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älisjõu

d
u
d
e

toim
el

liigu
b

ta
asen

d
isse

A
′
ko

ord
in

aatid
ega

x
′,y ′,z ′.
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:
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d
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d
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p
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äitu
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d
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=
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‖
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;
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+
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d
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:
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∂
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∂
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∂
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∂
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y
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v
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∼
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lõik
u
d
e

A
B

ja
A

C
su

h
telised

p
iken

em
ised

(ko
ord

in
aatid
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ε
x

=
A
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′−

A
B

A
B

≈
A
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A
B

A
B

=
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x
−
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+
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+
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u

∂
x d
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x

d
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u

∂
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∂
u

∂
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≈
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C
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∂
v

∂
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∂
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β
1 ≈

tan
β

1
=

B
′B

′′

A
′B

′′
=

∂
v

∂
x d

x

d
x

+
∂
u

∂
x d

x
=

∂
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∂
x d

x
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+

∂
u

∂
x

︸
︷
︷
︸

=
ε
x ≪

1 )d
x

=
∂
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∂
x d

x
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=
∂
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∂
x

β
2 ≈
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′C

′′
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′′
=
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+
∂
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=
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u

∂
y

(3.4)
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+
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v

∂
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(3.5)
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d
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p
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∂
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∂
v

∂
y
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z

=
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x
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∂
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∂
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∂
x
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γ
y
z

=
∂
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∂
z
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∂
w∂
y
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∂
w∂
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.

(3.6)

S
aad

u
d

seoseid
n
im

etatak
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rra
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ä
r
g
ir

e
e
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=
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l
=
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=
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=
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d
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h
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B
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B
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S
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

A
B

=
√

d
x

2
+

d
y

2
+

d
z

2
=

d
r,

A
′B

′
=

√
(

d
x

+
∂
u

∂
r
d
r

)
2

+

(

d
y

+
∂
v

∂
r
d
r

)
2

+

(

d
z

+
∂
w∂
r

d
r

)
2

=
...
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d
r

√

1
+

2

(

l ∂
u

∂
r

+
m

∂
v

∂
r

+
n

∂
w∂
r

)

.

(3.8)
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†
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∂
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∂
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e
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=
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m
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y
+

n
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z
+
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+
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n
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y
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+

ln
γ

x
z .
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äik
u

v
t.

R
.
E

ek
,
L
.
P
ov

eru
s,

E
h
itu

sm
eh

aan
ika

II,
T
allin

n
,
V
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=
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e
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u
ju
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=
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γ

x
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ü
m

b
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orien
teeritu
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.
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eetrite
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x
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ε
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γ
x
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r −
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x −

m
2ε

y

lm
.

(3.12)
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lõp

m
ata

v
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d
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p
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d
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p
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d
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=
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=
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p
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d
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1 d
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1 d
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+
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√
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u
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=
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+
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d
ite

(3.6)
ab

il
on

v
õim

alik
ü
h
eselt

m
äärata

k
u
u
s

d
eform

atsio
on

ikom
p
on

en
ti

ε
x ,ε

y ,ε
z ,γ

x
y ,γ

y
z ,γ

x
z .

•
K

u
i

on
an

tu
d

k
u
u
s

d
eform

atsio
on

ikom
p
on

en
ti

ε
x ,ε

y ,ε
z ,γ

x
y ,γ

y
z ,γ

x
z ,

siis
p
ole

v
õrran

d
ite

(3.6)
ab

il
v
õim

alik
kolm

e
siird

ekom
p
on

en
ti

u
,v

,w

ü
h
eselt

m
äärata.

Ü
h
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lah
en

d
i

saam
isek

s
tu

leb
sisse

tu
u
a

k
u
u
t

d
efor-

m
atsio

on
ikom

p
on

en
ti

sid
u
vad

lisatin
gim

u
sed

(lisav
õrran

d
id

).
N

eid
lisa-

tin
gim

u
si

n
im

etatak
se

p
id

evu
stin

gim
u
steks. 5

5P
id

ev
u
stin

gim
u
si

n
im

etatak
se

ka
p
id

ev
u
sv

õrran
d
itek

s
v
õi

sob
iv

u
stin

gim
u
stek

s.
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gl.
k
.
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m
p
a
tib
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co

n
-

d
itio
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P
id

ev
u
stin

gim
u
sed

O
letam

e,
et

vaad
eld

av
keh

a
on

algolek
u
s
lõigatu

d
v
äikestek

s
k
u
u
p
id

ek
s
(jo

on
.

3.4
a).

K
u
i

iga
k
u
u
p
i

on
seejärel

erald
i

d
eform

eeritu
d
,

siis
on

n
en

d
e

u
u
esti

ü
h
en

d
am

in
e

selliselt,
et

tek
k
ik

s
p
id

ev
keh

a
ü
ld

ju
h
u
l

v
õim

atu
(jo

on
.

3.4
b
).

S
ellek

s,
et

p
eale

d
eform

atsio
on

i
olek

s
m

eil
en

d
iselt

tegu
p
id

eva
keh

aga
(jo

on
.

3.4
c),

p
eavad

k
u
u
p
id

e
d
eform

atsio
on

id
rah

u
ld

am
a

teatu
d

tin
gim

u
si,

m
id

a
eestikeelses

k
irjan

d
u
ses

n
im

etatak
se

tavaliselt
p
id

evu
stin

gim
u
steks.
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P
id

e
v
u
sv

õ
r
r
a
n
d
ite

tu
le

ta
m

in
e
.

D
iferen

tseerim
e

v
õrran

d
it

(3.6)
1

kak
s

kord
a

ko
ord

in
aad

i
y

järgi
ja

v
õrran

d
it

(3.6)
2

kak
s

kord
a

ko
ord

in
aad

i
x

järgi
n
in

g
liid

am
e

saad
u
d

tu
lem

u
sed

.

∂
2ε

x

∂
y

2
+

∂
2ε

y

∂
x

2
=

∂
3u

∂
x
∂
y

2
+

∂
3v

∂
x

2∂
y

=
∂

2

∂
x
∂
y

(
∂
u

∂
y

+
∂
v

∂
x

)

︸
︷
︷

︸
γ

x
y

=
∂

2γ
x
y

∂
x
∂
y
.

(3.16)

K
om

b
in

eerid
es

v
õrran

d
eid

(3.6)
1−

3
saam

e
veel

kak
s

an
alo

ogilist
p
id

e-
v
u
sv

õrran
d
it.

N
eist

aga
ei

p
iisa.

S
ellek

s,
et

saad
a

veel
kolm

v
õrran

d
it,

leiam
e

v
õrran

d
eist

(3.6)
4−

6
osatu

letised
≪
p
u
u
d
u
va

ko
ord

in
aad

i
≫

järgi,
liid

am
e

(3.6)
4−

5
ja

lah
u
-

tam
e

saad
u
d

su
m

m
ast

(3.6)
6 .

S
eejärel

v
õtam

e
saad

u
d

tu
lem

u
sest

osatu
letise

y
järgi:

∂∂
y

(
∂
γ

x
y

∂
z

+
∂
γ

y
z

∂
x

−
∂
γ

x
z

∂
y

)

=
2

∂
3v

∂
x
∂
y
∂
z

=
2

∂
2

∂
x
∂
z

(
∂
v

∂
y

)

=
2

∂
2ε

y

∂
x
∂
z
.

(3.17)
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it.
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k
u
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k
u
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p
id

ev
u
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õrran
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on
tu
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tu

d
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S
a
in

t-V
en

a
n
t’i

p
id

evu
svõ

rra
n
d
iten

a:


∂
2ε

x

∂
y

2
+

∂
2ε

y

∂
x

2
=

∂
2γ

x
y

∂
x
∂
y

,

∂
2ε

y

∂
z

2
+

∂
2ε

z

∂
y

2
=

∂
2γ

y
z

∂
y
∂
z

,

∂
2ε

z

∂
x

2
+

∂
2ε

x

∂
z

2
=

∂
2γ

x
z

∂
x
∂
z

,

∂∂
x

(
∂
γ

x
z

∂
y

+
∂
γ

x
y

∂
z

−
∂
γ

y
z

∂
x

)

=
2

∂
2ε

x

∂
y
∂
z

∂∂
y

(
∂
γ

x
y

∂
z

+
∂
γ

y
z

∂
x

−
∂
γ

x
z

∂
y

)

=
2

∂
2ε

y

∂
x
∂
z

∂∂
z

(
∂
γ

y
z

∂
x

+
∂
γ

x
z

∂
y

−
∂
γ

x
y

∂
z

)

=
2

∂
2ε

z

∂
x
∂
y

(3.18)
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S
aad

u
d

k
u
u
el

v
õrran

d
il

on
v
äga

selge
fü

ü
sikalin

e
sisu

.

1.
E

sim
esed

kolm
:

k
u
i

on
an

tu
d

n
orm

aald
eform

atsio
on

id
(su

h
telised

p
i-

ken
em

ised
)

kolm
es

ristu
vas

sih
is,

siis
n
en

d
e

sih
tid

ega
m

ääratu
d

tasan
-

d
ites

ei
saa

n
ih

ked
eform

atsio
on

i
m

eelevald
selt

ette
an

d
a,

vaid
n
ad

on
m

ääratu
d

avald
istega

(3.18)
1−

3 .

2.
V

iim
ased

kolm
:
k
u
i
on

an
tu

d
n
ih

ked
eform

atsio
on

id
kolm

es
ristu

vas
tasa-

p
in

n
as,

siis
ei

saa
n
orm

aald
eform

atsio
on

e
m

eelevald
selt

ette
an

d
a,

vaid
n
ad

on
m

ääratu
d

avald
istega

(3.18)
4−

6
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K
lassikalises
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steo
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keh
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ü
ld

ista
tu

d
H

oo
ke’i

sea
d
u
s:

d
eform

atsio
on

iten
sori

kom
p
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d
id

on
lin

eaarsed
fu

n
k
tsio

on
id

p
in

geten
sori

kom
p
on

en
tid

est.
K

õige
ü
ld

isem
al

ju
h
u
l
saab

vastavad
seosed

esitad
a

k
u
ju

l 6



ε
x

=
C

11 σ
x

+
C

12 σ
y
+

C
13 σ

z
+

C
14 τ

x
y
+

C
15 τ

y
z
+

C
16 τ

z
x

ε
y

=
C

21 σ
x

+
C

22 σ
y
+

C
23 σ

z
+

C
24 τ

x
y
+

C
25 τ

y
z
+

C
26 τ

z
x

ε
z

=
C

31 σ
x

+
C

32 σ
y
+

C
33 σ

z
+

C
34 τ

x
y
+

C
35 τ

y
z
+

C
36 τ

z
x

γ
x
y

=
C

41 σ
x

+
C

42 σ
y
+

C
43 σ

z
+

C
44 τ

x
y
+

C
45 τ

y
z
+

C
46 τ

z
x

γ
y
z

=
C

51 σ
x

+
C

52 σ
y
+

C
53 σ

z
+

C
54 τ

x
y
+

C
55 τ

y
z
+

C
56 τ

z
x

γ
z
x

=
C

61 σ
x

+
C

62 σ
y
+

C
63 σ

z
+

C
64 τ

x
y
+

C
65 τ

y
z
+

C
66 τ

z
x

(3.19)
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p
alju

!
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ellisel

k
u
ju
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p
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gete
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d
eform
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e
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elised

seosed
esitau

d
n
äitek

s
õp

ik
u
tes

R
.
E

ek
,
L
.
P
ov

eru
s,

E
h
itu

sm
eh

aan
ika

II,
T
allin

n
,
V

algu
s,

1967
ja

V
.
I.

S
am

u
l,

O
sn

ov
õ

T
eorii

U
p
ru

gosti
i
P

lastitšn
osti

/E
lastsu

s-
ja

p
lastsu

steo
oria

alu
sed

/,
M

osk
va,

V
õša

ja
Š
k
ola,

1982.
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ek
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e
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il
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ka-
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ses
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tu

gev
u
sõp

etu
ses.

N
eed

kak
s

kon
stan

ti
on

Y
ou

n
gi

m
o
o
d
u
l

E
ja

P
oisson

i
ko

efi
tsen

t
(P

oisson
i
tegu

r)
ν

•
T

õm
m

e–su
rve

(x
-telje

sih
is).

–
E

lastsu
skon

stan
t

eh
k

Y
ou

n
gi

m
o
o
d
u
l
E

:
ε
x

=
σ

x /E

–
P
oisson

i
ko

efi
tsen

t
ν
:
ε
y

=
−

ν
ε
x

•
N

ih
e

(x
y

tasan
d
is).

–
N

ih
keelastsu

sm
o
o
d
u
l
G

:
γ

x
y

=
τ
x
y /G

,
k
u
s

G
=

E

2(1
+

ν
) .

(3.20)
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ged
σ

x ,σ
y ,σ

z .
P

in
ge

σ
x

>
0

p
õh

ju
stab

p
iken

em
ist

x−
telje

sih
is

ja
lü

h
en

em
ist

y−
ja

z−
telje

sih
is.

A
n
a-

lo
ogilin

e
toim

e
on

n
orm

aalp
in

getel
σ

y
>

0
ja

σ
z

>
0.

S
eega

on
su

m
m

aarn
e

su
h
telin

e
p
iken

em
in

e
x−

telje
sih

is
eh

k
n
orm

aald
eform

atsio
on

ε
x

=
σ

x

E
−

ν
σ

y

E
−

ν
σ

z

E
=

1E
[σ

x −
ν
(σ

y
+

σ
z )].

(3.21)

N
ih

kep
in

gete
ja

n
ih

ked
eform

atsio
on

id
e

vah
elised

seosed
on

m
ääratu

d
H

o
oke’i

sead
u
sega

iga
ko

ord
in

aattasan
d
i

jaok
s

sõltu
m

atu
lt,

s.t.,
τ
x
y

p
õh

ju
stab

vaid
n
ih

et
γ

x
y ,

jn
e.

(v
rd

.
n
orm

aald
eform

atsio
on

id
ega).

K
ok

k
u

saam
e

k
u
u
s

v
õrran

d
it,

m
is

esitavad
ü
ld

ista
tu

d
H

oo
ke’i

sea
d
u
st

isot-
ro

op
se

id
eaalselt

elastse
keh

a
jaok

s:


ε
x

=
1E

[σ
x −

ν
(σ

y
+

σ
z )],

γ
x
y

=
1G

τ
x
y ,

ε
y

=
1E

[σ
y −

ν
(σ

z
+

σ
x )],

γ
y
z

=
1G

τ
y
z ,

ε
z

=
1E

[σ
z −

ν
(σ

x
+

σ
y )],

γ
z
x

=
1G

τ
z
x .

(3.22)
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e
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u
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d
e
fo

r
m
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tsio

o
n
i
ja

o
k
s

V
astavalt

ü
ld

istatu
d

H
o
oke’i

sead
u
sele

(3.22)

ε
x

+
ε
y
+

ε
z

︸
︷
︷

︸

=
θ

=
(1−

2ν
)

E
(σ

x
+

σ
y
+

σ
z )

︸
︷
︷

︸

=
I

σ1

(3.23)

S
eega

θ
=

(1−
2ν

)I
σ1

E
.

(3.24)

S
u
u
ru

st
θ

=
ε
x
+

ε
y +

ε
z
n
im

etatak
se

ru
u
m

d
efo

rm
a
tsioo

n
iks

ja
ta

on
ü
h
tlasi

ka
d
eform

atsio
on

iten
sori

esim
en

e
in

varian
t.

T
u
u
es

sisse
ru

u
m

p
aisu

m
ism

o
o
d
u
li

K
ja

kesk
m

ise
p
in

ge
σ

0 ,

K
=

E

3(1−
2ν

) ,
σ

0
=

σ
x

+
σ

y
+

σ
z

3
=

I
σ13
,

(3.25)

saam
e

lin
eaarse

seose
kesk

m
ise

p
in

ge
ja

ru
u
m

d
eform

atsio
on

i
vah

el
k
u
ju

l

σ
0

=
K

θ.
(3.26)
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e

d
e
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r
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tsio

o
n
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e
k
a
u
d
u

L
iid

am
e

avald
ise

(3.22)
1

p
arem

ale
p
o
olele

ja
lah

u
tam

e
avald

ise
(3.22)

1
p
are-

m
ast

p
o
olest

su
u
ru

se
1E
ν
σ

x :

ε
x

=
1E

[σ
x

+
ν
σ

x −
ν
σ

x −
ν
(σ

y
+

σ
z )]

=
1E

[(1
+

ν
)σ

x −
ν
I

σ1
].

(3.27)

A
vald

ad
es

(3.24)-st
in

varian
d
i
I

σ1
=

E
θ/(1−

2ν
),

saam
e

ε
x

=
(1

+
ν
)σ

x

E
−

ν
θ

(1−
2ν

) ,
k
u
st

σ
x

=
E

ν
θ

(1
+

ν
)(1−

2ν
)

+
E

ε
x

1
+

ν
(3.28)

T
u
u
es

sisse
L
a
m

é
koefi

tsien
d
id

λ
=

E
ν

(1
+

ν
)(1−

2ν
) ,

µ
=

E

2(1
+

ν
)

=
G

,
(3.29)

saam
e

valem
ist

(3.28)
2

σ
x

=
λ
θ

+
2µ

ε
x .

3
.5

.
Ü
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sõltu

van
a

d
eform

atsio
on

ist
k
u
ju

l


σ
1

σ
2

σ
3

σ
4

σ
5

σ
6



=



C
11

C
12

C
13

C
14

C
15

C
16

C
21

C
22

C
23

C
24

C
25

C
26

C
31

C
32

C
33

C
34

C
35

C
36

C
41

C
42

C
43

C
44

C
45

C
46

C
51

C
52

C
53

C
54

C
55

C
56

C
61

C
62

C
63

C
64

C
65

C
66



·



ε
1

ε
2

ε
3

ε
4

ε
5

ε
6



(3.36)

7V
t.

n
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öörd

e
korral.

O
rtotro

op
se

m
aterjali

iselo
om

u
stam

isek
s
on

va-
ja

ü
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tö

ö
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ö
ja

d
e
fo

rm
a
tsio

o
n
i
p
o
te

n
tsia

a
ln

e
e
n
e
rg

ia
1
0
9

•
V

aatlem
e

tah
ke,

m
is

on
risti

x
teljega

ja
tah

ke,
m

is
on

risti
y

teljega.
E

eld
am

e,
et

n
ih

kep
in

gete
toim

el
m

u
u
tu

b
n
u
rk

x
ja

y
telje

vah
el

v
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ö
ja

d
e
fo

rm
a
tsio

o
n
i
p
o
te

n
tsia

a
ln

e
e
n
e
rg

ia
1
1
2

leiam
e

avald
istest

(3.43)


∂
W∂
ε
x

=
λ
θ

+
2µ

ε
x

=
σ

x ,

∂
W

∂
γ

x
y

=
µ
γ

x
y

=
τ
x
y ,

...
(3.47)

E
t
leid

a
keh

as
salvestu

n
u
d

su
m

m
aarn

e
p
oten

tsiaaln
e

en
ergiaW

tu
leb

p
oten

t-
siaalse

en
ergia

tih
ed

u
st

in
tegreerid

a
ü
le

koh
u

keh
a

ru
u
m

ala
V

,
st.

W
=

∫

V

W
d
V

=

∫
∫

∫

V

W
d
x
d
y
d
z.

(3.48)

R
aken

d
es

C
lap

ey
ron

i
valem

it
avald

u
b

su
m

m
aarn

e
p
oten

tsiaaln
e

en
ergia

k
u
ju

l

W
=

12

∫
∫

∫

V

(σ
x ε

x
+

σ
y ε

y
+

σ
z ε

z
+

τ
x
y γ

x
y
+

τ
y
z γ

y
z
+

τ
z
x γ

z
x )

d
x
d
y
d
z.

(3.49)


