
1

P
e
a
tü

k
k

4

E
la

stsu
ste

o
o
ria

p
õ
h
iv

õ
rra

n
d
id

,
n
e
n
d
e

la
h
e
n
d
u
sm

e
e
to

d
id

ja
lih

tsa
m

a
d

ru
u
m

ilise
d

ü
le

sa
n
d
e
d

4
.1

.
E
la

stsu
steo

o
ria

p
õ
h
iv

õ
rra

n
d
id

4
-

2

4
.1

E
la

stsu
ste

o
o
ria

p
õ
h
iv

õ
rra

n
d
id

1.
T
asakaalu

(diferen
tsiaal)võrran

did
(2.6)

(3
võrran

dit):


∂
σ

x

∂
x

+
∂
τ
y
x

∂
y

+
∂
τ
z
x

∂
z

+
X

=
0,

∂
τ
x
y

∂
x

+
∂
σ

y

∂
y

+
∂
τ
z
y

∂
z

+
Y

=
0,

∂
τ
x
z

∂
x

+
∂
τ
y
z

∂
y

+
∂
σ

z

∂
z

+
Z

=
0.

(4.1)

2.
C

au
chy

seosed
(3.6)

(6
võrran

dit):



ε
x

=
∂
u

∂
x
,

ε
y

=
∂
v

∂
y
,

ε
z

=
∂
w∂
z

,

γ
x
y

=
∂
u

∂
y

+
∂
v

∂
x
,

γ
y
z

=
∂
v

∂
z

+
∂
w∂
y

,
γ

x
z

=
∂
u

∂
z

+
∂
w∂
x

.

(4.2)



4
.1

.
E
la

stsu
steo

o
ria

p
õ
h
iv

õ
rra

n
d
id

4
-

3

3.
Ü

ldistatu
d

H
ooke’i

seadu
s

(6
võrran

dit)
n
n
.
otsesel

ku
ju

l
(3.22)

:


ε
x

=
1E

[σ
x
−

ν
(σ

y
+

σ
z )],

γ
x
y

=
1G

τ
x
y ,

ε
y

=
1E

[σ
y
−

ν
(σ

z
+

σ
x )],

γ
y
z

=
1G

τ
y
z ,

ε
z

=
1E

[σ
z
−

ν
(σ

x
+

σ
y )],

γ
z
x

=
1G

τ
z
x

(4.3)

või
n
n
.
pöördku

ju
l
(3.30)



σ
x

=
λ
θ

+
2µ

ε
x ,

τ
x
y

=
µ
γ

x
y ,

σ
y

=
λ
θ

+
2µ

ε
y ,

τ
y
z

=
µ
γ

y
z ,

σ
z

=
λ
θ

+
2µ

ε
z ,

τ
z
x

=
µ
γ

z
x .

(4.4)

V
õrran

d
eid

kok
k
u

15.

T
u
n
d
m

atu
d

kok
k
u

15:
6

p
in

geten
sori

kom
p
on

en
ti

+
6

d
eform

atsio
on

iten
sori

kom
p
on

en
ti

+
3

siird
evek

tori
kom

p
on

en
ti.

4
.1

.
E
la

stsu
steo

o
ria

p
õ
h
iv

õ
rra

n
d
id

4
-

4

R
ajatin

gim
u
sed

ehk
ääretin

gim
u
sed

ehk
servatin

gim
u
sed

v
õivad

olla
kolm

e
p
õh

itü
ü
p
i.

1.
K

eh
a

v
älisp

in
n
al

on
an

tu
d

p
in

d
jõu

d
(2.14):



p
ν
x

=
σ

x l
+

τ
y
x m

+
τ
z
x n

,

p
ν
y

=
τ
x
y l

+
σ

y m
+

τ
z
y n

,

p
ν
z

=
τ
x
z l

+
τ
y
z m

+
σ

z n
.

(4.5)

2.
K

eh
a

v
älisp

in
n
al

on
an

tu
d

siird
ed

.
P

õh
im

õtteliselt
täh

en
d
ab

see
sed

a,
et

on
an

tu
d

keh
a

v
älisp

in
n
a

liik
u
m

issead
u
s.

3.
O

sal
keh

a
p
in

n
ast

on
an

tu
d

siird
ed

ja
osal

p
in

d
jõu

d
.

V
õib

esin
ed

a
veelgi

kom
p
litseeritu

m
aid

ju
h
te,

k
u
s

m
in

gil
osal

keh
a

p
in

n
ast

on
an

tu
d

n
äitek

s
ü
k
s

kolm
est

siird
ekom

p
on

en
d
ist

ja
kak

s
p
in

d
jõu

kom
p
on

en
ti.



4
.1

.
E
la

stsu
steo

o
ria

p
õ
h
iv

õ
rra

n
d
id

4
-

5

P
idevu

stin
gim

u
sed.

K
u
i
p
õh

im
u
u
tu

jatek
s

on
valitu

d
d
eform

atsio
on

id
v
õi

p
in

ged
,
siis

on
tarv

is
ar-

vestad
a

ka
p
id

ev
u
stin

gim
u
si

(3.18):


∂
2ε

x

∂
y

2
+

∂
2ε

y

∂
x

2
=

∂
2γ

x
y

∂
x
∂
y

,

∂
2ε

y

∂
z

2
+

∂
2ε

z

∂
y

2
=

∂
2γ

y
z

∂
y
∂
z

,

∂
2ε

z

∂
x

2
+

∂
2ε

x

∂
z

2
=

∂
2γ

x
z

∂
x
∂
z

,

∂∂
x

(
∂
γ

x
z

∂
y

+
∂
γ

x
y

∂
z

−
∂
γ

y
z

∂
x

)

=
2

∂
2ε

x

∂
y
∂
z
,

∂∂
y

(
∂
γ

x
y

∂
z

+
∂
γ

y
z

∂
x

−
∂
γ

x
z

∂
y

)

=
2

∂
2ε

y

∂
x
∂
z
,

∂∂
z

(
∂
γ

y
z

∂
x

+
∂
γ

x
z

∂
y

−
∂
γ

x
y

∂
z

)

=
2

∂
2ε

z

∂
x
∂
y
.

(4.6)

4
.2

.
E
la

stsu
steo

o
ria

ü
le

sa
n
n
e
te

la
h
e
n
d
u
sm

ee
to

d
id

4
-

6

4
.2

E
la

stsu
ste

o
o
ria

ü
le

sa
n
n
e
te

la
h
e
n
d
u
sm

e
e
to

d
id

E
lastsu

steo
oria

p
õh

iv
õrran

d
eid

v
õib

lah
en

d
ad

a
m

itm
el

erin
eval

m
o
el,

sõltu
valt

sellest
m

illised
su

u
ru

sed
on

valitu
d

p
õh

im
u
u
tu

jatek
s.

1.
L
ahen

dam
in

e
siiretes

—
tu

n
d
m

atu
tek

s
on

valitu
d

siird
evek

tori
kom

p
on

e-
n
ed

id
u
(x

,y
,z

),
v
(x

,y
,z

)
ja

w
(x

,y
,z

).

2.
L
ahen

dam
in

e
pin

getes
—

tu
n
d
m

atu
tek

s
on

valitu
d

p
in

geten
sori

kom
p
o-

n
en

d
id

σ
x (x

,y
,z

),...,τ
x
y (x

,y
,z

),....

3.
L
ahen

dam
in

e
deform

atsioon
ides

—
tu

n
d
m

atu
tek

s
on

valitu
d

d
eform

atsio
o-

n
iten

sori
kom

p
on

en
d
id

ε
x (x

,y
,z

),...,γ
x
y (x

,y
,z

),....

4.
N

n
.
segalahen

di
leidm

in
e

—
eelm

ise
kolm

e
kom

b
in

atsio
on

id
.

J
ärgm

ises
ala

jaotu
ses

vaatlem
e

kah
te

esim
est

ju
h
tu

.

T
e
o
re

e
m

:
K

u
i
keh

a
olek

on
ü
h
eselt

m
ääratu

d
ja

keh
tib

jõu
d
u
d
e

m
õju

sõltu
-

m
atu

se
p
rin

tsiip
,
siis

om
ab

elastsu
steo

oria
ü
lesan

n
e

ü
h
est

lah
en

d
it.
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E
la
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ü
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n
n
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d
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4
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7

4
.2

.1
E
la

stsu
ste

o
o
ria

ü
le

sa
n
n
e
te

la
h
e
n
d
a
m

in
e

siire
te

s

O
tsitavad

:
siird

ekom
p
on

en
d
id

u
(x

,y
,z

),
v
(x

,y
,z

)
ja

w
(x

,y
,z

).

1.
T
asakaalu

v
õrran

d
ites

(4.1)
olevad

p
in

geten
sori

kom
p
on

en
d
id

asen
d
atak

se
ü
ld

istatu
d

H
o
oke’i

sed
u
se

(4.4)
ab

il
d
eform

atsio
on

iten
sori

kom
p
on

en
tid

e-
ga:

λ
∂
θ

∂
x

+
2µ

∂
ε
x

∂
x

+
µ

∂
γ

x
y

∂
y

+
µ

∂
γ

x
z

∂
z

+
X

=
0.

(4.7)

2.
K

asu
tad

es
C

au
ch

y
seoseid

(4.2)
saam

e

λ
∂
θ

∂
x

+
µ

(
∂

2u

∂
x

2
+

∂
2u

∂
y

2
+

∂
2u

∂
z

2

)

︸
︷
︷

︸

=
∇

2u

+
µ

(
∂

2u

∂
x

2
+

∂
2v

∂
x
∂
y

+
∂

2w

∂
x
∂
z

)

︸
︷
︷

︸

=
∂∂
x (

∂
u

∂
x
+

∂
v

∂
y
+

∂
w

∂
z )

=
∂

θ
∂

x

+
X

=
0,

(4.8)

k
u
s
∇

2
on

L
aplace’i

operaator.
K

ok
k
u

saim
e

v
õrran

d
i

(λ
+

µ
)
∂
θ

∂
x

+
µ
∇

2u
+

X
=

0.
(4.9)

4
.2

.
E
la

stsu
steo

o
ria

ü
le

sa
n
n
e
te

la
h
e
n
d
u
sm

ee
to

d
id

4
-

8

3.
K

orrates
sam

a
p
rotsed

u
u
ri

v
iim

asele
kah

ele
v
õrran

d
itest

(4.1)
saam

e
L
am

é
võrran

did:


(λ
+

µ
)
∂
θ

∂
x

+
µ
∇

2u
+

X
=

0,

(λ
+

µ
) ∂

θ

∂
y

+
µ
∇

2v
+

Y
=

0,

(λ
+

µ
) ∂

θ

∂
z

+
µ
∇

2w
+

Z
=

0.

(4.10)

S
aad

u
d

v
õrran

d
id

ü
h
en

d
avad

en
d
as

k
õik

eelp
o
ol

vaad
eld

u
d

seosed
ja

v
õrran

d
id

,
st.

n
ad

sisald
avad

en
d
as

tasakaalu
v
õrran

d
eid

,
C

au
ch

y
seoseid

n
in

g
ü
ld

istatu
d

H
o
oke’i

sead
u
st.

4.
R

a
jatin

gim
u
sed

(4.5)
esitatatk

se
an

tu
d

ju
h
u
l
sam

u
ti

läb
i
siirete

kasu
tad

es
valem

eid
(4.4)

ja
(4.2)

(n
agu

L
am

é
v
õrran

d
ite

tu
letam

isel):



4
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

p
ν
x

=
λ
θl

+
µ

∂
u

∂
ν

+
µ

(
∂
u

∂
x
l
+

∂
v

∂
x
m

+
∂
w∂
x

n

)

,

p
ν
y

=
λ
θm

+
µ

∂
v

∂
ν

+
µ

(
∂
u

∂
y
l
+

∂
v

∂
y
m

+
∂
w∂
y

n

)

,

p
ν
z

=
λ
θn

+
µ

∂
w∂
ν

+
µ

(
∂
u

∂
z
l
+

∂
v

∂
z
m

+
∂
w∂
z

n

)

,

(4.11)

k
u
s

∂
u

∂
ν

=
∂
u

∂
x
l
+

∂
u

∂
y
m

+
∂
u

∂
z
n
,

∂
v

∂
ν

=
...,

∂
w∂
ν

=
...

(4.12)

5.
Ü

lesan
d
e

ed
asin

e
lah

en
d
am

in
e

k
äib

järgm
iselt:

(i)
L
am

é
v
õrran

d
id

(4.10)
in

tegreeritak
se

ra
jatin

gim
u
stel

(4.11);

(ii)
C

au
ch

y
seostest

(4.2)
m

ääratak
se

d
eform

atsio
on

iten
sori

kom
p
on

en
d
id

;

(iii)
Ü

ld
istatu

d
H

o
oke’i

sead
u
sest

(4.4)
m

ääratak
se

p
in

geten
sori

kom
p
on

e-
n
ed

id
.

4
.2

.
E
la

stsu
steo

o
ria

ü
le

sa
n
n
e
te

la
h
e
n
d
u
sm

ee
to

d
id

4
-

1
0

4
.2

.2
E
la

stsu
ste

o
o
ria

ü
le

sa
n
d
e

la
h
e
n
d
a
m

in
e

p
in

g
e
te

s
k
o
n
sta

n
tse

te
m

a
h
u
jõ

u
d
u
d
e

k
o
rra

l

O
tsitavad

:
6

p
in

geten
sori

kom
p
on

en
ti.

•
E

eld
am

e,
et

k
õik

m
ah

u
jõu

d
on

kon
stan

tsed
igas

keh
a

p
u
n
k
tis

⇒
∂
X∂
x

=
...

=
0.

•
A

lu
stam

e
ru

u
m

d
eform

atsio
on

i
θ

ja
p
in

geten
sori

esim
ese

in
varian

d
i
I

σ1
om

a-
d
u
ste

u
u
rim

isega.
S
ellek

s
teisen

d
am

e
L
am

é
v
õrran

d
eid

(4.10)
järgm

iselt:

∂∂
x
(4.10)

1
+

∂∂
y
(4.10)

2
+

∂∂
z
(4.10)

3 ,

...,

(λ
+

µ
)

(
∂

2θ

∂
x

2
+

∂
2θ

∂
y

2
+

∂
2θ

∂
z

2

)

︸
︷
︷

︸

∇
2θ

+
µ

(
∂∂
x
∇

2u
+

∂∂
y
∇

2v
+

∂∂
z
∇

2w

)

︸
︷
︷

︸

∇
2(

∂
u

∂
x
+

∂
v

∂
y
+

∂
w

∂
z )

=
∇

2θ

=
0,

...,

(λ
+

2µ
)∇

2θ
=

0.
(4.13)
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n
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e
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d
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4
-

1
1

V
iim

an
e

on
sam

av
äärn

e
v
õrran

d
iga

∇
2θ

=
0.

(4.14)

–
F
u
n
k
tsio

on
i,

m
is

rah
u
ld

ab
L
aplace’i

võrran
dit

(4.14)
n
im

etatak
se

har-
m

oon
iliseks

fu
n
ktsioon

iks.

–
K

u
i
raken

d
ad

a
H

o
oke’i

sead
u
st

ru
u
m

d
eform

atsio
on

il
(3.24),

siis
saam

e
v
õrran

d
ile

(4.14)
k
u
ju

∇
2I

σ1
=

0.
(4.15)

•
K

u
u
e

tu
n
d
m

atu
m

ääram
isek

s
p
eam

e
an

tu
d

ju
h
u
l

kasu
tam

a
tasakaa-

lu
v
õrran

d
eid

ko
os

p
id

ev
u
stin

gim
u
stega

(4.6).
N

eed
k
u
u
s

p
id

ev
u
sv

õrran
d
it

tu
leb

aga
v
äljen

d
ad

a
p
in

getes.

–
A

sen
d
am

e
H

o
oke’i

sead
u
sest

(4.3)
d
eform

atsio
on

iten
sori

kom
p
on

en
d
id

esim
esse

p
id

ev
u
sv

õrran
d
isse

(4.6)
1 :

∂
2σ

x

∂
y

2
−

ν

(
∂

2σ
y

∂
y

2
+

∂
2σ

z

∂
y

2

)

+
∂

2σ
y

∂
x

2
−

ν

(
∂

2σ
z

∂
x

2
+

∂
2σ

x

∂
x

2

)

−
2(1

+
ν
) ∂

2τ
x
y

∂
x
∂
y

=
0

(4.16)

4
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E
la

stsu
steo

o
ria

ü
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sa
n
n
e
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la
h
e
n
d
u
sm

ee
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d
id

4
-

1
2

–
V

iim
asest

ellim
in

eerim
e

n
ih

kep
in

ge
τ
x
y .

S
ellek

s

∂∂
x
(4.1)

1
+

∂∂
y
(4.1)

2
−

∂∂
z
(4.1)

3

...

−
2
∂

2τ
x
y

∂
x
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äesolevas

ala
jaotu

ses
vaatlem

e
m

õn
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ü
lesan

n
ete

lihtsu
s
seisn

eb
eesk

ätt
selles,

et
pin

gekom
pon

en
did

on
kon

stan
tsed

või
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õrran
-

d
id

p
in

getes,
au

tom
aatselt

rah
u
ld

atu
d
.

•
V
aatlem

e
elem

en
taarteooriast,

st.
tu

gev
u
sõp
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õrra;

(iv
)

raad
iu

sed
jäävad
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ü
m

a
rv

a
rra

ste
v
ä
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ü
d

p
in

gevek
tori

τ
x
-

ja
y
-telje

sih
ilisek

s
kom

p
on

en
d
ik

s:

τ
y
z

=
τ
z
y

=
G

ϑ
r

︸
︷
︷
︸

=
τ

xr
=

G
ϑ
x
,

τ
x
z

=
τ
z
x

=
−

G
ϑ
r

︸
︷
︷
︸

=
τ

yr
=

−
G

ϑ
y
.

(4.19)

V
iim

ases
avald

ises
on

arvestatu
d
,
et

cos
ϕ

=
xr

ja
sin

ϕ
=

yr
.
Ü
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m

arvard
a

p
u
h
u
l
elem

en
taarteo

oria
lah

en
d

ei
sob

i,
sest

n
orm

aal
p
ole

en
am

an
tu

d
avald

istega
(4.21).
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ü
d

vard
a

su
valist

ristlõiget
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ristlõiked
tasapin

n
alisteks.

1T
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ü
lik

u
lise

p
laad

i
p
ain

e

E
elm

ises
alajaotu

ses
saadu

d
tu

lem
u
si

saab
raken

dada
kon

stan
tse

paksu
sega

plaatide
pain

deü
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sü

h
ik

u
koh

ta
M

1
ja

in
ertsim

om
en

d
i

p
ik

k
u
sü
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õju
vad

kah
es

ristu
vas

su
u
n
as

(v
t.

jo
on

is
4.3

(b
)),

siis
saad

ak
se

elastse
p
laad

i
p
in

n
a

k
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sfäärilisek
s

p
in

n
ak

s,
n
ii

et
(4.35)

saab
k
u
ju

M
=

E
h

3

12(1
−

ν
)

1R
=

D
(1

+
ν
)

R
.

(4.40)



4
.3

.4
.
V
a
rd

a
tõ
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tõ

m
m

e
o
m

a
k
a
a
lu

m
õ
ju

l

ly

z

J
o
on

is
4.4:

V
ard

a
d
eform

at-
sio

on
om

akaalu
m
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öörd

ed
,

st.,
p
u
n
k
tis

x
=

y
=

0,
z

=
l

on
u

=
v

=
w

=
0

ja
∂
u
/∂

z
=

∂
v
/∂

z
=

∂
v
/∂

x
=

0.
T
u
lem

u
s

on
järgm

in
e

(tu
letu

sk
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