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õ
d
e

o
n

teisteg
a

v
õ
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jä
rgi.

•
isotro

op
sed

p
laad

id
—

m
etallp

laad
id

•
an

isotro
op

sed
p
laad

id

–
ortotro

op
sed

p
laad

id
—

v
in

eer,
ristsarru

sega
rau

d
b
eto

on
p
laat

(n
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õ
isted

ja
h
ü
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ä
eso

leva
s

ku
rsu

ses
va

a
tlem

e
va

id
õ
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tööle.

S
am

as
aga

on
sisejõu
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õ
isted

ja
h
ü
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(
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p
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p
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∫
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p
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v
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v
õrra
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p
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=
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p
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.
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∂
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ite
(6.4)
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∂
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∂
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=
∂
v

∂
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=
−
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∂
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γ
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=
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+
∂
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∂
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=
−
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∂
x
∂
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.

(6.5)
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∂
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∂
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∂
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∂
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∂
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=
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=
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=
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∂
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∂
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(6.6)
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=
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õrran

d
(6.10).

T
u
lem

u
sen

a
saam

e
p
laad

i
läb
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õrran

d
it,

k
u
st

saab
avald

ad
a

osatu
letised

∂
τ
x
z /∂

z
ja

∂
τ
y
z /∂

z.
P
eale

in
tegreerim

ist
z

järgi
ra

jatin
-

6
.4

.
S
ise

jõ
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ristlõikes

m
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õi

m
om

en
ti.

P
laatid

e
korral

on
kasu

tu
sed

teistsu
gu

n
e

läh
en

em
in

e.
S
iin

n
im

etatak
se

sisejõu
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õh

ju
stab

p
ositiiv

sete
k
ih

tid
e

(z
>

0)
tõm
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õh

jal
on

selge,
et

an
alo

ogiliselt
p
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täien

d
av

p
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jõu
p
aarid

an
n
avad

aga
lisak

s
m
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õi

∂
3w

∂
y

3
+

(2−
ν
)

∂
3w

∂
x

2∂
y

=
0,

∂
2w

∂
y

2
+

ν
∂

2w

∂
x

2
=

0.

(6.23)

K
u
n
a

algn
e

sirge
vab

a
serv

ei
p
ru

u
gi

d
eform

eeru
d
es

jääd
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läb
ip

ain
e

w
sü
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õi

y
telg

avald
u
vad

k
u
ju

l

∂
w∂
x

=
0,

Q
x

=
0

ja/v
õi
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ü
le

sa
n
d
ed

6
-

2
5

6
.6

Ü
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ü
lik

u
lin

e
p
laat.



6
.6

.1
.
S
ilin

d
rilin

e
p
a
in

e
6

-
2
7

L
äb
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ejäik

u
st

D
=

E
h

3/12(1−
ν

2)
ü
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jä

ig
a
lt

k
in

n
ita

tu
d

e
llip

tilin
e

p
la

a
t

6
-

3
1

ja
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õrran

d
it

k
u
i
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p
laati,

m
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orm
atu

d
m

eelevald
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ristko
orm

u
sega

p(x
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).
V

ab
alt

to
etatu

d
p
laad

i
elastset

p
in

d
a

saab
k
irjeld

ad
a

kah
ekord

se
trigon

om
eetrilise

rea
ab

il:

w
(x

,y
)

=
∞∑m
=

1

∞∑n
=

1

C
m

n
sin

m
π
x

a
sin

n
π
y

b
.

(6.38)
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elle
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iga

liige
rah
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ld
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ääretin

gim
u
si

(6.21)
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V
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alt
to

etatu
d

ristk
ü
lik

p
laat.

w
=

0,
∂

2w

∂
x

2
=

0
ja/v

õi
∂

2w

∂
y

2
=

0,
(6.39)

seega
ka

kogu
rea

p
u
h
u
l
on

ääretin
gim

u
sed

rah
u
ld

atu
d
.

P
laad

ile
raken

d
atu

d
ko

orm
u
s

aren
d
atak

se
F
ou

rier
ritta,

st.

p(x
,y

)
=

∞∑m
=

1

∞∑n
=

1

B
m

n
sin

m
π
x
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sin

n
π
y

b
.

(6.40)
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n
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il

B
m

n
=

4a
b

∫

a

0

∫

b

0

p(x
,y

)
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m
π
x

a
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n
π
y

b
d
x
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y
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(6.41)

J
ärgm
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m
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n
a
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w
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ko

orm
u
s

p
asen

d
ad

a
p
laad

i
elastse
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in

n
a

v
õrran

d
isse
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=

1

∞∑n
=

1

C
m

n

[

(

m
πa

)

4

+
2
(

m
πa

)

2
(

n
πb

)

2

+
(

n
πb

)

4
]

sin
m

π
x
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sin

n
π
y

b
=

=
1D

∞∑m
=

1

∞∑n
=

1

B
m

n
sin

m
π
x

a
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n
π
y

b
.

(6.42)
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n
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õrran

d
p
eab

keh
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a
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m
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korral,
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C
m

n
=

B
m

n

π
4D

[(m
/a

)
2
+

(n
/b)

2] 2 .
(6.43)
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ok

k
u

olem
e
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u
d

p
laad

i
elastse

p
in

n
a

jaok
s

avald
ise

w
(x

,y
)

=
1

π
4D

∞∑m
=

1

∞∑n
=

1

B
m

n

[(m
/a

)
2
+

(n
/b)

2] 2
sin

m
π
x

a
sin

n
π
y

b
.

(6.44)
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Ü
h
tlaselt
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laat.

Ü
h
tla

se
lt

ja
o
ta

tu
d

k
o
o
r
m

u
se

ju
h
t.

E
lastse

p
in

n
a

avald
ise

(6.44)
raken

d
a-

m
ise

n
äiten

a
vaatlem

e
ü
h
tlaselt

ko
orm

atu
d

p
laati.

S
ellisel

ju
h
u
l
kord

a
jad

B
m

n
=

4pa
b

∫

a

0

∫

b

0

sin
m

π
x

a
sin

n
π
y

b
d
x
d
y
.

(6.45)

K
u
n
a

in
tegraal

∫

a

0

sin
m

π
x

a
d
x

=

{

2a
/m

π
,

k
u
i

m
=

1,3,5,...

0,
k
u
i

m
=

2,4,6,...
(6.46)
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siis
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m
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=

4pa
b

2a

m
π

2b

n
π

=
16p

π
2m

n
,

m
,n

,=
1,3,5,....

(6.47)

E
lastse

p
in

n
a

avald
is

saab
an

tu
d

ju
h
u
l
k
u
ju

w
(x

,y
)

=
16p

π
6D

∞∑

m
=

1,3,5

∞∑

n
=

1,3,5

1

m
n

[(m
/a

)
2
+

(n
/b)

2] 2
sin

m
π
x

a
sin

n
π
y

b
.

(6.48)

K
u
i

täh
istad

a
p
laad

i
k
ü
lged

e
p
ik

k
u
ste

su
h
e

b/a
=

β
(s.t.

asen
d
am

e
b

=
a
β
),

siis
saam

e
v
iim

asele
an

d
a

kasu
tam

isek
s

m
u
gavam

a
k
u
ju

w
(x
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)

=
16pa

4
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6D

∞∑
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=
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∞∑
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1

m
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/β
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π
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a
β

.
(6.49)
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p
iisaval
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u
l
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n
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eid

(6.13)
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=
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∞∑
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ν
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/β
)
2
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+
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∞∑
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)
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+
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)
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y
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β
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4β
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∞∑

n
=
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1
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)
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x

=
16pa
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3
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∞∑
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∞∑
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=
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1
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2
+
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)
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π
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β

.

(6.50)

K
u
i
on
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ja

leid
a

to
ereak
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siis

tu
leb
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tad

a
valem

eid
(6.17)

ja
(6.18).

E
t
v
älja

selgitad
a,m

itu
liiget

ü
lalto

o
d
u
d

trigon
om

eetrilistes
rid
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tu
leb

v
õtta,

tu
leb

u
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rid
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rid
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u
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st.

S
elgu

b
,
et

k
õige

k
iirem
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i
ko

on
d
u
b

läb
ip

ain
d
e

avald
is

(6.49).
P

isu
t
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u
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p
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p
u
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K
o
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atu

d
jõu
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ko
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atu
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laat.
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aatid
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x
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y

0 .
V
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ite

tu
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s
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see
jõu
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n
u
d

lõp
m
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äikesele

p
in
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ale

d
x
d
y

p
u
n
k
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K
ü
m

b
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ses:
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)
=

P

d
x
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y
.

(6.51)
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B
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se
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(6.41)
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il.

S
iin

esin
eva

kah
ekord

se
in

tegraali
ar-

v
u
tam

isel
tu

leb
arvestad
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see
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u
ll

k
õik
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p
eale

p
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k
ti

K
,
k
u
s

ta
om

ab
v
äärtu

st

B
m

n
=

4a
b

∫

a

0

∫

b

0

p(x
,y

)
sin

m
π
x

a
sin

n
π
y

b
d
x
d
y

=
4Pa
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sin

m
π
x

0

a
sin

n
π
y

0

b
.

(6.52)

K
asu

tad
es

n
ü
ü
d

valem
it

(6.44)
saam

e
avald

ise

w
(x

,y
)

=
4P

D
a
bπ

4

∞∑

m
=

1,3,5

∞∑

n
=

1,3,5

sin
m

π
x

0

a
sin

n
π
y
0

b

[(m
/a

)
2
+
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/b)

2] 2
sin

m
π
x

a
sin

n
π
y

b
.

(6.53)
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sise-
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reak
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vastavaid
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(6.13),
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(6.17)
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(6.18).
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=
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=
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m
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P
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r
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m
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m
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b

ü
h
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n
u
d
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s
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)

=
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e
p
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i
läb
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m
õn
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m
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L
ä
bipa
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e

p
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a
d
i
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p
u
n
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=

0,5a
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=
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=

0,5a
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K
asu
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e

valem
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(6.49).
V

a
ja
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a
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u
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sin

(m
π
x
/a

),...

•
1/

{

m
n

[m
2
+

(n
/β

)
2
]

2
}

,
m
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=
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•
w
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et
D

=
E

h
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ν
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=
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4/E

h
3.

(6.54)
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d
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M
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=
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2.

(6.55)
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.
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jõu
R

o
=

2T
x
y

=
−

0,0630pa
2.K
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ü
les

tõu
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ü
ljel

x
=

0
(v

älisn
orm

aal
on

su
u
n
atu

d
x
-telje

n
egatiiv

ses
su

u
n
as)

on
p
ositiiv

sed
Q

x
ja

R
x

su
u
n
atu

d
ü
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u
d

ja
toerea

ktsioo
n
id

p
ikem

a
kü
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d
e
h
k

lõ
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u
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õrgu

sõlm
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∆
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=
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=
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∆
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∆
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4∆
2

=

=
f
′i+

1/
2 −

f
′i−

1/
2

∆
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∆
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∆
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∆
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(6.63)

•
T

ih
ti

esitatak
se

n
eed

ja
n
en

d
ega

sarn
ased

valem
id

n
n
.
graafi

liste
op

eraa-
torite

ab
il

(v
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sõlm
ed

es
leitu

d
fu

n
k
tsio

on
i

v
äärtu
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.
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T
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∆
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∆
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se
m
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=
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∂
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∆
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∆
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p
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p
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p
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∂
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∂
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∂
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d
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•
V
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eejärel

saab
b
ih

arm
o
on

ilin
e

v
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ü
lik

p
laad

i
v
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õrran

d
eid

.
S
aad

u
d

sü
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ra
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il.
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(6.13)


M
x

=
−

D

(

∂
2w

∂
x

2
+

ν
∂

2w

∂
y

2

)

=
−

(

∂
2W

∂
x

2
+

ν
∂

2W

∂
y

2

)

=
M

x W

∆
2x

,

M
y

=
−

D

(

∂
2w

∂
y

2
+

ν
∂

2w

∂
x

2

)

=
−

(

∂
2W

∂
y

2
+

ν
∂

2W

∂
x

2

)

=
M

y W

∆
2y

,

T
x
y

=
−

(1−
ν
)D

∂
2w

∂
x
∂
y

=
−

(1−
ν
)
∂

2W

∂
x
∂
y

=
(1−

ν
)α T

x
y W

4∆
2x

(6.70)
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

Q
x

=
−

D

(

∂
3w

∂
x

3
+

∂
3w

∂
x
∂
y

2

)

=

(

∂
3W

∂
x

3
+

∂
3W

∂
x
∂
y

2

)

=
Q

x W

2∆
3x

,

Q
y

=
−

D

(

∂
3w

∂
x

2∂
y

+
∂

3w

∂
y

3

)

=

(

∂
3W

∂
x

2∂
y

+
∂

3W

∂
y

3

)

=
α Q

y W

2∆
3x

.

(6.71)
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y ,T
x
y ,Q

x
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Q
y
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(v

t.
jo
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.

(6.15)
ja

(6.16)).

•
T
o
ereak

tsio
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e

leid
m
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ju

u
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õn
n
estu

b
p
laad

i
elastse

p
in

n
a

v
õrran

d
i
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il

ellim
in

eerid
a
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n
.

teise
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v
älisp

u
n
k
tid

.
K

asu
tad

es
graafi
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eraa-
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R
x

ja
R

y
(v

t.
jo

on
.
(6.17)–(6.20))

saab
vastavad

avald
ised

esitad
a

k
u
ju

lR
x

=
R

x W

2∆
3x

−
p∆

x

2
,

R
y

=
1α

R
y W

2∆
3x

−
p∆

x

2
.

(6.72)
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õh

ju
stel

p
ole

jo
on

istel
kasu

tatu
d

sam
u

fon
te,

m
is

tek
stis.)



6
.7

.2
.
V

õ
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õh

ju
stel

p
ole

jo
on

istel
kasu

tatu
d

sam
u

fon
te,

m
is

tek
stis.)

6
.7

.2
.
V

õ
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Ä
ä
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.
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K
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n
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r
v
.
S
ervap

u
n
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tid

es,
m
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risti
x−

teljega

W
i
=

0,

(

∂
W∂
x

)

x
=

x
i

=
0

⇒
W

i−
1,k

=
W

i+
1,k .

(6.73)

S
ervap

u
n
k
tid

es,
m

is
on

risti
y−

teljega

W
i
=

0,

(

∂
W∂
x

)

y
=

y
k

=
0

⇒
W

i,k−
1

=
W

i,k
+

1 .
(6.74)

•
V

a
b
a
lt

to
e
ta

tu
d

se
r
v
.
S
ervap

u
n
k
tid

es,
m

is
on

risti
x−

teljega

W
i
=

0,
(M

x )
x
=

x
i
=

0
⇒

W
i−

1,k
=

−
W

i+
1,k .

(6.75)
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u
n
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es,
m

is
on
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y−

teljega

W
i
=

0,
(M

y )
y
=

y
i
=

0
⇒

W
i,k−

1
=

−
W

i,k
+

1 .
(6.76)
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p
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p
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K
atam
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p
laad

i
p
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n
a

v
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m
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m
∆

x
=

∆
y

=
∆

=
a
/4
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on

is
6.21).

S
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olem
e
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h
u
l
valin

u
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=

m
=

4.
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m
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eetria
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p
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b
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.
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si
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sek

s
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est
v
õrran

d
ist

ko
osn

ev
kah

ek
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tu
n
d
m

atu
ga

v
õrran

d
isü

steem


20W
1 −

32W
2
+

8W
3
+

4W
4
+

0W
5
+

0W
6
+

0W
7
+

0W
8

=
p

o ∆
4,

−
8W

1
+

25W
2 −

16W
3 −

8W
4
+

6W
5
+

0W
6
+

1W
7
+

0W
8

=
p

o ∆
4,

2W
1 −

16W
2
+

22W
3
+

4W
4 −

16W
5
+

2W
6
+

0W
7
+

2W
8

=
p

o ∆
4.

(6.77)

M
õlem

a
ra

jatin
gim

u
se

korral
on

siird
ed

servap
u
n
k
tid

es
n
u
llid

,
st.

W
4

=
W

5
=

W
6

=
0

ja
tu

n
d
m

atu
te

arv
v
äh

en
eb

kolm
e

v
õrra.

J
ä
iga

kin
n
itu

se
korral

saam
e

lisak
s

tin
gim

u
sed

W
7

=
W

2
ja

W
8

=
W

3
n
in

g
v
õrran

d
isü

steem
(6.77)

saab
k
u
ju



20W
1 −

32W
2
+

8W
3

=
p

o ∆
4,

−
8W

1
+

26W
2 −

16W
3

=
p

o ∆
4,

2W
1 −

16W
2
+

24W
3

=
p

o ∆
4.

(6.78)

S
elle

lah
en

d
on

W
1

=
0,4607p

o ∆
4,

W
2

=
0,3090p

o ∆
4,

W
3

=
0,2093p

o ∆
4.

(6.79)
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d
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7
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P
ain

d
em

om
en

d
id

(ν
=

0.3)
‡

{

M
1

=
(2,6W

1 −
2W

2 −
0,6W

2 )/∆
2

=
0,3944p

o ∆
2

=
0,0246p

o a
2

M
4

=
−

2W
2 /∆

2
=

−
0,6180p

o ∆
2

=
−

0,0386p
o a

2
(6.80)

E
t

v
õrreld

a
saad

u
d

siird
e

W
1

v
äärtu
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tab

elites
an

tu
d
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stan

d
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k
1
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leb

W
1

jagad
a

su
u
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n
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ν

2)].
T
u
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u
sek
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k
∗1

=
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u
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1
=
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t
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u
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d
ad
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v
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p
u
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u
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äitek

s
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=
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e
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=
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=
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k
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=
0.0140

(v
t.

jo
on

ist
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u
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relatiiv
n
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e
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õrgu

p
u
n
k
tid

e
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e
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m

b
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p
u
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4
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=
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=
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=
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n
=
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vastavad
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=
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k
∗4

=
0,0495

n
in

g
n

=
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vastavad
k
∗2

=
0,0230
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k
∗4

=
0,0509.
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saab
k
u
ju



20W
1 −

32W
2
+

8W
3

=
p

o ∆
4,

−
8W

1
+

24W
2 −

16W
3

=
p

o ∆
4,

2W
1 −

16W
2
+

20W
3

=
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o ∆
4.

(6.81)

S
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d
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W
1
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o ∆
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W
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o ∆
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d
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2

=
0,7312p

o ∆
2

=
0,0457p

o a
2,

M
4

=
(W

2 −
W

2 )/∆
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=
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=
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õ
rg

u
m

ee
to

d
e
h
k

lõ
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