σ
x A

O
a
b
−
τ
y
x A

O
bc
−
τ
z
x A

O
a
c
+
X
d
V

=

p
ν
x d
A
−
σ
x d
A
·l

−
τ
y
x d
A
·m

−
τ
z
x d
A
·n

+
X
d
V

=
0.

(4.3)

1N
u
rgad

tetraeed
ri

tah
k
u
d
e
ja

vastavate
n
orm

aalid
e
vah

el
on

v
õrd

sed
.

4
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P
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g
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k
a
ld
p
in
n
a
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4
-
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J
agam

e
v
iim

ase
avald

ise
p
in
d
alaga

d
A
,
h
ü
lgam

e
v
iim

ase
liik

m
e
k
u
i
k
õrgem

at
järk

u
v
äikese

2
ja

saam
e
avald

ise

p
ν
x
=

σ
x l
+
τ
y
x m

+
τ
z
x n

.
(4.4)

K
orrates

sam
a
p
rotsed

u
u
ri

teiste
telged

ega
saam

e
avald

ised
p
in
gevek

tori
p
ν

ü
lejään

u
d
kah

e
p
ro
jek

tsio
on

i
leid

m
isek

s.
K
ok

k
u
saam

e


p
ν
x
=

σ
x l
+
τ
y
x m

+
τ
z
x n

,

p
ν
y
=

τ
x
y l
+
σ
y m

+
τ
z
y n
,

p
ν
z
=

τ
x
z l
+
τ
y
z m

+
σ
z n
.

(4.5)

T
egelik

u
lt
olem

e
sellise

p
rotsed

u
u
riga

läh
en
d
an

u
d
vaad

eld
ava

kald
p
in
n
a
p
u
n
k
-

tile
O

ja
leitu

d
valem

id
esitavad

seega
p
u
n
k
ti
O

läb
ival

kald
p
in
n
al

n
orm

aaliga
ν

m
õju

va
p
in
gevek

tori
p
ν
p
ro
jek

tsio
on

e
ko

ord
in
aattelged

el.
S
u
u
n
ako

osin
u
ste

kord
a
jad

v
iim

ases
valem

is
on

aga
p
in
geten

sori
kom

p
on

en
d
id

p
u
n
k
tis

O
.

V
a
lem

id
(4.5)

võ
im

a
ld
a
va
d
leid

a
m
ista

h
es

p
u
n
kti

lä
biva

l
m
ista

h
es

ka
ld
p
in
n
a
l

m
õ
ju
va

p
in
gevekto

ri
p
ν
ko
m
po
n
en
te

ku
i
o
n
tea

d
a
p
in
n
a
n
o
rm

a
a
l
ν
ja

p
in
geten

-

so
ri

ko
m
po
n
en
d
id

σ
x ,...,τ

x
y ,...

va
a
d
eld

a
va
s
p
u
n
ktis.

2A
rvestad

es,
et

tegu
on

lõp
m
ata

v
äikese

tetraeed
riga

p
iirv

äärtu
s
lim

d
A
→

0 (d
V
/d

A
)
=

0
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K
u
i
p
in
n
an

orm
aal

ν
=

(l,m
,n

)
on

n
n
.
reavek

tor
ja

p
in
geten

sor
on

täh
istatu

d
S
,
siis

vaam
e
valem

id
(4.5)

esitad
a
k
u
ju
l

p
ν
=

ν
·
S
.

(4.6)

K
u
i
p
in
d
a
bc

ü
h
tib

keh
a
v
älisp

in
n
aga,

siis
esitavad

v
õrran

d
id

(4.5)
ra
ja
tin

gim
u
si

eh
k
ä
ä
retin

gim
u
si

keh
a
p
in
n
a
l.
T
eisisõn

u
,
sellisel

ju
h
u
l
seovad

avald
ised

(4.5)
keh

a
p
in
n
al

m
õju

vad
p
in
d
jõu

d
p
in
geten

sori
kom

p
on

en
tid

ega.

4
.2

P
e
a
p
in
g
e
d

M
e
n
äitasim

e
äsja,

et
valem

id
(4.5)

v
õim

ald
avad

m
äärata

p
in
geid

keh
a
m
istah

es
p
u
n
k
ti
läb

ival
m
istah

es
kald

p
in
n
al

k
u
i
on

tead
a
p
in
n
an

orm
aal

ν
ja

p
in
geten

sori
kom

p
on

en
d
id

σ
x ,σ

y ,σ
z ,τ

x
y ,τ

y
z ,τ

x
z
(p
in
ged

sed
a
p
u
n
k
ti
läb

ivatel
ko

ord
in
aatta-

san
d
itel).

P
in
n
al

n
orm

aaliga
ν

m
õju

va
p
in
ge

saab
om

akord
a
jagad

a
n
orm

aalp
in
gek

s
σ

ν

ja
n
ih
kep

in
gek

s
τ
ν .

K
u
i
on

tead
a
p
in
gevek

tori
p
ν
kom

p
on

en
d
id

ja
n
orm

aali
ν

su
u
n
ako

osin
u
sed

,
siis

saam
e
leid

a
p
in
gevek

tori
p
ν
p
ro
jek

tsio
on

i
n
orm

aalil
ν
:

σ
ν
=

p
ν
·
ν
=

p
ν
x l
+
p
ν
y m

+
p
ν
z n
.

(4.7)
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O
n
selge,

et
σ

ν
=

σ
ν
ν
.
K
asu

tad
es

valem
eid

(4.5)
saab

σ
ν
om

akord
a
avald

ad
a

ko
ord

in
aattasan

d
eil

m
õju

vate
p
in
gete

kau
d
u
.
N
ih
kep

in
ge

τ
ν
k
u
ju
tab

en
d
ast

p
in
gevek

tori
p
ν
p
ro
jek

tsio
on

i
vaad

eld
aval

p
in
n
al

ja
tem

a
m
o
o
d
u
l

τ
2ν
=

p
2ν
−
σ
2ν .

(4.8)

N
ii
p
ν ,
k
u
i
σ

ν
ja

τ
ν
sõltu

vad
p
in
n
a
orien

tatsio
on

ist.
S
aab

n
äid

ata,
et

igas
p
u
n
k
-

tis
leid

u
b
v
äh

em
alt

kolm
om

avah
el

ristu
vat

p
in
d
a,

m
illel

n
ih
kep

in
ge

τ
ν
=

0
ja

n
orm

aalp
in
ge

σ
ν
=

p
ν .

S
elliseid

p
in
d
asid

n
im

etatak
se

pea
p
in
d
a
d
eks,

n
eil

p
in
d
a-

d
el

m
õju

vaid
n
orm

aalp
in
geid

σ
1 ,
σ
2
ja

σ
3
pea

p
in
geteks

ja
n
eid

p
in
d
u
m
ääravaid

p
in
n
an

orm
aale

N
1 ,

N
2
ja

N
3
pea

su
u
n
d
a
d
eks.

P
eap

in
ged

järjestatak
se

n
ii,

et
σ
1
≥

σ
2
≥

σ
3 .

S
iin

ju
u
res

on
p
eap

in
ge

σ
1
su
u
rim

ja
σ
3
v
äh

im
k
õik

v
õim

alikest
n
orm

aalp
in
getest.
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4
.2
.1

P
e
a
p
in
g
e
te

ja
p
e
a
su

u
n
d
e
d
e
le
id
m
ise

p
r
o
tse

d
u
u
r
.

•
T
äh

istam
e
otsitava

p
eap

in
ge

σ
ja

talle
vastava

p
in
n
an

orm
aali

N
su
u
n
a-

ko
osin

u
sed

l,m
,n

.
S
eega

on
m
eil

n
eli

tu
n
d
m
atu

t.

•
N
en
d
e
n
elja

tu
n
d
m
atu

m
ääram

isek
s
on

v
õrran

d
sü
steem



(σ
x
−
σ
)l
+
τ
x
y m

+
τ
x
z n

=
0,

τ
y
x l
+
(σ

y
−
σ
)m

+
τ
y
z n

=
0,

τ
z
x l
+
τ
z
y m

+
(σ

z
−
σ
)n

=
0

(4.9)

ko
os

lisatin
gim

u
sega

⋆

l 2
+
m

2
+
n
2
=

1.
(4.10)

•
M
eid

h
u
v
itab

selle
V
S
-i
m
ittetriv

iaaln
e
lah

en
d
(l,m

,n
p
ole

korraga
n
u
llid

).
S
ee

tin
gim

u
s
on

täid
etu

d
k
u
i
ka
ra
kteristlik

d
eterm

in
a
n
t

∣∣∣∣∣∣ σ
x
−
σ

τ
x
y

τ
x
z

τ
y
x

σ
y
−
σ

τ
y
z

τ
z
x

τ
z
y

σ
z
−
σ

∣∣∣∣∣∣

=
0.

(4.11)
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•
V
iim

asest
saad

ak
se

om
akord

a
ka
ra
kteristlik

võ
rra

n
d

σ
3
−
I
σ1
σ
2
+
I
σ2
σ
−
I
σ3
=

0,
(4.12)

k
u
s
su
u
ru
sed



I
σ1
=

σ
x
+
σ
y
+
σ
z ,

I
σ2
=

∣∣∣∣ σ
x

τ
x
y

τ
y
x

σ
y

∣∣∣∣

+

∣∣∣∣ σ
y

τ
y
z

τ
z
y

σ
z

∣∣∣∣

+

∣∣∣∣ σ
x

τ
x
z

τ
z
x

σ
z

∣∣∣∣

,

I
σ3
=

∣∣∣∣∣∣ σ
x

τ
x
y

τ
x
z

τ
y
x

σ
y

τ
y
z

τ
z
x

τ
z
y

σ
z

∣∣∣∣∣∣

(4.13)

on
p
in
ge

in
va
ria

n
d
id

eh
k
p
in
geten

so
ri

in
va
ria

n
d
id
.

•
U
u
ritaval

ju
h
u
l
(st.

sü
m
m
eetrilise

p
in
geten

sori
korral)

on
k
u
u
p
v
õrran

d
il

(4.12)
kolm

reaalarv
u
list

lah
en
d
it,

m
is
järjestatak

se
kah

an
evas

järjekorras
σ
1

≥
σ
2

≥
σ
3 .

S
iin

ju
u
res

on
σ
1

su
u
rim

v
õim

alik
n
orm

aalp
in
ge

k
õik

v
õim

alikel
vaad

eld
avat

p
u
n
k
ti

läb
ivatel

p
in
d
ad

el
m
õju

vate
n
orm

aal-
p
in
gete

h
u
lgas

ja
σ
3
v
äh

im
v
õim

alik
n
orm

aalp
in
ge

selles
h
u
lgas.
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•
N
eile

vastava
kolm

e
p
easu

u
n
a
m
ääram

isek
s
asen

d
atak

se
saad

u
d
kolm

p
ea-

p
in
get

kord
am

ööd
a
v
õrran

d
isü

steem
i
(4.9),

(4.10).
T
u
lem

u
sen

a
saam

e
igale

p
eap

in
gele

σ
i
vastava

p
easu

u
n
a
su
u
n
ako

osin
u
sed

li ,m
i ,n

i ,
i
=

1,2,3.

–
M
ä
rku

s.
K
u
n
a
v
õrran

d
isü

steem
is
(4.9)

osu
tu
vad

vaid
2
v
õrran

d
it
kol-

m
est

lin
eaarselt

sõltu
m
atu

tek
s,

siis
erin

eb
saad

u
d

v
õrran

d
isü

steem
i

lah
en
d
am

in
e
tavap

ärasest.
N
im

elt
saam

e
ü
h
e
su
u
n
ako

osin
u
se

vab
alt

ette
an

d
a.

•
K
u
i
ko

ord
in
aad

id
on

valitu
d

p
easu

u
n
d
ad

es,
siis

on
p
in
geten

soris
n
u
llist

erin
evad

vaid
n
orm

aalp
in
ged

σ
1 ,σ

2 ,σ
3 ,
st.



σ
x

τ
x
y

τ
x
z

τ
y
x

σ
y

τ
y
z

τ
z
x

τ
z
y

σ
z



→



σ
1

0
0

0
σ
2

0
0

0
σ
3



(4.14)

•
P
easu

u
n
d
ad

e
p
rak

tilise
leid

m
ise

ju
u
rd
e
tu
lem

e
tagasi

n
äites

4.2.

S
õltu

valt
k
u
u
p
v
õrran

d
i
lah

en
d
ite

v
äärtu

stest,
saab

eristad
a
kolm

e
ju
h
tu
:

1.
K
u
i
kõ
ik

ko
lm

pea
p
in
get

o
n
erin

eva
d
,
siis

saad
ak

se
v
õrran

d
isü

steem
i
(4.9),

(4.10)
lah

en
d
am

isel
kolm

ristu
vat

ü
h
ik
vek

torit.

4
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P
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g
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4
-
1
0

2.
K
u
i
kõ
ik

ko
lm

pea
p
in
get

o
n
võ
rd
sed

,
siis

sob
ib

p
eap

in
n
ak

s
iga

vaad
eld

a-
vat

p
u
n
k
ti
läb

iv
p
in
d
.
P
rak

tilistel
kaalu

tu
stel

valitak
se

tavalistelt
ristu

va-
te

p
in
d
ad

e
kolm

ik
,
m
is
om

akord
a
m
äärab

om
avah

el
ristu

vate
p
easu

u
n
d
ad

e
kolm

ik
u
.

3.
K
u
i
ka
ks

pea
p
in
get

o
n
võ
rd
sed

ja
ko
lm

a
s
n
eist

erin
ev

,
siis

saam
e
m
äärata

sellele
kolm

an
d
ale

p
eap

in
gele

vastava
p
easu

u
n
a,

m
is

om
akord

a
m
äärab

p
eap

in
n
a.

Ü
lejään

u
d
kah

ek
s
p
easu

u
n
ak

s
sob

ib
m
istah

es
ristu

vate
su
u
n
ad

e
p
aar,

m
is
on

om
akord

a
risti

kolm
an

d
a
p
easu

u
n
aga.

K
asu

tad
es

p
eap

in
geid

saam
e
p
in
ge

in
varian

d
id

k
u
ju
l



I
σ1
=

σ
1
+
σ
2
+
σ
3 ,

I
σ2
=

σ
1 σ

2
+
σ
2 σ

3
+
σ
1 σ

3 ,

I
σ3
=

σ
1 σ

2 σ
3 .

(4.15)

•
K
u
n
a
in
varian

d
id

on
sõltu

m
atu

d
ko

ord
in
aatid

e
valik

u
st,

tu
leb

n
eid

vaa-
d
eld

a
k
u
i
p
õh

ilisi
su
u
ru
si,

m
is

iselo
om

u
stavad

p
in
gu

st
eh
k
p
in
geseisu

n
d
it

vaad
eld

avas
p
u
n
k
tis

—
k
õik

p
in
gekom

p
on

en
d
id

on
m
ääratavad

läb
i
in
va-

rian
tid

e.



4
.2
.

P
ea
p
in
g
ed

4
-
1
1

P
in
g
u
ste

liig
id
.
S
õltu

valt
sellest,

m
itu

p
eap

in
get

on
n
u
llist

erin
evad

,
erista-

tak
se

kolm
e
p
in
gu

se
liik

i:

•
ru
u
m
p
in
gu
s
–
k
õik

kolm
p
eap

in
get

on
n
u
llist

erin
evad

;

•
ta
sa
n
d
p
in
gu
s
–
ü
k
s
p
eap

in
ge

on
n
u
ll,

kak
s
n
u
llist

erin
evad

;

•
joo

n
p
in
gu
s
–
kak

s
p
eap

in
get

on
n
u
llid

,
ü
k
s
n
u
llist

erin
ev
.

J
o
on

is
4.2:

S
ilin

d
er

raad
iu
sega

r
=

2.

N
ä
id
e
4
.1
.
P
in
gu

s
keh

a
p
u
n
k
tid

es
on

an
-

tu
d
p
in
geten

soriga
(D

escartes’i
ristko
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ä
sitsi”

.

1.
T
u
leb

ko
ostad

a
v
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steem
i
(4.9).

(a)
Iga

p
eap

in
ge

σ
i
jaok

s
saate

kolm
v
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äärab

p
eap

in
gele

σ
i
vastava

p
easu

u
n
a.



4
.2
.

P
ea
p
in
g
ed

4
-
1
7

•
σ
1
=

27
→

(4.9)
→


−
28l1

−
16m

1
−
2n

1
=

0

−
16l1

−
22m

1
−
14n

1
=

0

−
2l1

−
14m

1
−
13n

1
=

0.

(4.16)

–
N
eist

on
vaid

kak
s
lin

eaarselt
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õrran

d
=

2.
v
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äe

kolm
ik
u
,
s.t.

kas
N

3
=

N
1
×
N

2 .

•
K
u
i
N

1
=

(l1 ,m
1 ,n

1 )
ja

N
2
=

(l2 ,m
2 ,n

2 ),
siis

N
1
×
N

2
=

{
∣∣∣∣ m

1
n
1

m
2

n
2

∣∣∣∣ ,

∣∣∣∣ n
1

l1
n
2

l2

∣∣∣∣ ,

∣∣∣∣ l1
m

1

l2
m

2

∣∣∣∣

}

.
(4.19)

S
eega

tu
leb

p
easu

u
n
d
ad

ek
s
valid

a

N
1
=

(

13
;−

23
;
23

)

,
N

2
=

(

−
23
;
13
;
23

)

,
N

3
=

(

−
23
;−

23
;−

13

)

.
(4.20)



4
.2
.

P
ea
p
in
g
ed

4
-
1
9

−
1

−
0.5

0

0.5

1

−
1

−
0.5

0
0.5

1

−
1

−
0.5 0

0.5 1

x

  y

   N
2

  z

P
easuunad

y

  x

   N
3

   N
1

z

J
o
on

is
4.4:

P
easu

u
n
ad

4
.2
.

P
ea
p
in
g
ed

4
-
2
0

B
.
”
A
r
v
u
tig

a
”

1.
S
isestad

a
p
in
geten

sori
m
aatrik

s.

2.
L
eid

a
p
eav

äärtu
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täid
etu

d
.



4
.3
.

P
ea
d
e
fo
rm

a
tsio

o
n
id

4
-
2
3

4
.3

P
e
a
d
e
fo
r
m
a
tsio

o
n
id

P
easu

u
n
d
i
ja

p
eav

äärtu
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