
1
4
3

P
e
a
tü

k
k

5

E
la

stsu
ste

o
o
ria

ta
sa

n
d
ü
le

sa
n
n
e

5
.1

.
T
a
sa

n
d
ü
lesa

n
d
e

m
õ
iste

1
4
4

5
.1

T
a
sa

n
d
ü
le

sa
n
d
e

m
õ
iste

S
ellek

s,
et

iselo
om

u
stad

a
pin

gu
st

v
õi

deform
atsioon

i
elastse

keha
pu

n
ktis

ka-
su

tatak
se

p
eap

in
ge

ja
p
ead

eform
atsio

on
i
m

õistet.
P

in
gu

se
p
u
h
u
l
eristatatk

se
järgm

ist
kolm

e
ju

h
tu

:

•
ru

u
m

pin
gu

s
—

k
õik

kolm
p
eap

in
get

on
n
u
llist

erin
evad

;

•
tasan

dpin
gu

s
—

kak
s

p
eap

in
get

on
n
u
llist

erin
evad

;

•
joon

pin
gu

s
—

vaid
ü
k
s

p
eap

in
ge

on
n
u
llist

erin
ev

.

A
n
alo

ogiliselt,
st.

läb
i
p
ead

eform
atsio

on
id

e,
d
efi

n
eeritak

se
ru

u
m

-,
tasan

d-
ja

joon
deform

atsioon
i.

Ü
ld

ju
h
u
l

v
õib

n
ii

p
in

gu
se

k
u
i

d
eform

atsio
on

i
iselo

om
olla

keh
a

erin
evates

p
u
n
k
tid

es
erin

ev
.
K

u
i
igas

keh
a

p
u
n
k
tis

on
p
in

gu
s

(d
eform

atsio
on

)
sam

a
ise-

lo
om

u
ga

siis
öeld

ak
se,

et
keh

as
on

ü
htlan

e
pin

gu
s

(deform
atsioon

).

E
lastsu

steo
oria

ü
lesan

n
et

n
im

etatak
se

tasan
dü

lesan
deks

(eh
k

tasap
in

n
alisek

s
ü
lesan

d
ek

s)
k
u
i
d
eform

atsio
on

v
õi

p
in

ge
on

kogu
keh

a
u
latu

ses
tasap

in
n
alin

e.
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T
a
sa

n
d
d
e
fo

rm
a
tsio

o
n

V
aad

eld
aval

ju
h
u
l
on

k
õigis

keh
a

p
u
n
k
tid

es
d
eform

atsio
on

tasap
in

n
alin

e,
st.

ü
k
s

p
ead

eform
atsio

on
id

est
on

n
u
ll.

T
asan

ddeform
atsioon

saab
tekkida

ku
i

siirded
u

=
u
(x

,y
),

v
=

v
(x

,y
),

w
=

0.
(5.1)

V
astavalt

C
au

ch
y

seostele
(4.2)



ε
x

=
∂
u

∂
x
,

ε
y

=
∂
v

∂
y
,

ε
z

=
∂
w∂
z

=
0,

γ
x
y

=
∂
u

∂
y

+
∂
v

∂
x
,

γ
y
z

=
∂
v

∂
z

+
∂
w∂
y

=
0,

γ
x
z

=
∂
u

∂
z

+
∂
w∂
x

=
0.

(5.2)

S
ellin

e
d
eform

atsio
on

iseisu
n
d

tek
ib

p
ikas

keh
as,

m
illele

m
õju

b
keh

a
p
in

n
aga

(z-teljega)
ristu

v
ko

orm
u
s.

√p
il-

d
id

N
äiteks:

p
ik

k
tu

gisein
;

(m
etro

o)tu
n
n
el;

p
ik

k
rad

iaalselt
su

ru
tu

d
v
õll;

p
ika

p
laad

i
silin

d
rilin

e
p
ain

e
(N

B
!
S
ain

t
V

en
an

t’i
p
rin

tsiip
).

5
.2

.
T
a
sa

n
d
d
efo

rm
a
tsioo

n
1
4
6

P
in

gete
leid

m
isek

s
kasu

tam
e

ü
ld

istatu
d

H
o
oke’i

sead
u
st

n
n
.
p
öörd

k
u
ju

l
(4.4):



σ
x

=
λ
θ

+
2µ

ε
x

=
(λ

+
2µ

)ε
x

+
λ
ε
y ,

τ
x
y

=
µ
γ

x
y ,

σ
y

=
λ
θ

+
2µ

ε
y

=
λ
ε
x

+
(λ

+
2µ

)ε
y ,

τ
y
z

=
µ
γ

y
z

=
0,

σ
z

=
λ
θ

+
2µ

ε
z

=
λ
(ε

x
+

ε
y ),

τ
z
x

=
µ
γ

z
x

=
0.

(5.3)

T
eisest

k
ü
ljest,

arvestad
es

H
o
oke’i

sead
u
st

k
u
ju

l
(4.3),

p
eab

ε
z

=
1E

[σ
z −

ν
(σ

x
+

σ
y )]

=
0,

k
u
st

saam
e

σ
z

=
ν
(σ

x
+

σ
y ).

K
u
n
a

siird
ed

u
ja

v
sõltu

vad
vaid

ko
ord

in
aatid

est
x

ja
y
,
siis

avald
iste

(5.2)
ja

(5.3)
p
õh

jal
ka

p
in

ge
σ

z
sõltu

b
vaid

ko
ord

in
aatid

est
x

ja
y
.
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T
a
sa

n
d
d
efo

rm
a
tsioo

n
1
4
7

T
asakaalu

võrran
did

(4.1):


∂
σ

x

∂
x

+
∂
τ
y
x

∂
y

+
∂
τ
z
x

∂
z

+
X

=
0,

∂
τ
x
y

∂
x

+
∂
σ

y

∂
y

+
∂
τ
z
y

∂
z

+
Y

=
0,

∂
τ
x
z

∂
x

+
∂
τ
y
z

∂
y

+
∂
σ

z

∂
z

+
Z

=
0.

A
rvestad

es
ü
lesan

d
e

sisu
jääb

järgi
kak

s
v
õrran

d
it



∂
σ

x

∂
x

+
∂
τ
y
x

∂
y

+
X

=
0,

∂
τ
x
y

∂
x

+
∂
σ

y

∂
y

+
Y

=
0,

(5.4)

k
u
sju

u
res

ka
m

ah
u
jõu

d
Z

=
0.

5
.2

.
T
a
sa

n
d
d
efo

rm
a
tsioo

n
1
4
8

R
ajatin

gim
u
stest

(4.5)


p
ν
x

=
σ

x l
+

τ
y
x m

+
τ
z
x n

,

p
ν
y

=
τ
x
y l

+
σ

y m
+

τ
z
y n

,

p
ν
z

=
τ
x
z l

+
τ
y
z m

+
σ

z n

jääb
sam

u
ti

alles
2

esim
est

v
õrran

d
it

—
{

p
ν
x

=
σ

x l
+

τ
y
x m

,

p
ν
y

=
τ
x
y l

+
σ

y m
;

(5.5)

•
keh

a
k
ü
lgp

in
d

on
p
aralleeln

e
z-tejega

n
in

g
seetõttu

n
orm

aali
su

u
n
ako

o-
sin

u
s

n
=

0;

•
p

ν
z

=
0

k
u
n
a

m
u
id

u
p
olek

s
m

eil
tasan

d
d
eform

atsio
on

i.
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T
a
sa

n
d
d
efo
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a
tsioo

n
1
4
9

P
idevu

svõrran
ditest

deform
atsioon

ides
(4.6)



∂
2ε

x

∂
y

2
+

∂
2ε

y

∂
x

2
=

∂
2γ

x
y

∂
x
∂
y

,

∂
2ε

y

∂
z

2
+

∂
2ε

z

∂
y

2
=

∂
2γ

y
z

∂
y
∂
z

,

∂
2ε

z

∂
x

2
+

∂
2ε

x

∂
z

2
=

∂
2γ

x
z

∂
x
∂
z

,

∂∂
x

(

∂
γ

x
z

∂
y

+
∂
γ

x
y

∂
z

−
∂
γ

y
z

∂
x

)

=
2

∂
2ε

x

∂
y
∂
z
,

∂∂
y

(

∂
γ

x
y

∂
z

+
∂
γ

y
z

∂
x

−
∂
γ

x
z

∂
y

)

=
2

∂
2ε

y

∂
x
∂
z
,

∂∂
z

(

∂
γ

y
z

∂
x

+
∂
γ

x
z

∂
y

−
∂
γ

x
y

∂
z

)

=
2

∂
2ε

z

∂
x
∂
y

jääb
alles

vaid
esim

en
e

∂
2ε

x

∂
y

2
+

∂
2ε

y

∂
x

2
=

∂
2γ

x
y

∂
x
∂
y

.
(5.6)

5
.3

.
T
a
sa

n
d
p
in

gu
s

1
5
0

5
.3

T
a
sa

n
d
p
in

g
u
s

V
aatlem

e
olu

kord
a,

k
u
s

k
õigis

keh
a

p
u
n
k
tid

es
ü
k
s

p
eap

in
getest

on
n
u
ll.

S
el-

lisel
ju

h
u
l
saam

e
valid

a
D

escartes’i
ristko

ord
in

aad
id

n
ii,

et

σ
x

=
σ

x (x
,y

),
σ

y
=

σ
y (x

,y
),

τ
x
y

=
τ
x
y (x

,y
),

σ
z

=
τ
x
z

=
τ
y
z

=
0.

(5.7)

S
ellin

e
p
in

gu
s

tek
ib

n
äitek

s
õh

u
keses

p
laad

is,
m

illele
m

õju
b

servad
es

raken
-

d
atu

d
ko

orm
u
s,

m
is

on
risti

z-teljega.
⋆

jo
o-

n
is

Ü
ld

istatu
d

H
o
oke’i

sead
u
sest

(4.3)
saam

e


ε
x

=
1E

[σ
x −

ν
(σ

y
+

σ
z )]

=
σ

x −
ν
σ

y

E
,

γ
x
y

=
τ
x
y

G
,

ε
y

=
1E

[σ
y −

ν
(σ

z
+

σ
x )]

=
σ

y −
ν
σ

x

E
,

γ
y
z

=
τ
y
z

G
=

0,

ε
z

=
1E

[σ
z −

ν
(σ

x
+

σ
y )]

=
−

ν
σ

x
+

σ
y

E
,

γ
z
x

=
τ
z
x

G
=

0.

(5.8)

T
asakaalu

v
õrran

d
id

on
tasan

d
p
in

gu
se

korral
sam

ad
k
u
i
olid

tasan
d
d
eform

at-
sio

on
i
korral,

st.
esitatu

d
k
u
ju

l
(5.4).
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ü
lesa

n
d
e

la
h
en

d
a
m

in
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1
5
1

5
.4

T
a
sa

n
d
ü
le

sa
n
d
e

la
h
e
n
d
a
m

in
e

p
in

g
e
te

s

V
äga

sageli
lah

en
d
atak

se
elastsu

steo
oria

ü
lesan

d
ed

p
in

getes,
sest

sellel
m

ee-
to

d
il

on
v
õrreld

es
siiretes

lah
en

d
am

isega
m

õn
ed

eelised
:

•
sageli

on
gi

ü
lesan

d
e

lah
en

d
in

a
va

ja
leid

a
vaid

p
in

geid
,

siird
ed

on
tei-

sejärgu
lise

täh
tsu

sega
n
in

g
n
eid

p
olegi

va
ja

leid
a;

•
ü
ld

ju
h
u
l
on

siirete
avald

ised
v
õrreld

es
p
in

gete
avald

isega
tu

n
d
u
valt

kee-
ru

kam
ad

.

T
u
n
dm

atu
d:

p
in

geten
sori

kom
p
on

en
d
id

σ
x ,σ

y
ja

τ
x
y .

5
.4

.
T
a
sa

n
d
ü
lesa

n
d
e

la
h
en

d
a
m

in
e

p
in

getes
1
5
2

E
sm

alt
p
eam

e
p
id

ev
u
stin

gim
u
se

(5.6)

∂
2ε

x

∂
y

2
+

∂
2ε

y

∂
x

2
=

∂
2γ

x
y

∂
x
∂
y

.

avald
am

a
p
in

getes.
S
ellek

s
kasu

tam
e

ü
ld

istatu
d

H
o
oke’i

sead
u
st

k
u
ju

l
(5.8)

k
u
st

leiam
e

va
jalik

u
d

osatu
letised

läb
i
p
in

gete:


∂
2ε

x

∂
y

2
=

1E

(

∂
2σ

x

∂
y

2
−

ν
∂

2σ
y

∂
y

2

)

,

∂
2ε

y

∂
x

2
=

1E

(

∂
2σ

y

∂
x

2
−

ν
∂

2σ
x

∂
x

2

)

,

∂
2γ

x
y

∂
x
∂
y

=
1G

∂
2τ

x
y

∂
x
∂
y

=
2(1

+
ν
)

E

∂
2τ

x
y

∂
x
∂
y
.

(5.9)

S
eega

saab
p
id

ev
u
stin

gim
u
s

k
u
ju

(

∂
2σ

x

∂
y

2
−

ν
∂

2σ
y

∂
y

2

)

+

(

∂
2σ

y

∂
x

2
−

ν
∂

2σ
x

∂
x

2

)

=
2(1

+
ν
) ∂

2τ
x
y

∂
x
∂
y
.

(5.10)
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a
sa

n
d
ü
lesa

n
d
e

la
h
en

d
a
m
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e

p
in

getes
1
5
3

V
iim

asest
avald

isest
saab

tasakaalu
v
õrran

d
ite

(5.4)
ab

il
ellim

in
eerid

a
n
ih

ke-
p
in

ge.
S
ellek

s
d
iferen

tseerim
e

(5.4)
1

x
järgi

ja
(5.4)

2
y

järgi


∂
2τ

y
x

∂
x
∂
y

=
−

∂
2σ

x

∂
x

2
−

∂
X∂
x

,

∂
2τ

x
y

∂
x
∂
y

=
−

∂
2σ

y

∂
y

2
−

∂
Y∂
y

.

(5.11)

E
eld

ad
es,

et
m

ah
u
jõu

on
kon

stan
tsed

,
saam

e
v
iim

aste
liitm

ise
tu

lem
u
sen

a

2
∂

2τ
y
x

∂
x
∂
y

=
−

∂
2σ

x

∂
x

2
−

∂
2σ

y

∂
y

2
.

(5.12)

A
sen

d
ad

es
v
iim

ase
tu

lem
u
se

p
id

ev
u
stin

gim
u
sse

(5.10)
saam

e
p
eale

teisen
d
u
si

∂
2(σ

x
+

σ
y )

∂
x

2
+

∂
2(σ

x
+

σ
y )

∂
y

2
=

0.
(5.13)

K
asu

tad
es

L
ap

lace’i
op

eraatorit
∇

2
saam

e
v
äljen

d
ad

a
tasan

dü
lesan

de
pide-

vu
stin

gim
u
se

pin
getes

k
u
ju

l

∇
2
(σ

x
+

σ
y )

=
0.

(5.14)

5
.4

.
T
a
sa

n
d
ü
lesa

n
d
e

la
h
en

d
a
m

in
e

p
in

getes
1
5
4

T
asan

d
ü
lesan

d
e

lah
en

d
am

in
e

p
in

getes
lih

tsu
stu

b
olu

liselt
k
u
i
tu

u
a

sisse
A

iry’
pin

gefu
n
ktsioon

ϕ
(x

,y
),

m
is

on
seotu

d
p
in

gekom
p
on

en
tid

ega
järgm

isel
k
u
ju

l:

σ
x

=
∂

2ϕ

∂
y

2
;

σ
y

=
∂

2ϕ

∂
x

2
;

τ
y
x

=
−

∂
2ϕ

∂
x
∂
y
−

X
y−

Y
x
,

(5.15)

k
u
s

X
ja

Y
on

kon
stan

tsed
m

ah
u
jõu

d
.
A

ltern
atiiv

n
e

v
õim

alu
s

sid
u
d
a

p
in

ge-
kom

p
on

en
d
id

ja
p
in

gefu
n
k
tsio

on
:

σ
x

=
∂

2ϕ

∂
y

2
−

X
x
;

σ
y

=
∂

2ϕ

∂
x

2 −
Y

y
;

τ
y
x

=
−

∂
2ϕ

∂
x
∂
y
.

(5.16)

N
ii

(5.15)
k
u
i
(5.16)

korral
on

tasakaalu
v
õrran

d
id

(5.4)
au

tom
aatselt

rah
u
ld

a-
tu

d
.
P
an

n
es

selliselt
d
efi

n
eeritu

d
p
in

gekom
p
on

en
d
id

p
id

ev
u
stin

gim
u
sse

(5.14)
saam

e
biharm

oon
ilise

võrran
di

∇
2

(

∂
2ϕ

∂
x

2
+

∂
2ϕ

∂
y

2

)

=
∇

2
(∇

2ϕ
)

=
0.

(5.17)
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n
d
e
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h
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d
a
m

in
e

p
in

getes
1
5
5

L
ah

ti
k
irju

tatu
lt

saab
v
iim

an
e

k
u
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õrran

d
i
ab

il.

5
.5

.
B
ih

a
rm

oo
n
ilise

võ
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õrran

d
i
(5.59)

3
kasu

tam
ise

p
u
h
u
l
tala

teljele

P
c
2

2G
I
(l−

x
)

=
3P

4G
c
(l−

x
)

(5.60)

5
.6

.
K

o
n
soo

li
pa

in
e

1
7
4

v
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tõep
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sem

”,
st.

vastab
en

am
tegelik

k
u
sele,

k
u
i
lü
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äärtu

ste
jaok

s
m
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Ü

h
tla

selt
koo

rm
a
tu

d
ta

la
pa

in
e

1
9
1

−
2

−
1.5

−
1

−
0.5

0
0.5

1
1.5

2

−
3

−
2

−
10123

 c =
 3

   l =
 5

 σ
x

 y

−
2

−
1.5

−
1

−
0.5

0
0.5

1
1.5

2

−
3

−
2

−
10123

 c =
 3

   l =
 5

 σ
y

 y
−

15
−

10
−

5
0

5
10

15

−
3

−
2

−
10123

 c =
 3

   l =
 1

5

 σ
x

 y

−
15

−
10

−
5

0
5

10
15

−
3

−
2

−
10123

 c =
 3

   l =
 1

5

 σ
y

 y

J
o
on

is
5.19:

P
in

ged
σ

x
ja

σ
y

ü
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=
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p
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p
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p
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p
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m
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m
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m
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p
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p
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p
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p
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p
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p
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p
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p
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ü
d

eeld
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=
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=
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K
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
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I
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−
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−
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x
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−
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−
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−
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+
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+
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=
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=
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=
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−
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=
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d
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p
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∂
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itak

se
arvesse

v
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p
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p
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=
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=
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+
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+
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+
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p
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õrgu

se
ja

p
ik

k
u
se

su
h
test

(v
t.

ala
jaotu

s
5.7

lk
.
196).

5
.8

.
H

ü
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+
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=
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=
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jatin

gim
u
stele
{

ρ
g
y

=
σ

x ·(−
1)

+
τ
y
x 0,

0
=
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⇒
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ra
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{
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+
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=
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⇒
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(5.78)

L
ah

en
d
i
leid

m
isel

läh
tu

m
e

k
u
u
p
p
olü
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+
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+
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+
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p
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+
d
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+
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+
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äem

e,
et

m
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√
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ü
lg

su
ru

tu
d
.
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=
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=
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−
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=
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p
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=
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σ
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τ
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−
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m
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ü
d
ro

sta
a
tiliselt

koo
rm

a
tu

d
vertika

a
ln

e
ko

n
soo

l
2
0
6

5
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d
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p
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=
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+
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+
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p
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p
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−
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+
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p
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p
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=
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m
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e
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.
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p
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õ
rra

n
d
id

ja
A

iry
’
p
in

g
e
fu

n
k
tsio

o
n

J
o
on

is
5.26:

V
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∂
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∂
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∂
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p
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u
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p
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p
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∂
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∂
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∂
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∂
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∂
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∇
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=
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p
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∫
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=
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−
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m
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ü
rid

ko
ord

in
aad

i
x

fi
k
seeritu

d
v
äärtu
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äikeste

sisep
in

gete
korral

on
k
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ü
h
tlase

vertikaalsiird
e

kogu
v
u
n
d
am

en
d
i
u
latu

ses.
V

iim
ase

valem
i
p
õh
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äärtu

ste
jaok

s
kasu

tad
es

eelm
ises

ala
jaotu

ses
to

o
d
u
d

valem
eid

.

L
ahen

du
s.

1.
N

orm
aalp

in
ge

σ
y

arv
u
tam

isek
s

saab
kasu

tad
a

valem
eid

(5.125),
(5.123)

2

v
õi
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õtted

on
sam

ad
,
m

is
eeln

evatel
ju

h
tu

d
el.

•
T
u
lem

u
sed

on
esitatu

d
jo

on
istel

5.39–5.41.
J
o
on

isel
5.39

on
osalõik
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õ
ju

poo
lru

u
m

ile
2
3
5

−
10

−
5

0
5

10

012345

 x

 y  ja   σ
y

−
10

−
5

0
5

10

012345

 x

 y  ja   τ
xy

 

J
o
on

is
5.37:

N
orm

aap
in

ge
σ

y
ja

n
ih

kep
in

ge
τ
x
y

ep
ü
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ä
id

e:
joo

n
koo

rm
u
se

m
õ
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