
3
1
7

P
e
a
tü

k
k

7

T
e
lg

sü
m

m
e
e
trilise

d
p
in

g
e
d
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d
e
fo

rm
a
tsio

o
n
id

p
ö
ö
rd

k
e
h
a
d
e
s
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.
Ü
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õ
rra

n
d
id

3
1
8

M
õn

in
gaid

selliseid
ü
lesan

d
eid

olem
e

ju
b
a

eesp
o
ol

vaad
eln

u
d

(n
äitek

s
ala

jao-
tu

sed
5.11

ja
5.12).

K
äesoleva

p
eatü

k
i
kah

es
esim

eses
p
aragrah

v
is

vaad
eld

ak
se

telgsü
m

m
eetriliste

ü
lesan

n
ete

lah
en

d
am

ist
L
ove’i

p
in

gefu
n
k
tsio

on
i
ja

L
egen

d
-

re’i
p
olü

n
o
om

id
e

ab
il

vab
alt

to
etatu

d
ü
m

arp
laad

i
p
ain

d
eü

lesan
d
e

n
äitel.

S
aa-

d
u
d

lah
en

d
id

on
lin

eaarse
elastsu

steo
oria

m
õttes

täp
sed

lah
en

d
id

,
st.

lah
en

-
d
am

isel
läh

tu
tak

se
elastsu

steo
oria

p
õh

iv
õrran

d
itest.

S
ellisele

läh
en

em
isv

iisile
≪
vastan

d
u
b

≫
n
n
.

0-järk
u

teo
oria,

m
ille

korral
läh

tu
tak

se
tala

elastse
jo

on
e

v
õi

p
laad

i
elastse

p
in

n
a

v
õrran

d
itest.

S
ellist

läh
en

em
ist

ü
m

arp
laad

i
p
ain

-
d
eü

lesan
d
e

lah
en

d
am

isele
vaatlem

e
kolm

an
d
as

p
aragrah

v
is.

7
.1

Ü
ld

v
õ
rra

n
d
id

K
äesolevas

ala
jaotu

ses
leiavad

k
äsitlem

ist
ü
lesan

d
ed

,
k
u
s

ei
esin

e
v
ään

et.
S
i-

lin
d
riliste

ko
ord

in
aatid

e
(r,ϑ

,z)
p
u
h
u
l
täh

en
d
ab

see
sed

a,
et

vastavatest
siir-

d
ekom

p
on

en
tid

est
v

=
0

ja
kom

p
on

en
d
id

u
ja

w
ei

sõltu
ko

ord
in

aad
ist

ϑ
.
S
ee-

ga
ka

p
in

gekom
p
on

en
d
id

ei
sõltu

ko
ord

in
aad

ist
ϑ

ja
kak

s
n
eist

τ
rϑ

=
τ
ϑ
z

=
0.
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õ
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N
u
llist

erin
evad

d
eform

atsio
on

ikom
p
on

en
d
id

avald
u
vad

k
u
ju

l

ε
r
=

∂
u

∂
r
,

ε
ϑ

=
ur
,

ε
z ∂

w∂
z

,
γ

rz
=

∂
u

∂
z

+
∂
w∂
r

.
(7.1)

T
asakaalu

v
õrran

d
id

saavad
aga

k
u
ju



∂
σ

r

∂
r

+
∂
τ
rz

∂
z

+
σ

r
−

σ
ϑ

r
+

R
=

0,

∂
τ
rz

∂
r

+
∂
σ

z

∂
z

+
τ
rz

r
+

Z
=

0,

(7.2)

k
u
s
R

ja
Z

on
ko

ord
in

aatid
e

r
ja

z
sih

iliste
m

ah
u
jõu

d
u
d
e

in
ten

siiv
su

s
(d

im
en

-
sio

on
N

/m
3).

P
alju

d
el

ju
h
tu

d
el

on
jällegi

otstarb
ekas

tu
u
a

sisse
p
in

gefu
n
k
t-

sio
on

ϕ
,
m

id
a

siin
n
im

etatak
se

L
ove’i

p
in

gefu
n
k
tsio

on
ik

s.

T
asakaalu

v
õrran

d
id

on
rah

u
ld

atu
d

k
u
i
valid

a


σ
r
=

∂∂
z

(

ν
∇

2ϕ
−

∂
2ϕ

∂
r

2

)

,
σ

ϑ
=

∂∂
z

(

ν
∇

2ϕ
−

1r

∂
ϕ∂
r

)

,

σ
z

=
∂∂
z

[

(2
−

ν
)∇

2ϕ
−

∂
2ϕ

∂
z

2

]

,
τ
rz

=
∂∂
r

[

(1
−

ν
)∇

2ϕ
−

∂
2ϕ

∂
z

2

]

.

(7.3)

7
.1

.
Ü

ld
v
õ
rra

n
d
id

3
2
0

S
iin

ju
u
res

p
eab

ϕ
rah

u
ld

am
a

b
ih

arm
o
on

ilist
v
õrran

d
it

∇
4ϕ

=
0,

(7.4)

k
u
s

∇
2
≡

∂
2

∂
r

2
+

1r

∂∂
r

+
1r
2

∂
2

∂
ϑ

2
+

∂
2

∂
z

2
(7.5)

on
L
ap

lace’i
op

eraator
silin

d
rilistes

ko
ord

in
aatid

es.
K

u
n
a

an
tu

d
ju

h
u
l
ei

sõltu
ϕ

ko
ord

in
aad

ist
ϑ
,
siis

lan
geb

L
ap

lace’i
op

eraatoris
(7.5)

kolm
as

liige
v
älja.

S
iird

ekom
p
on

en
d
id

u
ja

w
m

ääratak
se

avald
istega

2G
u

=
−

∂
2ϕ

∂
r∂

z
,

v
=

0,
2G

w
=

2(1
−

ν
)∇

2ϕ
−

∂
2ϕ

∂
z

2
.

(7.6)
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õ
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3
2
1

M
õn

el
ju

h
u
l
on

silin
d
riliste

ko
ord

in
aatid

e
asem

el
m

õistlik
kasu

tad
a

sfäärilisi
ko

ord
in

aate,
st.,

r
ja

z
asem

el
kasu

tatak
se

ko
ord

in
aate

R
ja

ψ
.

N
ü
ü
d

on

J
o
on

is
7.1:

S
fäärilised

ko
ord

in
aad

id
.

va
ja

(7.5)-s
asen

d
ad

a
osatu

letised
r

ja
z

järgi.
S
ee

ü
lem

in
ek

on
om

akord
a

an
alo

ogn
e

D
R

K
x

ja
y

ja
p
olaarko

ord
in

aatid
e

r
ja

ϑ
vah

elisele
seosele.

S
aam

e


∂
2

∂
r

2
+

∂
2

∂
z

2
=

∂
2

∂
R

2
+

1R

∂∂
R

+
1r
2

∂
2

∂
ϕ

2 ,

1r

∂∂
r

=
1

R
sin

ψ

(

∂∂
R

sin
ψ

+
cos

ψ

R

∂∂
ψ

)

=
1R

∂∂
R

+
cot

ψ

R
2

∂∂
ψ

.

(7.7)

S
eega

om
ab

b
ih

arm
o
on

ilin
e

v
õrran

d
(7.4)

silin
d
riliste

ko
ord

in
aatid

e
p
u
h
u
l

7
.1

.
Ü

ld
v
õ
rra

n
d
id

3
2
2

k
u
ju

(

∂
2

∂
r

2
+

1r

∂∂
r

+
∂

2

∂
z

2

)

2

ϕ
=

0
(7.8)

ja
sfääriliste

p
u
h
u
l

(

∂
2

∂
R

2
+

2R

∂∂
R

+
cot

ψ

R
2

∂∂
ψ

+
1r
2

∂
2

∂
ψ

2

)

2

ϕ
=

0.
(7.9)

V
õrran

d
i
(7.9)

lah
en

d
p
eab

sam
al

a
jal

rah
u
ld

am
a

ka
L
ap

lace’i
v
õrran

d
it,

st,

∂
2ϕ

∂
R

2
+

2R

∂
ϕ

∂
R

+
cot

ψ

R
2

∂
ϕ

∂
ψ

+
1r
2

∂
2ϕ

∂
ψ

2
=

0.
(7.10)

V
iim

ase
erilah

en
d
it

v
õib

otsid
a

k
u
ju

l

ϕ
n

=
R

nΨ
n ,

(7.11)

k
u
s
Ψ

n
on

vaid
m

u
u
tu

ja
ϕ

fu
n
k
tsio

on
.
K

ok
k
u

saam
e

v
iim

asest
kah

est
h
arilik

u
d
iferen

tsiaalv
õrran

d
i1

sin
ψ

dd
ψ

(

sin
ψ

d
Ψ

n

d
ψ

)

+
n
(n

+
1)Ψ

n
=

0.
(7.12)
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n
d
id

3
2
3

K
u
i
täh

istam
e

x
=

cos
ψ

ja
valim

e
x

u
u
ek

s
sõltu

m
atu

k
s
m

u
u
tu

jak
s,

siis
saam

e
(7.12)-st

L
egen

d
re’i

v
õrran

d
i

(1
−

x
2) d

2Ψ
n

d
x

2
−

2x
d
Ψ

n

d
x

+
n
(n

+
1)Ψ

n
=

0.
(7.13)

S
elle

v
õrran

d
i
lah

en
d
id

on
esitatavad

L
egen

d
re’i

p
olü

n
o
om

id
e

P
n (x

)
kau

d
u
:



P
0 (x

)
=

1,
P

1 (x
)

=
x
,

P
2 (x

)
=

12
(3x

2
−

1),

P
3 (x

)
=

12
(5x

3
−

3x
),

P
4 (x

)
=

18
(35x

4
−

30x
2
+

3),

P
5 (x

)
=

18
(63x

5
−

70x
3
+

15x
),...,

P
n (x

)
=

1

2
nn

!

d
n

d
x

n
(x

2
−

1)
n.

(7.14)

N
eid

p
olü

n
o
om

e
v
õib

kasu
tad

a
fu

n
k
tsio

on
id

en
a

Ψ
n

avald
ises

(7.11)
k
u
sju

u
res

igat
n
eist

v
õib

veel
korru

tad
a

kon
stan

d
iga

A
n .

7
.1

.
Ü

ld
v
õ
rra

n
d
id

3
2
4

K
asu

tad
es

valem
eidx

=
cos

ψ
,

R
x

=
z

ja
R

=
√

r
2
+

z
2

(7.15)

saab
m

in
n
a

tagasi
m

u
u
tu

jatele
r

ja
z.

S
eeju

u
res

saab
v
õrran

d
i
(7.9)

lah
en

d
k
u
ju



ϕ
0

=
A

0 ,
ϕ

1
=

A
1 z,

ϕ
2

=
A

2

[

z
2
−

13
(r

2
+

z
2)

]

,

ϕ
3

=
A

3

[

z
3
−

35
z(r

2
+

z
2)

]

,

ϕ
4

=
A

4

[

z
4
−

67
z

2(r
2
+

z
2)

+
335

(r
2
+

z
2)

2

]

,

ϕ
5

=
A

5

[

z
5
−

109
z

3(r
2
+

z
2)

+
521

(r
2
+

z
2)

2

]

,

....

(7.16)

T
o
o
d
u
d

p
olü

n
o
om

id
on

ka
b
ih

arm
o
on

ilise
v
õrran

d
i
(7.4)

lah
en

d
ik

s.
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5

S
aab

n
äid

ata,
et

k
u
i

R
nΨ

n
osu

tu
b

h
arm

o
on

ilise
v
õrran

d
i

(7.10)
lah

en
d
ik

s,
siis

R
n
+

2Ψ
n

rah
u
ld

ab
b
ih

arm
o
on

ilist
v
õrran

d
it

(7.4)
(k

u
id

ei
rah

u
ld

a
(7.10))

K
orru

tad
es

(7.16)
R

2
=

r
2
+

z
2,

saam
e

u
u
ed

lah
en

d
id



ϕ
2

=
B

2 (r
2
+

z
2),

ϕ
3

=
B

3 z(r
2
+

z
2),

ϕ
4

=
B

4 (2z
2
−

r
2)(r

2
+

z
2),

ϕ
5

=
B

5 (2z
3
−

3r
2z)(r

2
+

z
2),

....

(7.17)

7
.2

.
Ü

m
a
rp

la
a
d
i
p
a
in

e
3
2
6

7
.2

Ü
m

a
rp

la
a
d
i
p
a
in

e

J
o
on

is
7.2:

S
ü
m

m
eetriliselt

jaotatu
d

p
õik

ko
orm

u
sega

ko
orm

atu
d

ja
servad

est
vab

alt
to

etatu
d

ü
m

arp
laat.

V
aatlem

e
sü

m
m

eetriliselt
ko

orm
atu

d
ü
m

arp
laati

(jo
on

is
7.2).

V
alid

es
aval-

d
istest

(7.16)
ja

(7.17)
kolm

an
d
at

järk
u

p
olü

n
o
om

id
,
saam

e
p
in

gefu
n
k
tsio

on
i

esitad
a

k
u
ju

l
ϕ

=
a

3 (2z
3
−

3r
2z)

+
b
3 (r

2z
+

z
3).

(7.18)
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m
a
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la
a
d
i
p
a
in

e
3
2
7

A
vald

iste
(7.3)

p
õh

jal
saam

e
seejärel

p
in

gekom
p
on

en
d
id

k
u
ju

l



σ
r
=

−
6a

3
+

(10ν
−

2)b
3 ,

σ
ϑ

=
−

6a
3
+

(10ν
−

2)b
3 ,

σ
z

=
−

12a
3
+

(14
−

10ν
)b

3 ,

τ
rz

=
0.

(7.19)

S
eega

osu
tu

vad
p
in

gekom
p
on

en
d
id

kogu
p
laad

i
u
latu

ses
kon

stan
tsetek

s.
V

a-
lem

ites
(7.19)

olevate
kon

stan
tid

e
a

3
ja

b
3

m
ääram

isek
s

tu
leb

kasu
tad

a
ra-

jatin
gim

u
si

σ
r

ja
σ

z
jaok

s.
K

ok
k
u
v
õttes:

kolm
an

d
at

järk
u

p
olü

n
o
om

id
e

ab
il

saab
esitad

a
lah

en
d
i,

m
is

vastab
olu

korrale,
k
u
s
p
laad

i
p
in

n
ale

on
raken

d
atu

d
telgsü

m
m

eetrilised
kon

stan
tsed

ko
orm

u
sed

.

V
alid

es
(7.16)

ja
(7.17)

n
eljan

d
at

järk
u

p
olü

n
o
om

id
,
saam

e
p
in

gekom
p
on

en
-

tid
e

jaok
s

avald
ised



σ
r
=

96a
4 z

+
4b

4 (14ν
−

1)z,

σ
z

=
−

192a
4 z

+
4b

4 (16
−

14ν
)z,

τ
rz

=
96a

4 r
−

2b
4 (16

−
14ν

)r.

(7.20)

7
.2

.
Ü

m
a
rp

la
a
d
i
p
a
in

e
3
2
8

K
u
i
v
õtta

96a
4
−

2b
4 (16

−
14ν

)
=

0,
saam

e

σ
z

=
τ
rz

=
0

ja
σ

r
=

28(1
+

ν
)b

4 z,
(7.21)

m
is

esitab
p
laad

i
p
u
h
ast

p
ain

et
ju

h
u
l

k
u
i

ta
servad

esse
on

raken
d
atu

d
ü
h
tlaselt

jaotatu
d

m
om

en
d
id

.

Ü
h
tlaselt

jaotatu
d

ko
orm

u
sele

allu
tatu

d
p
laad

i
lah

en
d
i
saam

isek
s

läh
tu

tak
se

k
u
u
en

d
at

järk
u

p
olü

n
o
om

id
est.

V
astavatele

p
in

getele
(m

id
a

siin
ei

esita,
k
u
id

m
is

sisald
avad

kon
stan

te
a

6
ja

b
6 )

lisatak
se

lah
en

d
(7.20)

ju
h
u
lb

4
=

0
ja

z-telje
sih

ilin
e

ü
h
tlan

e
tõm

m
e

σ
z

=
b

lah
en

d
ist

(7.19).
S
eega

tu
leb

ra
jatin

gim
u
stest

{

σ
z

=
0,

z
=

c;
σ

z
=

−
q,

z
=

−
c;

τ
rz

=
0,

z
=

±
c;

(7.22)

m
äärata

n
eli

kon
stan

ti
a

6 ,b
6 ,a

4
ja

b.
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Ü

m
a
rp

la
a
d
i
p
a
in

e
3
2
9

K
ok

k
u

saam
e



σ
r
=

q

[

2
+

ν

8

z
3

c
3
−

3(3
+

ν
)

32

r
2z

c
3
−

38

zc

]

,

σ
z

=
q

[

−
z

3

4c
3

+
34

zc
−

12

]

,

τ
rz

=
−

3qr

8c
3
(c

2
−

z
2).

(7.23)

V
alem

ite
(7.23)

p
u
h
u
l
on

h
u
v
itav

see,
et

esitatav
p
in

gejaotu
s

on
an

alo
ogilin

e
p
in

gete
σ

y
ja

τ
x
y

jaotu
sega

k
itsa

ristk
ü
lik

u
lise

tala
p
u
h
u
l
(v

õrd
le

valem
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õju
b

p
laad

i
tsen

tris.
E

lem
en

taarteo
o-

ria
p
u
h
u
l
esitab

p
in

get
p
laad

i
tsen

tris
valem

σ
r
=

3(3
+

ν
)

32

a
2z

c
3

,
(7.26)

s.o.
(7.25)

v
iim

an
e

liige.
K

u
i
p
laad

i
p
ak

su
s

2c
on

v
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n
o
om

e
(Q

0 (x
)

=
12
ln

1+
x

1−
x ,Q

1 (x
)

=
x2
ln

1+
x

1−
x
−

1,...)
kasu

tad
es

saab
leid

a
lah

en
d
eid

rõn
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läb

ip
ain

d
ed

on
v
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ü
d

d
eform

atsio
on

id
avald

ad
a

läb
i
siirete

C
au

ch
y

seoste
ab

il
n
in

g
seejärel
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rõ

n
g
a
sp

la
a
tid

e
p
a
in

d
e
ü
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õ
n
g
a
sp

la
a
t

3
4
7

7
.4

.4
R

õ
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d
u
d
e

avald
i-

sed
,
m

illed
est

siin
koh

al
esitam

e
vaid

siirete
om

a:


w
=

p
o a

4

64D

[−
1

+
2(1

−
k
−

2β
2)(1

−
ρ

2)
+

ρ
4
−

4k
ln

ρ
−

8β
2ρ

2
ln

ρ
]

,

ρ
=

ra
,

β
=

ba
,

k
=

(1
−

ν
)β

2
+

(1
+

ν
)(1

+
4β

2
ln

β
)

(1
−

ν
)
+

(1
+

ν
)β

2
β

2.

(7.66)

K
o
k
k
u
v
õ
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d
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d
u
d
e

avald
ised

.

7
.5

.
Ü
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Ü
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p
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=
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(7.68)

1V
t.

ka
A

.
C

.
U

gu
ral,

S
tresses

in
P

lates
an

d
S
h
ells,

B
oston

,
M

cG
raw

-H
ill,

1999
2P

in
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=
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Ü
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p
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p
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(
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raad
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p
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p
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äitek
s

2c/b
=
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=
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=
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=
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p
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p
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d
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c
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.
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d
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äb

ip
ain

e
w

on
vab

alt
to

etatu
d

serva
korral

ligikau
d
selt

sam
a,

m
is

ju
h
u
l
2

ja
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õp
ik

u
st

A
.
C

.
U

gu
ral,

S
tresses

in
P

lates
an

d
S
h
ells,

B
oston

,
M

cG
raw

-H
ill,

1999

7
.5

.2
.
Ü
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p
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p
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p
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läb

ip
ain

e
p
laad

i
keskel,

•
θ

—
p
laad

i
kesk

p
in

n
a

kald
en

u
rk

p
laad

i
servas,

•
ν

—
P
oisson

’i
tegu

r,
•

E
—

Y
ou

n
gi

m
o
o
d
u
l
(elastsu

sm
o
o
d
u
l).

7
.5

.2
.
Ü
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läb

ip
ain

ete
ja

kal-
d
en

u
rkad

e
arv

u
tam

isek
s.

N
r.

T
o
etu

sv
iis

ja
ko

orm
u
se

skeem
σ

m
a
x ,

w
m

a
x ,

θ
m

a
x



7
.5

.2
.
Ü
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p
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p
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=
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=
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p
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raken
d
a-

tu
d

ko
orm

u
sega:

su
u
ren

d
ad

es
(fi

k
seeritu
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p
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läb

ip
ain

e
sam

u
ti

2
kord

a.

•
K
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d
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p
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õrd

elin
e

p
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p
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d
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p
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p
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p
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äärtu

se
korral.



7
.5

.2
.
Ü
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jäigalt

k
in

n
itatu

d
servas
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õju

tegelik
u
lt

m
itte

k
u
n
agi

ü
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õi

8
vastavaid

valem
eid

.

4V
t.

lisak
s

A
.
C

.
U

gu
ral,

S
tresses

in
P

lates
an

d
S
h
ells,

B
oston

,
M

cG
raw

-H
ill,

1999



7
.5

.2
.
Ü
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õp
ik

u
st

A
.
C

.
U

gu
ral,

S
tresses

in
P

lates
an

d
S
h
ells,

B
oston

,
M

cG
raw

-H
ill,

1999



7
.5

.3
.
R

õ
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ü
m

arplaadiga):

•
a

—
p
laad

i
v
älisraad

iu
s,

•
b

—
p
laad

i
siseraad

iu
s,

•
t

—
p
laad

i
p
ak

su
s,

•
P

—
jo

on
ko

orm
u
s

(d
im

P
=

N
/m

),
m

is
on

ü
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läb
ip

ain
ete

arv
u
tam

isek
s.

J
u
h
tu

d
e

n
u
m

b
rid

vastavad
tab

elile
7.2;

P
oisson

’i
tegu

r
ν

=
0,3;

p
laad

i
p
ak

su
s

siseservas
t
1

=
bt

2 /a
.

N
r.

T
o
etu

sv
iis

K
o
orm

u
se

skeem
σ

m
a
x

w
m

a
x

7
.5

.3
.
R

õ
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