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ü
sikalise

n
äh

tu
se

ü
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õu

d
est

ei
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ü
h
esed

.

S
ta

tistilise
l
m

e
h
a
a
n
ik

a
l
p
õ
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tü

likas”.



7
.2

.
O

le
k
u
v
õ
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fü
ü
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äitu
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=
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p
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Ü
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äitu
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b
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äitu
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p
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äitu

m
in

e
on

m
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ü
m

b
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äitu
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p
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ü
h
e
su

se
p
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p
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v
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p
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m
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v
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v
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v
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n
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v
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öeld

ak
se,

et
olek

u
v
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p
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v
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e
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õi

m
o
o
d
u
lid

p
eavad

ole-
m

a
m

õõtü
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d
id

p
eavad

olem
a

vastav
u
ses

m
assi,

liik
u
m

ish
u
lga,

en
ergia

jt.
fü

ü
sikaliste
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u
ru
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koh
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keh

tivate
sead
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sio
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m
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p
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elastn

e
keha
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d)
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keha,
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ge
sõltu

b
vaid
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atsioon

ist.
T
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öeld

es,
id

eaalselt
elastse

keh
a

korral
(i)

eeld
atak

se,
et

v
älisko

orm
u
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m
õju

l
ei

toim
u

m
itte

m
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geid
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trilisi,
keem

ilisi
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term
o
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ü
n
aam

ilisi
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si;
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keh
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d
efi
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eeritak
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loom
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olek,
k
u
s

d
eform

atsio
on

id
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p
in

ged
p
u
u
-

d
u
vad

,
tem

p
eratu
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r

ja
teised

v
äljad

on
kon

stan
tsed

ja
ü
h
esu

gu
sed

igas
p
u
n
k
tis

n
in

g
eeld

atak
se,

et
k
u
i
v
älisjõu

d
eem

ald
ad

a,
siis

keh
a

lo
om

u
lik

olek
taastu

b
.
S
ee-

ga
h
ü
ljatak

se
tem

p
eratu

u
r

ja
k
õik

teised
v
äljad

,
eeld

ad
es,

et
n
ad

v
älisko

orm
u
se
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e
la

stse
k
e
sk

k
o
n
n
a

o
le

k
u
v
õ
rra

n
d
id

—
G

ree
n
i
m

ee
to

d
7

-
9

m
õju

l
ei

m
u
u
tu

.
J
ärelik

u
lt

on
tegu

n
u
llise

d
issip

atsio
on

iga
ja

järelik
u
lt

kogu
en

er-
gia,

m
is

k
u
lu

b
d
eform

atsio
on

ik
s,

saab
v
älisjõu

eem
ald

am
isel

tagasi.
S
ellisel

ju
h
u
l

saab
olek

u
v
õrran

d
i
tu

letam
isek

s
kasu

tad
a

G
reen

i
m

eetodit,
m

ille
p
u
h
u
l
eeld

atak
-

se,
et

siseen
ergia

on
d
eform

atsio
on

i
fu

n
k
tsio

on
.

S
elliseid

keh
i

n
im

etatak
se

tih
ti

hü
perelastseteks

kehadeks.

D
e
fi
n
itsio

o
n
:

K
eh

a
n
im

etatak
se

h
ü
p
erelastsek

s
k
u
i

ta
om

ab
d
eform

atsio
on

i-
en

ergiat
k
u
ju

l
ρ
◦ ε

≡
Σ

=
Σ

(X
K

,x
k ,δ

k
K

,ρ
,I

K
,x

k
,K

)
,

(7.5)

n
ii

et
ρρ
◦ Σ̇

=
t
k
l d

lk .
(7.6)

V
alem

i
(7.5)

p
õh

jal
v
õib

vaad
eld

av
m

aterjal
olla

m
itteh

om
ogeen

e
ja

an
isotro

op
n
e,

grad
ien

d
id

x
k
,K

to
ovad

sisse
ü
m

b
ru

se
p
rin

tsiib
i.

Σ
sõltu

b
vaid

kon
fi
gu

ratsio
on

ist
h
etkel

t
ja

m
itte

m
in

ev
ik

u
st.

S
eega

on
tegu

n
n
.
lihtsa

m
aterjaliga,

m
ille

m
älu

p
iir-

d
u
b

vaid
algolek

u
ga

(lo
om

u
lik

u
olek

u
ga).

V
alem

i
(7.6)

p
õh

jalp
ole

an
tu

d
kesk

kon
d

so
o
ju

st
ju

h
tiv

n
in

g
talle

ei
ole

raken
d
atu

d
jõu

p
aare.
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k
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n
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õ
rra

n
d
id

—
G

ree
n
i
m

ee
to

d
7

-
1
0

L
äh

tu
d
es

m
assi

jääv
u
se

sead
u
sest

(
p
id

ev
u
se

v
õrran

d
),

in
varian

tsu
se

n
õu

etest
ja

ten
soran

alü
ü
sist

saab
fu

n
k
tsio

on
i
Σ

avald
isest

(7.5)
ellim

in
eerid

a
m

itm
eid

argu
-

m
en

te
n
in

g
n
äid

ata,
et

avald
is

(7.5)
on

ek
v
ivalen

tn
e

avald
isega

Σ
=

Σ
(X

K
,I

K
,C

K
L
)
,

(7.7)

m
id

a
k
äsitletak

se
k
u
i

d
eform

atsio
on

ien
ergia

fu
n
k
tsio

on
i

ü
ld

ist
k
u
ju

.
T
eam

e,
et

d
eform

atsio
on

iten
sori

C
K

L
jaok

s
saab

leid
a

p
eav

äärtu
sed

C
1 ,

C
2 ,

C
3

n
in

g,
et

v
iim

ased
on

fu
n
k
tsio

on
id

in
varian

tid
est

I
C
,
II

C
ja

III
C
.
S
eega

saab
d
eform

atsio
o-

n
ien

ergia
fu

n
k
tsio

on
i
esitad

a
k
u
ju

l

Σ
=

Σ
(X

K
,I

K
,C

1 ,C
2 ,C

3 )
.

(7.8)

v
õi

Σ
=

Σ
(X

K
,I

K
,I

C
,II

C
,III

C
)
.

(7.9)

O
lem

e
eeln

evalt
esitan

u
d

seosed
erin

evate
d
eform

atsio
on

iten
sorite

ja
n
en

d
e

in
-

varian
tid

e
vah

el.
S
eega

p
ole

tegelik
u
lt

vah
et,

m
illist

d
eform

atsio
on

iten
sorit

tem
a

in
varian

te
v
õi

p
eav

äärtu
si

kasu
tam

e:

Σ
=

Σ
(X

,I
K

,C
)

=
Σ

(X
,I

K
,E

)
=

Σ
(X

,I
K

,c)
=

Σ
(

X
,I

K
, −

1c
)

....
(7.10)
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K
o
k
k
u
v
õ
tte

s:
hü

perelastset
keha

saab
kirjeldada

deform
atsioon

ien
ergia

fu
n
kt-

sioon
iga

Σ
,
m

is
on

ü
hen

e
fu

n
ktsioon

m
ateriaalsetest

koordin
aatidest

X
,
baasivek-

toritest
I
K

ja
ü
hest

m
ateriaalsest

või
ru

u
m

ilisest
deform

atsioon
iten

sorist.

H
om

ogeen
se

an
isotroopse

m
aterjali

p
u
h
u
l
saam

e
valem

ist
(7.7)

Σ
=

Σ
(I

K
,C

K
L
)
,

(7.11)

m
ittehom

ogeen
se

isotroopse
m

aterjali
p
u
h
u
l

Σ
=

Σ
(X

K
,C

K
L
)

(7.12)

ja
isotroopse

hom
ogeen

se
m

aterjali
p
u
h
u

Σ
=

Σ
(C

K
L
)
.

(7.13)

L
o
om

u
lik

u
lt

v
õib

ka
avald

istes
(7.11)–(7.13)

kasu
tad

a
C

K
L

asem
el

teisi
d
eform

at-
sio

on
iten

soreid
,
n
en

d
e

p
eav

äärtu
si

v
õi

in
varian

te.

A
sen

d
ad

es
erin

evate
argu

m
en

tid
ega

d
eform

atsio
on

ien
ergia

fu
n
k
tsio

on
id

avald
i-

sest
(7.10)

(v
õi

n
en

d
e

m
o
d
ifi

katsio
on

id
est

(7.11)–(7.13))
avald

isse
(7.6)

saam
e

erin
evaid

m
aterjalim

u
d
eleid

k
irjeld

avad
olek

u
v
õrran

d
id

.
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õ
rra

n
d
id

—
G

ree
n
i
m

ee
to
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7
.3

.1
N

ä
ite

id
e
rin

e
v
a
te

st
m

a
te

rja
lim

u
d
e
lite

st

B
o
u
ssin

e
sq

’i
m

u
d
e
l

[1
8
7
0
,

1
8
7
2
].

D
eform

atsio
on

ien
ergia

Σ
argu

m
en

d
ik

s
on

kas
C

K
L

v
õi

E
K

L
.
V

alem
ist

(7.6)
saam

e
n
ü
ü
d

t
k
l d

k
l
=

ρρ
◦

∂
Σ

∂
C

K
L

Ċ
K

L
=

2
ρρ
◦

∂
Σ

∂
C

K
L

x
k
,K

x
l,L

d
k
l .

(7.14)

K
u
n
a

v
iim

an
e

p
eab

keh
tim

a
iga

d
k
l
p
u
h
u
l,

siis

t
k
l
=

2
ρρ
◦

∂
Σ

∂
C

K
L

x
k
,K

x
l,L

•=
ρρ
◦

∂
Σ

∂
E

K
L

x
k
,K

x
l,L

.
(7.15)

K
e
lv

in
i-C

o
sse

ra
t’

m
u
d
e
l
(K

e
lv

in
[1

8
6
3
],

C
o
sse

ra
t

[1
8
9
6
]).

K
asu

tab
P

iola-
K

irch
h
offi

p
seu

d
op

in
ge

ten
soreid

.
V

alem
ite

(7.6)
p
õh

jal
saad

ak
se

T
K

l
=

∂
Σ

∂
E

K
N

x
l,N

ja
T

K
L

=
∂
Σ

∂
E

K
L

.
(7.16)

N
e
u
m

a
n
n
i-K

irch
h
o
ffi

m
u
d
e
l.

S
iin

valitak
se

sõltu
m

atu
tek

s
m

u
u
tu

jatek
s
d
efor-

m
atsio

on
igrad

ien
d
id

x
k
,K

n
in

g
läh

tu
tak

se
B

ou
ssin

esq
’i

m
u
d
elist

(7.15).
A

vald
ist

∂
Σ

∂
x

k
,M

=
∂
Σ

∂
E

K
L

∂
E

K
L

∂
x

k
,M

(7.17)
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teisen
d
ad

es
saad

ak
se

sellest
N

eu
m

an
n
i
m

u
d
elile

([1860])
vastav

olek
u
v
õrran

d

t
k
l
=

ρρ
◦

∂
Σ

∂
x

l,K

x
k
,K

.
(7.18)

K
u
i
tu

u
a

sisse
ten

sor
T

K
l ,

siis
saam

e
K

irch
h
offi

m
u
d
eli

[1852]

T
K

l
=

∂
Σ

∂
x

l,K

.
(7.19)

N
eed

avald
ised

keh
tivad

kok
k
u
su

ru
tava

kesk
kon

n
a

koh
ta.

K
ok

k
u
su

ru
m

atu
m

ater-
jali

p
u
h
u
l
v
õim

e
ilm

a
en

ergia
b
alan

ssi
rik

k
u
m

ata
lisad

a
olek

u
v
õrran

d
isse

(7.18)
n
n
.
su

rveliik
m

e,
saad

es
P
o
in

ca
ré

m
u
d
e
li

[1892]
√

t
k
l
=

−
pδ

k
l +

∂
Σ

∂
x

l,K

x
k
,K

.
(7.20)

H
a
m

e
li

ru
u
m

ilin
e

m
u
d
e
l
[1

9
1
2
].

A
n
tu

d
ju

h
u
l
on

sõltu
m

atu
tek

s
m

u
u
tu

jatek
s

d
eform

atsio
on

igrad
ien

d
id

X
K

,k .
K

õigep
ealt

esitam
e

valem
i
(7.6)

k
u
ju

l

t
k
l v

l,k
=

ρρ
◦

∂
Σ

∂
X

K
,k

DD
t
(X

K
,k )

=
−

ρρ
◦

∂
Σ

∂
X

K
,k

X
K

,l v
l,k .

(7.21)
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k
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n
a
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k
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õ
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ree
n
i
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ee
to

d
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-
1
4

K
u
n
a

v
iim

an
e

p
eab

keh
tim

a
su

valise
v

l,k
jaok

s,
siis

t
k
l
=

−
ρρ
◦

∂
Σ

∂
X

K
,k

X
K

,l .
(7.22)

M
u
rn

a
g
h
a
n
’i

ru
u
m

ilise
d

m
u
d
e
lid

[1
9
3
7
].

E
sitab

ru
u
m

ilised
m

u
d
elid

läh
tu

d
es

d
eform

atsio
on

iten
soreist

−
1

C
K

L
,
c
k
l ,

c
k
l
ja

e
k
l
k
u
i
sõltu

m
atu

test
m

u
u
tu

jatest.
T
u
-

lem
u
sed

on
järgm

ised
:

t
k
l
=

−
ρρ
◦

∂
Σ

∂
−

1

C
K

M

∂
−

1

C
K

M

∂
X

L
,l

X
L

,k ,

t
k
l
=

−
2ρρ
◦
c
lm

∂
Σ

∂
c
k
m

=
−

2ρρ
◦
c
k
m

∂
Σ

∂
c
lm

=
ρρ
◦
(δ

k
m
−

2e
k
m
)

∂
Σ

∂
e
lm

.

(7.23)

M
ä
rk

u
s.

K
õik

eelto
o
d
u
d

m
u
d
elid

keh
tivad

ka
an

isotro
op

sete
keh

ad
e

p
u
h
u
l
k
u
i

eeld
ad

a,
et

Σ
sõltu

b
lisak

s
veel

ka
b
aasivek

toritest
I
K

.



7
.4

.
E
la

stse
k
e
sk

k
o
n
n
a

o
le

k
u
v
õ
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E
la

stse
k
e
sk

k
o
n
n
a

o
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k
u
v
õ
rra
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d
id

—
C

a
u
ch

y
m

e
e
to

d

C
au

chy
m

eetodi
korral

eld
atak

se,
et

p
in

ge
on

d
eform

atsio
on

i
fu

n
k
tsio

on
.

T
ed

a
v
õib

k
äsitled

a
k
u
i
altern

atiiv
i
G

reen
i
m

eeto
d
ile.

T
a

keh
tib

id
eaalselt

elastsete
ke-

h
ad

e
jaok

s
k
u
id

on
laien

d
atav

ka
d
issip

atiiv
setele

sü
steem

id
ele,k

u
s
G

reen
im

eeto
d

ei
tööta.

S
eega

on
C

au
ch

y
m

eeto
d

ü
ld

isem
k
u
i
G

reen
i
m

eeto
d
.
L
õp

m
ata

v
äikeste

d
eform

atsio
on

id
e

p
u
h
u
l
an

n
avad

m
õlem

ad
m

eeto
d
id

sam
a

tu
lem

u
se.

E
eld

am
e,

et
m

aterjal
on

h
om

ogeen
n
e

ja
an

isotro
op

n
e

n
in

g
p
in

gekom
p
on

en
d
id

on
ü
h
esed

fu
n
k
tsio

on
id

d
eform

atsio
on

igrad
ien

tid
est

x
m

,K
,
st.

t
k
l
=

f
k
l (x

m
,K

).
(7.24)

K
u
n
a

k
äesolevas

k
u
rsu

ses
vaatlem

e
n
n
.
m

ittep
olaarset

ju
h
tu

(m
om

en
tp

in
ge

p
u
u
-

d
u
b
),

siis
t
k
l

=
t
lk

ja
järelik

u
lt

ka
f

k
l

=
f

lk
n
in

g
tegu

on
vaid

6
fu

n
k
tsio

on
iga.

P
ärast

in
varian

tsu
sn

õu
ete

täitm
ist

saam
e

p
in

gekom
p
on

en
tid

e
jaok

s
avald

ise

t
r
s
=

F
R

S
X

R
,r X

S
,s ,

F
R

S
(C

)
=

δ
k
M

δ
lN

12

C
M

R

12

C
N

S
f

k
l (C

)
(7.25)

k
u
s
F

R
S
(C

)
on

sü
m

m
eetrilin

e
m

ateriaaln
e

ten
sor(fu

n
k
tsio

on
),

m
ille

kom
p
on

en
d
id

avald
u
vad

L
K

-s
ja

m
id

a
n
im

m
õju

fu
n
ktsioon

iks
3.

3I.k
.
re

sp
o
n
se

fu
n
c
tio

n
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.
E
la

stse
k
e
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k
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n
a
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k
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õ
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n
d
id

—
C

a
u
c
h
y

m
ee

to
d

7
-

1
6

T
en

sori
C

K
L

asem
el

v
õib

ka
siin

kasu
tad

a
p
eav

äärtu
si

C
1 ,C

2 ,C
3

v
õi

in
varian

te
I
C
,
II

C
,
III

C
.
S
eega

v
õib

m
õju

fu
n
k
tsio

on
om

ad
a

n
äitek

s
k
u
ju

F
R

S
=

F
R

S (I
C
,II

C
,III

C
).

(7.26)

K
ok

k
u
su

ru
m

atu
m

aterjali
p
u
h
u
l
asen

d
ad

ak
se

t
r
s

su
m

m
aga

t
r
s
+

p
δ
r
s

(k
u
s

p
on

hü
drostaatilin

e
su

rve
n
in

g
valem

(7.25)
saab

k
u
ju

t
r
s
=

−
p
δ
r
s
+

F
R

S
X

R
,r X

S
,s .

(7.27)

K
u
n
a

an
tu

d
ju

h
u
l
III

C
=

1,
siis

saam
e

ü
m

b
er

d
efi

n
eerid

a
ka

m
õju

fu
n
k
tsio

on
i
(7.26)

F
R

S
=

F
R

S (I
C
,II

C
).

(7.28)

K
u
i
m

aterjal
on

an
isotro

op
n
e,

siis
lisan

d
u
b

veel
argu

m
en

t
I
K

,
k
u
i
aga

m
itteh

o-
m

ogeen
e,

siis
X

.

A
n
alo

ogiliselt
G

reen
i
m

eeto
d
ile

saab
an

d
a

olek
u
v
õrran

d
ile

(7.25)
altern

atiiv
seid

k
u
ju

sid
k
u
i
kasu

tad
a

teisi
d
eform

atsio
on

iten
soreid

c,
E

,
e

....
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Iso
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p
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lse
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k
e
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e
h
a
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le

k
u
v
õ
rra
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.1
G

re
e
n
i
m

e
e
to

d

R
aken

d
am

e
G

reen
i
m

eeto
d
it

n
in

g
eeld

am
e,

et
isotro

op
n
e

id
eaalselt

elastn
e

keh
a

om
ab

d
eform

atsio
on

ien
ergiat

eh
k

elastse
p
in

ge
p
oten

tsiaali
k
u
ju

l

Σ
=

Σ
(X

,I,II,III),
(7.29)

k
u
s

I,II,III
on

in
varian

d
id

ü
h
est

d
eform

atsio
on

iten
sorist

C
,
c,

E
jn

e.
L
äh

tu
m

e
M

u
rn

agh
an

’i
m

u
d
elist

(7.23)
2

—t
k
l
=

−
2ρρ
◦
c
k
m

∂
Σ

∂
c
lm

.
(7.30)

O
satu

letis
∂
Σ

∂
c
lm

=
∂
Σ∂
I

∂
I

∂
c
lm

+
∂
Σ

∂
II

∂
II

∂
c
lm

+
∂
Σ

∂
III

∂
III

∂
c
lm

.
(7.31)
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k
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v
õ
rra
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id

7
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1
8

K
asu

tad
ad
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in

varian
tid

e
I
c ,

II
c
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III

c
(tegelik

u
lt
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eterm

in
an

tid
e)

arv
u
tu

svale-
m

eid
,
saam

e
avald

ad
a

osatu
letised

in
varian

tid
est

k
u
ju

l

∂
I
c

∂
c
lm

=
δ

m
l ,

∂
II

c

∂
c
lm

=
I
c δ

m
l −

c
m

l ,
∂
III

c

∂
c
lm

=
c
m

n c
n
l −

I
c c

m
l +

II
c δ

m
l .

(7.32)

K
u
n
a

ρ
/ρ

◦
=

1/j
=

√
III

c ,
siis

täh
istad

es


a
0 (X

,I
c ,II

c ,III
c )

=
−

2
(III

c )
32

∂
Σ

∂
III

c ,

a
1 (X

,I
c ,II

c ,III
c )

=
−

2
√

III
c

(
∂
Σ

∂
I
c

+
I
c

∂
Σ

∂
II

c

)

,

a
2 (X

,I
c ,II

c ,III
c )

=
2
√

III
c

∂
Σ

∂
II

c

(7.33)

ja
kasu

tad
es

valem
eid

(7.31)
ja

(7.32)
saam

e
an

d
a

avald
isele

(7.30)
k
u
ju

t
k
l
=

a
0 δ

k
l +

a
1 c

k
l +

a
2 c

k
m
c
m

l .
(7.34)
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E
t

saad
a

lah
ti

c
k
m
c
m

n
tü

ü
p
i

liik
m

etest
kasu

tatak
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C
ay

ley
-H

am
ilton

i
teoreem

i
m

aatrik
si

[c
k
l ]

jaok
s
4

n
in

g
elim

in
eerim

e
selle

ab
il

c
k
m
c
m

l
valem

is
(7.34).

T
u
lem

u
-

sen
a

saam
e

p
in

ge-d
eform

atsio
on

i
seose,

m
is

on
tu

n
tu

d
k
u
i

F
in

geri
[1894]

ole-
ku

võrran
d

—
t
k
l
=

b−
1 −

1c
k
l +

b
0 δ

k
l +

b
1 c

k
l ,

(7.35)

k
u
s

†


b−
1

=
2

(III
c )

32

∂
Σ

∂
II

c ,

b
0

=
−

2
√

III
c

(

II
c

∂
Σ

∂
II

c

+
III

c

∂
Σ

∂
III

c

)

,

b
1

=
−

2
√

III
c ∂

Σ

∂
I
c .

(7.36)

K
ok

k
u
su

ru
m

atu
m

aterjali
p
u
h
u
l
III

c
=

1
ja

lisan
d
u
b

h
ü
d
rostaatilin

e
su

rve
p

—

t
k
l
=

−
pδ

k
l +

2
∂
Σ

∂
I
−

1

c

−
1c
k
l −

2
∂
Σ

∂
II

−
1

c

c
k
l .

(7.37)

V
iim

an
e

on
tu

n
tu

d
k
u
i
A

rian
o

[1939]
ja

R
ivlin

i
[1948]

oleku
võrran

d.

4M
aatrik

s
[c

k
l ]

rah
u
ld

ab
karak

teristlik
k
u

v
õrran

d
it

c
k
m

c
m

n
c
n

l −
I
c c

k
m

c
m

l
+

II
c c

k
l −

III
c δ

k
l
=

0
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lse
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e
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stse
ta

h
k
e

k
e
h
a

o
le

k
u
v
õ
rra

n
d
id

7
-

2
0

L
o
om

u
lik

u
s

olek
u
s

on
kesk

kon
d

p
in

ge-
ja

d
eform

atsio
on

ivab
a.

P
an

n
es

tin
gim

u
se

t
k
l
=

0
olek

u
v
õrran

d
isse

(7.35),
saam

e
täien

d
ava

tin
gim

u
se

d
eform

atsio
on

ien
ergia

fu
n
k
tsio

on
ile

Σ
—

√
(

∂
Σ

∂
I
−

1

c

)

0

+
2

(

∂
Σ

∂
II

−
1

c

)

0

+

(

∂
Σ

∂
III

−
1

c

)

0

=
0.

(7.38)

V
õrran

d
i
(7.35)

saab
esitad

a
ka

läb
i
p
eap

iken
em

iste
ja

p
eap

in
gete:

t
α

=
b−

1 λ
2α

+
b
0
+

b
1 λ

−
2

α
.

(7.39)

O
n

lo
om

u
lik

eeld
ad

a,
et

t
α
≥

t
β

alati
k
u
i

λ
α
≥

λ
β .

(7.40)

A
vald

ad
es

valem
ites

(7.36)
in

varian
d
id

p
eap

iken
em

iste
λ

α
kau

d
u
,
saam

e
v
õrratu

-
sest

(7.40)
(kasu

tad
es

(7.39))
lisatin

gim
u
sed

olek
u
v
õrran

d
itele

†

∂
Σ

∂
I
−

1

c

+
λ

2α

∂
Σ

∂
II

−
1

c

≥
0

(7.41)

S
am

ad
tin

gim
u
sed

(7.41)
keh

tivad
ka

kok
k
u
su

ru
m

atu
m

aterjali
jaok

s.
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7
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C
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d

L
äh

tu
d
es
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aragrah

v
is

7.4
to

o
d
u
d
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u
d
elist

on
v
õim

alik
jõu

d
a

olek
u
v
õrran

d
in

i

t
k
l
=

g
0 δ

k
l +

g
1 −

1c
k
l +

g
2 −

1c
k
m
−

1c
m

l ,
(7.42)

k
u
s

g
α

sõltu
vad

vaid
d
eform

atsio
on

iten
sori

in
varian

tid
est.

R
aken

d
ad

es
v
iim

asele
avald

isele
C

ay
ley

-H
am

ilton
i
teoreem

i
saam

e
olek

u
v
õrran

d
i

†

t
k
l
=

h
−

1 −
1c
k
l +

h
0 δ

k
l +

h
1 c

k
l ,

(7.43)

k
u
s

h
−

1
=

g
1
+

g
2 I

−
1

c
,

h
0

=
g

0 −
g

2 II
−

1

c
,

h
1

=
g

2 III
−

1

c
(7.44)

ja
m

is
on

k
u
ju

lt
sam

a,
m

is
G

reen
i

m
u
d
elile

vastav
olek

u
v
õrran

d
(7.35).

G
reen

i
m

eeto
d
i
elastsu

skon
stan

d
id

b
α

avald
u
sid

läb
i
p
oten

tsiaali
Σ

.
K

on
stan

tid
e

h
α

seos
selle

p
oten

tsiaaliga
va

jab
selgitam

ist.
N

im
elt,

saab
n
äid

ata,
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k
u
i
h

α
rah

u
ld
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tin

gim
u
si

√
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e
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7
-

2
2



∂
h
−

1

∂
I
c

=
−

II
c ∂

h
1

∂
II

c ,

h
12

+
III

c

∂
h

1

∂
III

c

=
∂
h

0

∂
I
c

+
II

c

III
c

∂
h
−

1

∂
I
c

,

h
−

1

2
−

III
c ∂

h
−

1

∂
III

c

=
h
−

1
+

II
c ∂

h
−

1

∂
II

c

+
III

c ∂
h

0

∂
II

c ,

(7.45)

siis
leid

u
b

d
eform

atsio
on

ien
ergia

fu
n
k
tsio
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Σ

n
ii,

et
G

reen
i

m
eeto

d
il

saad
u
d

olek
u
v
õrran

d
id

(7.35)
ü
h
tivad

C
au

ch
y

m
eeto

d
ilsaad

u
d

v
õrran

d
itega

(7.43).S
eega

tõep
o
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ü
ld

isem
.
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p
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d
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i
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d
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N
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p
alju

.
K

atseliselt
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n
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v
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äärata.
S
eega

on
va

ja
asen

d
ad

a
olek

u
v
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fü
ü
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.
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M
aterjali

d
eform

atsio
on

ip
iirkon

d
en

n
e

p
u
ru

n
em

ist
on

p
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d
—
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m

aterjale
p
u
ru

n
eb

ju
b
a

v
äikeste

d
eform

atsio
on

id
e

p
u
h
u
l.

2)
K

ok
k
u
su

ru
m

atu
m

aterjali
m

u
d
el

—
osad

el
keh

ad
el

m
u
u
tu

b
m

ah
t

v
äga

v
äh

e.

P
o
lü

n
o
m

ia
a
ln

e
a
p
ro

k
sim

a
tsio

o
n

d
e
fo

rm
a
tsio

o
n
d
e
s
5

Iga
(m

eid
h
u
v
itav

)
fu

n
k
tsio

on
on

aren
d
atav

astm
eritta.

O
lgu

p
oten

tsiaal
Σ

fu
n
k
t-

sio
on

m
in

gist
d
eform

atsio
on

i
m

õõd
u
st.

A
ren

d
am

e
ta

ritta
n
n
.

lo
om

u
lik

u
olek

u
su

h
tes.

O
lgu

n
äitek

s
Σ

=
Σ

(E
K

L
)

v
õi

Σ
=

Σ
(e

k
l )

ja
aren

d
am

e
n
ad

astm
eritta

koh
a

C
K

L
=

δ
K

L
v
õi

c
k
l
=

δ
k
l
ü
m

b
ru

ses.
S
äilitad

es
liik

m
ed

vaid
teatu

d
astm

eten
i,

saam
e

kak
s

en
am

lev
in

u
d

ap
rok

sim
atsio

on
i

Σ
=

α
E
I
E

+
12

(λ
E

+
2µ

E
)
(I

E
)
2+

2µ
E
II

E
+

lE
(I

E
)
3+

m
E
I
E
II

E
+

n
E
III

E
...

(7.46)

ja

Σ
=

α
e I

e
+

12
(λ

e
+

2µ
e )

(I
e )

2
+

2µ
e II

e
+

le
(I

e )
3
+

m
e I

e II
e
+

n
e III

e
...

(7.47)

K
asu

tad
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E
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e
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varian
tid

e
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elisi
seoseid
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a
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esita).

5T
äp
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d
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p
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7
-

2
4

K
elv

in
i-C

osserat’
m

u
d
eli

(7.16)
2 ,

s.o.

T
K

L
=

∂
Σ

∂
E

K
L

p
õh

jal
saam

e
n
ü
ü
d

T
K

L
=

[α
E

+
λ

E
I
E

+
(3lE

+
m

e )
(I

E
)
2
+

(m
E

+
n

E
)
II

E
+

... ]

δ
K

L
+

+
[2µ

E
−

(m
E

+
n

E
)
I
E

+
...]E

K
L

+
(n

E
+

...)
E

K
M

E
M

L
.

(7.48)

M
u
rn

agh
an

’i
ru

u
m

ilisest
m

u
d
elist

(7.23)
2

s.o.

t
k
l
=

ρρ
◦
(δ

k
m
−

2e
k
m
)

∂
Σ

∂
e
lm

,

aga
saam

e

t
k
l
=

[α
e
+

(λ
e −

α
e )

I
e
+

(

3le
+

m
e −

λ
e −

α
e

2

)

(I
e )

2
+

(m
e
+

n
e −

2α
e )

I
e +

+
... ]

δ
k
l +

[2
(µ

e −
α

e )−
(m

e
+

n
e
+

2λ
e
+

2µ
e −

2α
e )

I
e
+

...]e
k
l +

+
(−

4µ
e
+

n
e
+

...)
e
k
m
e
m

l .

(7.49)



7
.6

.
Iso

tro
o
p
se

te
id

ea
a
lse

lt
e
la

stse
te

ta
h
k
e
te

k
e
h
a
d
e

o
le

k
u
v
õ
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ä
v
u
se

se
a
d
u
s.

ρρ
◦

=
√

III
c
=

1
√

III
−

1

c

.
(7.57)

2
.
C

a
u
ch

y
I

ja
II

liik
u
m

isse
a
d
u
s.

{

t
k
l,l +

ρ
(f

k −
a

k )
=

0,

t
k
l
=

t
lk .

(7.58)

8V
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õ
rra

n
d
ite

sü
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ü
n
a
a
m

ik
a

7
.8

.1
S
to

k
e
si

v
e
d
e
lik

ja
N

e
w

to
n
i
v
e
d
e
lik

E
elm

istes
ala

jaotu
stes

vaatlesim
e

elastseid
m

aterjale,
st.

m
aterjale,

k
u
s

p
in

ge
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äp
sem

alt
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õh

ju
statu

d
d
issip

atiiv
n
e

p
in

ge.
K

u
i

d
eform

atsio
on

ik
iiru

s
on

n
u
ll,

on
n
u
ll

ka
vastav

d
issip

atiiv
n
e

p
in

ge.
K

u
i
kok

k
u
su

ru
m

atu
ved

elik
u

olek
u
v
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ääratlevad

alg-
ja

ra
jatin

gim
u
sed

ved
elik

u
olek

u
vastavalt

algh
etkel

ja
vaad

eld
avat

m
ah

tu
V

ü
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ü
lesan

d
e

iselo
o
om

u
st

lisan
d
u
d
a

n
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u
se

sead
u
s,

F
ou

rier’
so

o
ju

sju
h
tiv

u
se

sead
u
s

jn
e.,

jn
e.

7
.8

.
V
ed

e
lik

e
d
ü
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äitek

st
k
l
=

b−
1 −

1c
k
l +

b
0 δ

k
l +

b
1 c

k
l ,

k
u
s

kon
stan

d
id

b
α
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tõttu

ei
saa

kasu
tad

a
su

p
erp

ositsio
on

i
p
rin

tsiip
i.

K
o
efi

tsen
d
id

b
α

9V
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ä
ä
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ü
ll

asja,
k
u
id

kok
k
u
su

-
ru

tavate
m

aterjalid
e

p
u
h
u
l
on

p
rak

tiliste
tu

lem
u
ste

saam
in

e,
v
äh

em
alt

E
rin

gen
i

an
d
m

eil,
ü
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ü
levaad

e
m

õn
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jõu

d
t
1

ja
t
2

saad
ak

se
m
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jõu

d
u
d
est

t
1

ja
t
2 :



∂
Σ∂
I

=
1

2(λ
21 −

λ
22 )

[
λ

31 (t
1 /H

)

λ
21 −

λ
−

2
1

λ
−

2
2

−
λ

32 (t
2 /H

)

λ
22 −

λ
−

2
1

λ
−

2
2

]

∂
Σ

∂
II

=
1

2(λ
22 −

λ
21 )

[
λ

1 (t
1 /H

)

λ
21 −

λ
−

2
1

λ
−

2
2

−
λ

2 (t
2 /H

)

λ
22 −

λ
−

2
1

λ
−

2
2

]
(7.97)

M
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äärtu

ste
jaok

s
n
in

g
kah

an
es

k
iiresti

su
u
re-

m
ate

p
u
h
u
l;

•
avald

ist
(7.92)

v
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tõ

m
m

e

T
äh

istam
e

λ
1

=
λ

2
=

λ
,

λ
3

=
1/λ

2
=

λ
′,

eh
k

λ
2

=
1/λ

′.
(7.101)

J
o
on

is
7.7:

Ü
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sõltu

v
u
s,

eeld
ad

es,
et

∂
Σ

/∂
I
=

con
st.



7
.9

.
E
la

stsu
sk

o
n
sta

n
tid

e
e
k
sp

e
rim

e
n
ta

a
ln

e
m

ä
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õveru

sraad
iu

s
p
u
n
k
tis

P
.

K
u
n
a

d
eform

eeritu
d

olek
u
s

on
k
ile

p
ak

su
s

H
/λ

2,
siis

saam
e

valem
itest

(7.94),
(7.101)

ja
(7.102),

et

p
=

2H
t
11

rλ
2

=
4Hr

(

1−
1λ
6

)
(

∂
Σ∂
I

+
λ

2 ∂
Σ

∂
II

)

.
(7.103)

J
o
on

ise
7.8

ja
tab

eli
1

ko
ostam

isel
on

gi
kasu

tatu
d

valem
it

(7.103),
st.

m
õõd
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Ü
ld

ista
tu

d
H

o
o
k
e
’i

sea
d
u
s

7
-

5
5

Ü
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öörd

e
kor-

ral.
O

rtotro
op

se
m

aterjali
iselo

om
u
stam

isek
s

on
va

ja
ü
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