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õi

silin
d
rilin

e
keh

a,
m
ille

k
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k
is

vaatlem
e
ristk

ü
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P
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p
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P
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p
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P
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p
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ü
p
o
tee

sid
6
-
4

P
la
a
tid

e
liig

itu
s.

P
a
ksu

se
jä
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Õ
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p
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p
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jä
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äike,

siis
v
õtavad

en
am

u
se

v
älisko

orm
u
sest

vastu
p
ain

d
em

om
en
d
id

ja
p
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p
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p
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p
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p
laad

i
p
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p
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ä
eso

leva
s
ku
rsu

ses
va
a
tlem

e
va
id

õ
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ü
lesan

n
ete

keeru
k
u
se
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p
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p
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p
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p
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p
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p
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p
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d
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ü
p
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p
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p
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p
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p
in
n
aga

risti
ja

on
esitatu

d
ru
u
m
jõu
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Z
(x
,y
,z)

=
32h

(

1−
4z

2

h
2

)

p(x
,y
).

(6.1)

•
S
ellin

e
ko

orm
u
ssed

u
s
an

n
ab

v
älisp

in
n
ale

z
=

±
0,5h

n
u
llise

ko
orm

u
se,

p
laad

i
kesk

p
in
n
a
ü
h
ik
u
koh

ta
aga

su
m
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ko
orm

u
se

∫

h
/
2

−
h
/
2

Z
(x
,y
,z)d

z
=

...
=

p(x
,y
).

(6.2)
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p
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p
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õju
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l

p(x
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).



6
.2
.

D
e
fo
rm

a
tsio

o
n
id
e
a
v
a
ld
a
m
in
e
p
la
a
d
i
p
u
n
k
ti
siire

te
ja

lä
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m
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p
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p
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p
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p
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p
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u
n
k
ti
siire
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lä
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d
e
k
a
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6
-
1
0

•
V
astavalt

teh
tu
d
h
ü
p
oteesid

ele
saab

kesk
p
in
n
a
p
u
n
k
t
A

liik
u
d
a
vaid

ver-
tikaalselt.

K
esk

tasan
d
i
n
orm

aal
p
eab

aga
jääm

a
ka

p
eale

d
eform

atsio
on

i
risti

kesk
p
in
n
aga,

seeju
u
res

A
B

=
A

′B
′
=

z
=

con
st.

•
P
laad

i
kesk

p
in
d

p
u
n
k
tis

A
p
öörd

u
b

n
u
rga

α
v
õrra.

S
am

a
n
u
rga

v
õrra

p
öörd

u
b
ka

sirge
A
B
.

–
S
eega

p
u
n
k
ti
B

siire
x
telje

sih
is
u
=

−
z
sin

α
.

–
K
u
n
a
n
u
rk

α
on

v
äike,

siis

α
≈

sin
α
≈

tan
α
=

∂
w∂
x
.

(6.3)

•
A
n
alo

ogiliselt
saam

e
sid

u
d
a
ka

siird
ekom

p
on

en
d
id

v
ja

w
.
K
ok

k
u
v
õttes

olem
e
saan

u
d
valem

id

u
=

−
z
∂
w∂
x

ja
v
=

−
z
∂
w∂
y
.

(6.4)

C
au

ch
y
seoste

(3.6)
ja

valem
ite

(6.4)
p
õh

jal

ε
x
=

∂
u

∂
x
=

−
z
∂
2w

∂
x
2
,

ε
y
=

∂
v

∂
y
=

−
z
∂
2w

∂
y
2
,

γ
x
y
=

∂
u

∂
y
+
∂
v

∂
x
=

−
2z

∂
2w

∂
x
∂
y
.
(6.5)
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p
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õ
r
r
a
n
d

L
äh

tu
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e
tasakaalu

d
iferen

tsiaalv
õrran

d
itest

(2.6)


∂
σ
x

∂
x

+
∂
τ
y
x

∂
y

+
∂
τ
z
x

∂
z

+
X

=
0,

∂
τ
x
y

∂
x

+
∂
σ
y

∂
y

+
∂
τ
z
y

∂
z

+
Y

=
0,

∂
τ
x
z

∂
x

+
∂
τ
y
z

∂
y

+
∂
σ
z

∂
z

+
Z

=
0.

•
D
iferen

tseerim
e
esim

est
tasakaalu

v
õrran

d
it
x
järgi,

teist
y
järgi

ja
kolm

an
-

d
at

z
järgi.

•
A
rvestad

es
n
ih
kep

in
gete

p
aarsu

ssead
u
st

saam
e
ellim

in
eerid

a
τ
y
z
ja

τ
x
z .

•
A
rvestad

es
et

σ
z
=

X
=

Y
=

0
ja

Z
on

an
tu
d
avald

isega
(6.1)

saam
e

lõp
u
k
s
v
õrran

d
i

∂
2σ

x

∂
x
2
+
2
∂
2τ

x
y

∂
x
∂
y
+

∂
2σ

y

∂
y
2
=

−
zp(x

,y
)

i
,

(6.6)
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la
a
d
i
e
la
stse

p
in
n
a
v
õ
rra

n
d

6
-
1
2

k
u
s
su
u
ru
s

i
=

h
3

12
(6.7)

k
u
ju
tab

en
d
ast

p
laad

i
ristlõike

in
ertsim

om
en
ti

p
ik
k
u
sü
h
ik
u
koh

ta,
st.,

in
ertsi-

m
om

en
d
i
in
ten

siiv
su
st.

S
ellek

s,
et

tu
letad

a
p
in
gete

ja
läb

ip
ain

ete
vah

elised
seosed

kasu
tam

e
H
o
oke’i

sead
u
st

k
u
ju
l

σ
x
=

E

1−
ν
2
(ε

x
+
ν
ε
y )
,

σ
y
=

E

1−
ν
2
(ε

y
+
ν
ε
x )
,

τ
x
y
=

E

2(1
+
ν
) γ

x
y
(6.8)

n
in
g
asen

d
am

e
v
iim

asesse
seosed
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äitek

s
reak

tsio
on

jõu
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õik

jõu
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täien

d
ava

p
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jõu

d
olem

a
vab

as
servas

n
u
llid

.

R
x
=

0
n
in
g

M
x
=

0
ja/v

õi
R

y
=

0
n
in
g

M
y
=

0.
(6.22)

A
rvestad

es
reak

tsio
on

jõu
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ü
h
ist

sü
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ü
lik

u
”
k
u
ju
lin

e
ja

ko
orm

u
s
on

p
ik
kad

e
k
ü
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õrran

d
on

v
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äb

ip
ain

ete
v
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õik

jõu
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õrreld

es
talad

ega
tek

ivad
seega

p
laad

is
ka

p
ain

d
em

om
en
d
id

M
y .

T
alas

n
eid

ei
tek

i
k
u
n
a
tala

ristlõiked
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tõttu
on

p
laad

i
servas

p
ain

d
em

om
en
d
id

n
u
llist

erin
e-

vad
.
E
eld

u
sel,

et
a
>

b
saam

e
m
ak

sim
aalse

m
om

en
d
i
p
laad

i
servas

koh
al

x
=

0,
y
=

±
b:

m
ax

M
k
=

−
2pb

2

6
+
4
b
2

a
2
+
6
b
4

a
4 .

(6.36)

E
riju

h
u
l
a
=

b
=

r
saam

e
ellip

sist
rin

gi,
st.,

ellip
tilise

p
laad

i
asem

el
vaatle-

m
e
rin

gik
u
ju
list

p
laati

eh
k
ü
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ääretin
gim

u
sed

rah
u
ld
atu

d
.

P
laad

ile
raken

d
atu

d
ko

orm
u
s
aren

d
atak

se
F
ou

rier
ritta,

st.

p(x
,y
)
=

∞∑m
=
1

∞∑n
=
1

B
m
n
sin

m
π
x

a
sin

n
π
y

b
.

(6.40)

6
.7
.1
.
N
a
v
ie
r’

m
ee
to
d
—

la
h
e
n
d
u
s
k
a
h
e
k
o
rd
se
te
s
trig

o
n
o
m
ee
triliste

s
rid

a
d
e
s

6
-
3
6

T
egu

rid
B

m
n
leitak

se
m
atem

aatilisest
an

alü
ü
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a
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∫
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0

p(x
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)
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x
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n
π
y

b
d
x
d
y
.

(6.41)

J
ärgm

ise
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m
u
n
a
tu
leb

siire
w
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ko

orm
u
s
p
asen

d
ad
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p
laad

i
elastse
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in
n
a

v
õrran
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isse

(6.10):

∞∑m
=
1

∞∑n
=
1

C
m
n

[

(

m
πa

)

4

+
2
(

m
πa

)

2
(

n
πb

)

2

+
(

n
πb

)

4
]

sin
m
π
x

a
sin

n
π
y

b
=

=
1D

∞∑m
=
1

∞∑n
=
1

B
m
n
sin

m
π
x

a
sin

n
π
y

b
.
(6.42)

K
u
n
a
v
iim

an
e
v
õrran

d
p
eab

keh
tim

a
iga

x
ja

y
korral,

siis

C
m
n
=

B
m
n

π
4D

[(m
/a

)
2
+
(n
/b)

2] 2 .
(6.43)

K
ok

k
u
olem

e
saan

u
d
p
laad

i
elastse

p
in
n
a
jaok

s
avald

ise

w
(x
,y
)
=

1

π
4D

∞∑m
=
1

∞∑n
=
1

B
m
n

[(m
/a

)
2
+
(n
/b)

2] 2
sin

m
π
x

a
sin

n
π
y

b
.

(6.44)
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Ü
h
tlaselt

ko
orm

atu
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lik

p
laat.

Ü
h
tla

se
lt

ja
o
ta
tu

d
k
o
o
r
m
u
se

ju
h
t.

E
lastse

p
in
n
a
avald

ise
(6.44)

raken
d
a-

m
ise

n
äiten

a
vaatlem

e
ü
h
tlaselt

ko
orm

atu
d
p
laati.

S
ellisel

ju
h
u
l
kord

a
jad

B
m
n
=

4pa
b

∫

a

0

∫

b

0

sin
m
π
x

a
sin

n
π
y

b
d
x
d
y
.

(6.45)

K
u
n
a
in
tegraal

∫

a

0

sin
m
π
x

a
d
x
=

{

2a
/m

π
,

k
u
i

m
=

1,3,5,...

0,
k
u
i

m
=

2,4,6,...
(6.46)
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siis

B
m
n
=

4pa
b

2a

m
π

2b

n
π
=

16p

π
2m

n
,

m
,n

,=
1,3,5,....

(6.47)

E
lastse

p
in
n
a
avald

is
saab

an
tu
d
ju
h
u
l
k
u
ju

w
(x
,y
)
=

16p

π
6D

∞∑

m
=
1,3,5

∞∑

n
=
1,3,5

1

m
n
[(m

/a
)
2
+
(n
/b)

2] 2
sin

m
π
x

a
sin

n
π
y

b
.
(6.48)

K
u
i
täh

istad
a
p
laad

i
k
ü
lged

e
p
ik
k
u
ste

su
h
e
b/a

=
β

(s.t.
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d
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e
b
=

a
β
),
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saam

e
v
iim

asele
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d
a
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tam
isek
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m
u
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k
u
ju
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,y
)
=

16pa
4

π
6D

∞∑

m
=
1,3,5

∞∑

n
=
1,3,5

1
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n
[m

2
+
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/β

)
2] 2
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m
π
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a
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n
π
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a
β
.

(6.49)
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isejõu
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d
e
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p
iisaval
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a
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eid
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(6.14):
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∞∑
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∞∑
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=
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∞∑
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+
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∞∑

n
=
1,3,5

1

n
[m

2
+
(n
/β

)
2]
cos

m
π
x

a
sin

n
π
y

a
β
,

Q
y
=

16pa

π
3β
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∞∑
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,
siis
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eid
(6.17)
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(6.18).
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ü
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om
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ad

es
tu
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v
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b
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õige
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d
u
b
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d
e

avald
is
(6.49).
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isu

t
aeglasem
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ko
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d
u
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m
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avald
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p
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.
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d
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p
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u
n
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P

d
x
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B
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il.
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iin
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tu
leb
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p
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K
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s
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äärtu
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n
=

4a
b

∫

a

0

∫

b

0

p(x
,y
)
sin

m
π
x

a
sin

n
π
y

b
d
x
d
y
=

4Pa
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sin

m
π
x
0

a
sin

n
π
y
0

b
.
(6.52)

K
asu

tad
es

n
ü
ü
d
valem
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(6.44)

saam
e
avald

ise

w
(x
,y
)
=

4P

D
a
bπ

4

∞∑

m
=
1,3,5

∞∑

n
=
1,3,5

sin
m
π
x
0

a
sin

n
π
y
0

b

[(m
/a

)
2
+
(n
/b)

2] 2
sin

m
π
x

a
sin

n
π
y

b
.

(6.53)
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ead
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et,
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e
leid
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sise-

ja
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d
kasu
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es

vastavaid
aval-
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isi

(6.13),
(6.14),

(6.17)
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(6.18).

K
u
n
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rid

a
(6.53)
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on
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u
b
aeglasem
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rid

a
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jõu

d
e
esitavad

read
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=
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P
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r
ν
=

0,3
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õju
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ü
h
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n
u
d
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=
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p
laad

i
läb
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ega,
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L
ä
bipa
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e
p
la
a
d
i
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p
u
n
k
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x
=

0,5a
ja

y
=
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=
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K
asu

tam
e
valem

it
(6.49).

V
a
ja

on
leid

a
järgm

ised
su
u
ru
sed

:

•
sin

(m
π
x
/a

),...

•
1/

{

m
n
[m

2
+
(n
/β

)
2
]

2
}

,
m
,n

=
1,3

•
w

avald
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arvestad

es,
et

D
=

E
h
3/[12(1−

ν
2)].

T
u
lem

u
sen

a
saam

e

w
=

0,0443pa
4/E

h
3.

(6.54)

P
a
in
d
em

o
m
en
d
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p
la
a
d
i
keskel.

A
n
alo

ogilin
e
p
rotsed

u
u
r
an

n
ab

tu
lem

u
sek

s

M
x
=

M
y
=

0,0470pa
2.

(6.55)
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=
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=
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ü
ü
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ü
h
est

eri-
n
evate

β
v
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u
d
ja

toerea
ktsioo

n
id

p
ikem

a
kü
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ääretin
gim

u
stele

on
seeju

u
res

kasu
tatu

d
ka

N
av
ier

m
eeto-

d
ist

erin
evaid

m
eeto

d
eid

.
J
ärgn

evalt
on

esitatu
d
k
u
u
s
tab

elit,
m
ille

p
õh
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jõu
d
u
sid

ü
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õ
rg
u
m
ee
to
d
e
h
k
lõ
p
lik

e
v
a
h
ed
e
m
ee
to
d

6
-
5
3

•
V
aatlem

e
ü
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=
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=
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∆
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∆
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∆
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∆
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∆
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=
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∂
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∂
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p
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lõik
u
d
ega

(jo
on

is
lo
en
gu

s).
T
eisisõn
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õ
rg
u
m
ee
to
d
e
h
k
lõ
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õim

alik
p
iird

u
d
a
ü
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
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äärtu

si
ra
ja-

ja
v
älisp

u
n
k
tid

es
ei

õn
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õlem

a
ra
jatin

gim
u
se

korral
on

siird
ed

servap
u
n
k
tid

es
n
u
llid

,
st.

W
4
=

W
5
=

W
6
=

0
ja

tu
n
d
m
atu

te
arv

v
äh

en
eb

kolm
e
v
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äärtu

sele
n

=
12

vastavad
k
∗2
=

0,0232
ja

k
∗4
=

0,0495
n
in
g

n
=

24
vastavad

k
∗2
=

0,0230
ja

k
∗4
=

0,0509.



6
.7
.2
.
V
õ
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õrgu

p
u
n
k
tid

e
arv

u
st

ja
jo
on

ist
6.25

k
u
s
on

esitatu
d
k
∗1
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õrgu

p
u
n
k
tid

e
arv

u
st).

K
a
p
ain

d
em

om
en
tid

e
v
äärtu
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