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äb

ip
ain

ete
v
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ü
lesan

d
e

täp
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õ
r
r
a
n
d
i

la
h
e
n
d
a
m

in
e

r
istk

ü
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y
.

(6.45)

K
u
n
a

in
tegraal

∫

a

0

sin
m

π
x

a
d
x

=

{

2a
/m

π
,

k
u
i

m
=

1,3,5,...

0,
k
u
i

m
=

2,4,6,...
(6.46)
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=
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E
lastse

p
in

n
a

avald
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tu
d

ju
h
u
l
k
u
ju

w
(x

,y
)

=
16p

π
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∞
∑

m
=

1,3,5

∞
∑

n
=

1,3,5

1

m
n

[(m
/a

)
2
+

(n
/b)
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π
x

a
sin

n
π
y

b
.

(6.48)
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u
i
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a
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laad
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ü
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β
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∑
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∞
∑
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β
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(6.49)
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p
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l
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valem
eid
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M
x

=
16pa

2

π
4

∞
∑

m
=

1,3,5

∞
∑
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+
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∑
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∑
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+
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∑
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∞
∑
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∞
∑
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∞
∑
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+
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ü
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d
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d
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0 .
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p
in

n
ale

d
x
d
y

p
u
n
k
ti

K
ü
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b
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P

d
x
d
y
.

(6.51)
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leb
arvestad

a,
et

see
in

tegraal
on

n
u
ll

k
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p
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p
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∫
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π
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x
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1,3,5
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∑
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π
x
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π
y
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)
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+
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p
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i
k
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=
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=
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=
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e
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it

(6.49).
V

a
ja

on
leid

a
järgm
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su

u
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sed
:

•
sin

(m
π
x
/a

),...

•
1/

{

m
n

[m
2
+

(n
/β

)
2
]

2
}

,
m

,n
=

1,3

•
w

avald
is

arvestad
es,

et
D

=
E

h
3/[12(1

−
ν

2)].

T
u
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u
sen

a
saam

e
w

=
0,0443pa

4/E
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3.
(6.54)

P
a
in

d
e
m

o
m

e
n
d
id

p
la

a
d
i
k
e
sk

e
l.

A
n
alo

ogilin
e

p
rotsed

u
u
r

an
n
ab

tu
lem

u
sek

s

M
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=
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2.

(6.55)
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=
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=
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−
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õ
ik

jõ
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o
n
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=

0
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Q
x

=
0,28pa

;
R

x
=
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.
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p
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=
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−
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=
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p
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lü
h
e
m

a
k
ü
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jõu
d
u
sid

ü
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6
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V

õ
r
g
u
m

e
e
to

d
e
h
k

lõ
p
lik

e
v
a
h
e
d
e

m
e
e
to

d

V
õrgu

m
eeto

d
eh

k
lõp

like
vah

ed
e

m
eeto

d
on

ü
k
s

d
iferen

tsiaalv
õrran

d
ite

n
u
m

b
rilise

(arv
u
lise)

lah
en

d
am

ise
m

eeto
d
itest.

J
o
on

is
6.12:

F
u
n
k
tsio

on
f
(x

)
ja

tem
a

v
äärtu

sed
v
õrgu

sõlm
ed

es
f
(x

i )
=

f
i .

M
e
e
to

d
i
id

e
e
:

tu
letised

leitak
se

n
n
.
lõp

like
vah

ed
e

ab
il.
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V

aatlem
e

ü
h
e

m
u
u
tu

ja
fu

n
k
tsio

on
i
f
(x

)
(v

t.
jo

on
is

6.12)

•
J
agam

e
x

telje
osad

ek
s

v
õrd

se
sam

m
u
ga

∆
≡

∆
x

—
saam

e
1D

v
õrgu

,
m

ille
i−

n
d
as

p
u
n
k
tis

x
=

x
i
ja

f
(x

i )
=

f
i .

•
T
u
letised

p
u
n
k
tis

x
i
leitak

se
valem

ite
ab

il,
m

is
p
õh

in
evad

tu
letise

d
efi

-
n
itsio

on
il:

f
′(x

)
=

lim
∆

x
→

0

f
(x

+
∆

x )
−

f
(x

)

∆
x

,
f
′′(x

)
=

[f
′(x

)] ′,...
(6.62)

•

f
′(x

i )
=

f
′i
=

f
i+

1
−

f
i−

1

2∆
,

f
′′(x

i )
=

f
′′i

=
f
′i+

1
−

f
′i−

1

2∆
=

f
i+

2
−

2f
i +

f
i−

2

4∆
2

=

=
f
′i+

1/
2
−

f
′i−

1/
2

∆
=

f
i+

1
−

2f
i +

f
i−

1

∆
2

,
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k
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p
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e
v
a
h
ed

e
m

ee
to

d
2
9
2

f
′′′(x

i )
=

f
′′′
i

=
f
′′i+

1
−

f
′′i−

1

2∆
=

f
i+

2
−

2f
i+

1
+

2f
i−

1
−

f
i−

2

2∆
3

,

f
′′′′(x

i )
=

f
′′′′
i

=
f

I
V

i
=

f
′′′
i+

1
−

f
′′′
i−

1

2∆
=

f
′′i+

1
−

2f
′′i
+

f
′′i−

1

∆
2

=

=
f

i+
2
−

4f
i+

1
+

6f
i
−

4f
i−

1
+

f
i−

2

∆
4

.

(6.63)

•
T

ih
ti

esitatak
se

n
eed

ja
n
en

d
ega

sarn
ased

valem
id

n
n
.
graafi

liste
op

eraa-
torite

ab
il

(v
t.

jo
on

is
6.13),

m
is

esitavad
v
õrgu

sõlm
ed

es
leitu

d
fu

n
k
t-

sio
on

i
v
äärtu

ste
f

i−
2 ,f

i−
1 ,...

kord
a
jaid

.

•
O

lles
n
äitek

s
täh

istan
u
d

i−
n
d
ale

tu
letisele

vastava
graafi

lise
op

eraatori
T

i ,
saam

e
fu

n
k
tsio

on
i
f

tu
letiste

leid
m

isek
s

valem
id

f
′i
=

T
1 f

2∆
,

f
′′i

=
T

2 f

∆
2
,

f
′′′
i

=
T

3 f

2∆
3 ,

f
′′′′
i

=
T

4 f

∆
4
.

(6.64)

•
N

im
etatu

d
graafi

lised
op

eraartorid
on

k
u
i
trafaretid

,
m

illega
liigu

tak
se

m
ööd

a
v
õrk

u
ja

m
ääratak

se
f

i−
2 ,f

i−
1 ,...

kord
a
jad

i−
n
d
as

sõlm
es.
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õ
rg

u
m

ee
to

d
e
h
k

lõ
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J
o
on

is
6.13:

G
raafi

lised
op

eraatorid
fu

n
k
tsio

on
i
f
(x

)
tu

letiste
f
′i ...f

′
′
′
′

i
n
u
m

b
rilisek

s
leid

m
i-

sek
s.
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e
v
a
h
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e
m

ee
to

d
2
9
4

P
laad

i
elastse

p
in

n
a

siird
ed

,
sisejõu

d
ja

to
ereak

tsio
on

d
on

kah
e

m
u
u
tu

ja,
x

ja
y
,
fu

n
k
tsio

on
id

.
S
eega

on
n
en

d
e

korral
va

ja
n
u
m

b
riliselt

m
äärata

osatu
letisi

n
ii

x
k
u
i
y

järgi.
V

astavad
valem

id
on

an
alo

ogilised
ü
h
e

m
u
u
tu

ja
fu

n
k
tsio

o-
n
id

e
ju

u
res

kasu
tatu

tega.
N

ü
ü
d

tu
leb

vaid
kasu

tad
a

kah
te

in
d
ek

sit,
n
äitek

s
p
u
n
k
tis

x
=

x
i
ja

y
=

y
k

osatu
letis

∂
f
(x

,y
)

∂
x

=
f

i+
1,k

−
f

i−
1,k

2∆
x

ja
∂
f
(x

,y
)

∂
y

=
f

i,k
+

1
−

f
i,k

−
1

2∆
y

,
(6.65)

k
u
s

∆
x

ja
∆

y
on

vastavalt
v
õrgu

sam
m

u
d

x
−

ja
y
−

teljel.

•
K

u
n
a

vaatlem
e

ristk
ü
lik

p
laate,

siis
p
ole

va
ja

osad
ek

s
jagad

a
kogu

x
ja

y
telge

—
p
iird

u
m

e
vaid

p
laad

i
k
ü
lged

e
p
ik

k
u
ste

lõik
u
d
ega

( jo
on

is
lo

en
-

gu
s).

T
eisisõn

u
,

vaatlem
a

lõike
0
≤

x
≤

a
ja

0
≤

y
≤

b,
m

ille
jagam

e
osad

ek
s

sam
m

u
d
ega

∆
x

=
am

,
∆

y
=

bn
,

(6.66)

•
V

aatlem
e

p
laad

i
elastse

p
in

n
a

(d
iferen

tsiaal)v
õrran

d
it

(6.10)

∂
4w

∂
x

4
+

2
∂

4w

∂
x

2∂
y

2
+

∂
4w

∂
y

4
=

p(x
,y

)

D
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T
u
u
es

sisse
täh

istu
se

W
(x

,y
)

=
D

w
(x

,y
),

S
aam

e
v
iim

asele
k
u
ju

∂
4W

∂
x

4
+

2
∂

4W

∂
x

2∂
y

2
+

∂
4W

∂
y

4
=

p(x
,y

)
eh

k
∇

2
(∇

2W
)

=
p.

(6.67)

V
iim

ases
v
õrran

d
is

on
va

ja
leid

a
n
eljan

d
at

järk
u

osatu
letised

x
ja

y
järgi

n
in

g
sam

u
ti

n
eljan

d
at

järk
u

segaosatu
letis.

•
V

õrran
d
i
(6.67)

vasak
u
t

p
o
olt

saab
k
u
ju

tad
a

graafi
lise

op
eraatori

B
ab

il
(

v
t.

jo
on

is
6.14).

S
ellek

s
tu

leb
liita

v
õrran

d
i
liik

m
etele

vastavad
graafi

-
lised

op
eraatorid

n
in

g
tu

u
a

sisse
täh

istu
s

α
=

∆
x

∆
y

⇒
1∆
y

=
α∆

x
.

(6.68)

•
S
eejärel

saab
b
ih

arm
o
on

ilin
e

v
õrran

d
(6.67),

st.
p
laad

i
elastse

p
in

n
a

d
i-

feren
tsiaalv

õrran
d
,
k
u
ju

B
W

=
p∆

4x .
(6.69)
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•
V

õ
r
g
u
p
u
n
k
tid

e
liig

itu
s.

V
astavalt

valem
itele

(6.66)
olem

e
katn

u
d

ristk
ü
lik

p
laad

i
v
õrgu

ga
k
u
s

on
(m

+
1)(n

+
1)

p
u
n
k
ti

eh
k

sõlm
e

(jo
on

is
lo

en
gu

s ).

–
V

õrgu
p
u
n
k
te,

m
is

asetsevad
p
laad

i
servad

el
n
im

etam
e

se
rv

a
p
u
n
k
ti-

d
e
k
s

e
h
k

ra
ja

p
u
n
k
tid

e
k
s.

–
V

õrgu
p
u
n
k
te,

m
is

asetsevad
servap

u
n
k
tid

est
seesp

o
ol

n
im

etam
e

a
v
a
p
u
n
k
tid

e
k
s.

–
K

u
n
a

n
eljan

d
a

tu
letise

arv
u
tam

ise
valem

eis
on

va
ja

tead
a

fu
n
k
tsio

o-
n
i
v
äärtu

si
kah

es
n
aab

erreas
v
õi

n
aab

erveeru
s,

siis
tu

leb
sisse

tu
u
a

n
n
.
v
ä
lis-

e
h
k

lisa
p
u
n
k
tid,

m
is

asu
vad

v
äljasp

o
ol

p
laati.

F
u
n
k
tsio

on
i

v
äärtu

sed
n
eis

p
u
n
k
tid

es
m

ääratak
se

ra
jatin

gim
u
stest.

T
avaliselt

on
v
õim

alik
p
iird

u
d
a

ü
h
e

rea
v
älisp

u
n
k
tid

ega.

–
P

u
n
k
tid

e
arv

p
laad

il
on

(m
+

1)(n
+

1),
n
eist

(m
−

1)(n
−

1)
on

avap
u
n
k
tid

ja
(m

+
1)(n

+
1)

−
(m

−
1)(n

−
1)

=
2(m

+
n
)

serva-
eh

k
ra

jap
u
n
k
tid

.
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•
P

la
a
d
i
p
a
in

d
e
ü
le

sa
n
d
e

la
h
e
n
d
a
m

ise
k
s

tu
leb

lõp
likes

vah
ed

es
esita-

tu
d

b
ih

arm
o
on

ilin
e

v
õrran

d
k
u
ju

l
(6.69)

lah
ti

k
irju

tad
a

igas
avap

u
n
k
tis.

–
T
u
lem

u
sen

a
saam

e
v
õrran

d
isü

steem
i,

k
u
s

on
avap

u
n
k
tid

e
arv

u
ga

v
õrd

n
e

arv
algeb

ralisi
v
õrran

d
eid

.
S
aad

u
d

sü
steem

i
lah

en
d

an
n
ab

k
i

m
eile

p
laad

i
elastse

p
in

n
a

siird
ed

(läb
ip

ain
d
ed

)
avap

u
n
k
tid

es.

–
S
ervap

u
n
k
tid

e
siird

ed
on

esitatu
d

ra
jatin

gim
u
ste

ab
il.

•
K

u
i
siird

ed
on

leitu
d
,
siis

n
en

d
e

ab
il

saam
e

leid
a

sisejõu
d

vastavalt
va-

lem
itele

(6.13)


M
x

=
−

D

(

∂
2w

∂
x

2
+

ν
∂

2w

∂
y

2

)

=
−

(

∂
2W

∂
x

2
+

ν
∂

2W

∂
y

2

)

=
M

x W

∆
2x

,

M
y

=
−

D

(

∂
2w

∂
y

2
+

ν
∂

2w

∂
x

2

)

=
−

(

∂
2W

∂
y

2
+

ν
∂

2W

∂
x

2

)

=
M

y W

∆
2y

,

T
x
y

=
−

(1
−

ν
)D

∂
2w

∂
x
∂
y

=
−

(1
−

ν
)
∂

2W

∂
x
∂
y

=
(1

−
ν
)α

T
x
y W

4∆
2x

(6.70)
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(6.14)


Q
x

=
−

D

(

∂
3w

∂
x

3
+

∂
3w

∂
x
∂
y

2

)

=

(

∂
3W

∂
x

3
+

∂
3W

∂
x
∂
y

2

)

=
Q

x W

2∆
3x

,

Q
y

=
−

D

(

∂
3w

∂
x

2∂
y

+
∂

3w

∂
y

3

)

=

(

∂
3W

∂
x

2∂
y

+
∂

3W

∂
y

3

)

=
α
Q

y W

2∆
3x

.

(6.71)

M
x ,M

y ,T
x
y ,Q

x
ja

Q
y

on
graafi

lised
op

eraatorid
(v

t.
jo

on
.

(6.15)
ja

(6.16)).

•
T
o
ereak

tsio
on

id
e

leid
m

ise
ju

u
res

õn
n
estu

b
p
laad

i
elastse

p
in

n
a

v
õrran

d
i

ab
il

ellim
in

eerid
a

n
n
.
teise

rea
v
älisp

u
n
k
tid

.
K

asu
tad

es
graafi

lisi
op

eraa-
toreid

R
x

ja
R

y
(v

t.
jo

on
.
(6.17)–(6.20))

saab
vastavad

avald
ised

esitad
a

k
u
ju

l

R
x

=
R

x W

2∆
3x

−
p∆

x

2
,

R
y

=
1α

R
y W

2∆
3x

−
p∆

x

2
.

(6.72)
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ü
m

m
eetria
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lõ
p
lik

e
v
a
h
ed

e
m

ee
to

d
3
1
1

0
10

20
30

40
50

60
70

80
90

100
0 5 10 15 20 25 30 35 40 45

n

k
1
* relatiivne viga, %

Jäik kinnitus

J
o
on

is
6.22:

6
.7

.2
.
V

õ
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äärtu

st
tab

elites
an

tu
d

kon
stan

d
iga

k
1

tu
leb

W
1

jällegi
jagad

a
su

u
ru

sega
n

4/[12(1
−

ν
2)].

T
u
lem

u
sek

s
on

k
∗1

=
0.0440,

m
is

erin
eb

tab
elist

saad
u
d

v
äärtu
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õrgu

-
p
u
n
k
tid

e
arv

u
st).

K
a

p
ain

d
em

om
en

tid
e

v
äärtu
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lõ
p
lik

e
v
a
h
ed

e
m

ee
to

d
3
1
5

0
10

20
30

40
50

60
70

80
90

100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

n

k
1
* relatiivne viga, %

V
aba toetus

J
o
on

is
6.24:

6
.7

.2
.
V

õ
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