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õim

alu
se

esitad
a

E
K

ja
L
K

.



3
.1

.
E
u
leri

ja
L
a
gra

n
ge’i

koo
rd

in
a
a
d
id

3
-

5

L
agran

ge’i
ko

ord
in

aate
täh

istam
e

D
R

K
korral

X
1 ,X

2 ,X
3

n
in

g
vastavaid

b
aasi-

vek
toreid

I
1 ,

I
2

ja
I
3 .

M
õn
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õju

-
d
e

toim
el

h
ak

kab
keh

a
d
eform

eeru
m

a
ja

k
u
i

vaad
eld

a
m

in
git

h
etke

t
>

t
0

siis
on

keh
a

deform
eeru

n
u
d

oleku
s

3

(jo
on

.
3.3).

T
ih

ti
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ü
h
tisid

,
siis

saam
e

liik
u
m

issead
u
sest

(3.5)
tead

a,
m

illises
ru

u
m

ip
u
n
k
tis

asu
b

h
etkel

t
see

m
ateriaaln

e
p
u
n
k
t,

m
is

algh
etkel

oli
ru

u
m

ip
u
n
k
tis

x
k

=
X

K
(k

=
K

).
L
agran

ge’i
k
irjeld

u
st

on
otstarb

ekas
kasu

tad
a

d
eform

eeru
va

tah
ke

keh
a

ü
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õiste
ja

d
efi

n
eerim

e
v
iim

ase
ab

il
d
eform

atsio
on

iten
sorid

.
D

iferen
tsiaalid

d
X

ja
d
x

on
om

avah
el

seotu
d

järgm
iselt:

d
x

=
F
·
d
X

(3.16)

k
u
s

ten
sorit

F
=

∂
x

∂
X

≡
∇

0 x
(3.17)

n
im

etatak
se

deform
atsioon

igradien
diks

ja∇
0
on

grad
ien

top
eraator

X
su

h
tes.

S
eo-

se
(3.16)

p
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äsitletavad

k
u
i
” u

u
ed

b
aasivek

torid
”.

V
alem

ite
(3.28)–(3.30)

p
õh
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äigu

s
m

u
u
tu

b
vek

tor
d
X

vek
to-

rik
s
d
x
.
L
agran

ge’i
k
irjeld

u
-

se
(st.

L
K

)
korral

v
õib

sed
a

p
rotsessi

n
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äigu

s
risttah

u
ka

servavek
-

toritek
s

i1 d
x

1 ,
i2 d

x
2

ja
i3 d

x
3 .



3
.4

.
D

efo
rm

a
tsioo

n
iten

so
rid

3
-

2
1

L
äh

tu
d
es

vek
torite

c
k

ja
C

K
d
efi

n
itsio

on
id

est
saam

e
avald

ad
a

d
S

2
=

d
X

·d
X

(3.29)
=

c
k
l d

x
k d

x
k

ja
d
s
2

=
d
x
·d

x
(3.29)
=

C
K

L
d
X

K
d
X

K
,

(3.34)

k
u
s

c
k
l

d
ef
=

c
k ·c

l
(3.30)
=

δ
K

L
X

K
,k X

L
,l

=
X

K
,k X

K
,l

(3.35)

ja

C
K

L
d
ef
=

C
K
·C

L
(3.30)
=

δ
k
l x

k
,K

x
l,L

=
x

k
,K

x
k
,L

.
(3.36)

T
en

sorit
c
k
l
n
im

etatak
se

C
au

chy
deform

atsioon
iten

soriks
8

ja
C

K
L

G
reen

i
defor-

m
atsioon

iten
soriks. 9

M
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ö
rd

e
v
e
k
to

rid

S
iird

evek
tori

d
iferen

tsiaalid
avald

u
vad

läb
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õh

jal
on

selge,
et

∼e
k
l
ei

sob
i

h
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äikeste

d
eform

atsio
on

id
e

korral
v
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õ
õ
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õrra,

om
ad

es
seega

katse
lõp
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õrd

lu
s

J
o
on

ise
3.7

p
õh
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sõ

p
e
tu

s
versu

s
p
id

e
v
a

k
e
sk

k
o
n
n
a

m
e
h
a
a
n
ik

a
.

K
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jäävad
om

avah
el

risti.
N

eid
telgi

n
im

etatak
se

deform
atsioon

iellipsoidi
peatelgedeks.

J
o
on

is
3.9:

R
u
u
m

ilin
e

(—
—

)
ja

m
ateriaaln

e
(-

-
-)

d
eform

atsio
on

iellip
soid

K
ogu

to
o
d
u
d

m
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ääram
e

n
ü
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steem
i

∂

∂
N

M

[C
K

L
N

K
N

L −
C

(δ
K

L
N

K
N

L −
1)]

=
0,

(3.103)

2
9I.k

.
L
a
gra

n
ge’s

m
eth

od
o
f
m

u
ltip

liers

3
.9

.
D

efo
rm

a
tsioo

n
iten

so
ri

in
va

ria
n
d
id

,
pea

vä
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steks
30.

V
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äärab
peasu

u
n
a.

S
aab

tõestad
a,

et
sü
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äärtu

s.
P

iken
em

isko
efi

tsen
d
id

λ
α

=
d
s

d
S

=
1

√
c
k
l n

k n
l

=
1

√
c
α

=
a

mα

d
S

(3.117)



3
.9

.
D

efo
rm

a
tsioo

n
iten

so
ri

in
va

ria
n
d
id

,
pea

vä
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äärtu
sed

C
α

ja
c
α .

•
P
eav

äärtu
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+
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+
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+
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+

e
3 )

2
(1

+
e
1 )

2
,

III
C

=
III

−
1

c
=

λ
21 λ

22 λ
23

=
(1

+
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+
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+
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=
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=
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−
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=
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=
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−
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−
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−
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−
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=
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=
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−
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p
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vä
ä
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=
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=
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=
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läb
ip

eav
äärtu
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ü
d

valem
eid

(3.111)
ja

(3.122)
n
in

g
arvestad

es,
et

valem
i

(3.105)
2

p
õh
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+
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−
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+
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+
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=
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1 d
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√
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≡
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R
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=
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=
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=
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p
in

(1956)
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pöördest

ja
3)

pikku
se

m
u
u
du

st
peatelgede

sihis.

V
aatlem

e
vek

torit
d
X

K
X

-s,
m

is
läh

eb
d
eform

atsio
on

i
k
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õi

E
K

L
k
u
u
s

kom
p
on

en
ti.

K
u
i

aga
on

vastu
p
id

i,
st.,

et
tead

a
on

ten
sori

C
K

L
v
õi
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ü
lem
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ü
ljatak

se
seetõttu
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äikesed

.
R

aken
d
atak

se
S
ain

t-
V

en
an

t’i
p
rin

tsiip
i

(ko
orm

u
se

raken
d
u
sp

u
n
k
ti

läh
iü
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ü
ljatak

se
k
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äitek
s,

õh
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põhju
statu

d
koordin

aadistiku
sobivast

vali-
ku

st .
T
eisisõn
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öörd

ed
v
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õ
i
p
ö
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õi

Z
3

sih
t)

ja
p
ik

isu
u
n
as(X

1
sih

t),
on

d
efi

n
eeritu

d
järgm

iselt: 50

ν
=

−
K

λ
−

1

λ
−

1
=

1−
K

λ

λ
−

1
,

K
=

1
+

ν

λ
−

ν.
(3.174)

K
u
i
ν

>
0

siis
ristlõige
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sõp

etu
ses

ν
=

−
ε

y

ε
x

=
−

ε
z

ε
x

.

5
1I.k

.
sim

p
le

sh
ea

r.
E

elm
iste

aastate
k
on

sp
ek

tid
es

olen
siin

ek
slik

u
lt

kasu
tan

u
d

term
in

it
p
u
h
as

n
ih

e.
T
egelik

u
lt

vastab
p
u
h
tale

n
ih

k
ele

olu
k
ord

,
m

id
a

on
k
irjeld

atu
d

lk
.
42

oleval
jo

on
isel

3.8.

3
.1

3
.

D
efo

rm
a
tsioo

n
id

e
eriju

h
u
d

3
-

8
8

J
o
on

is
3.18:

L
ih

tn
e

n
ih

e.
N

B
!
Z

ja
X

!

L
ih

tsat
n
ih

et
v
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äitest,

ei
p
ru

u
gi

siin
olla

tegu
h
om

ogeen
se

d
eform

atsio
on

iga.
T
asap

in
n
alise

d
eform

atsio
on

i 52
korral

toi-
m

u
b

p
aralleelsetel

tasan
d
itel

id
en

tn
e

d
eform

atsio
on

n
in

g
n
en

d
e

n
orm

aali
sih

is
d
e-

form
atsio

on
id

p
u
u
d
u
vad

.
S
eega,

k
u
i
d
eform

atsio
on

id
toim

u
vad

x
1 −

x
2

tasan
d
is,

5
2I.k

.
p
la

n
e

stra
in

3
.1

3
.

D
efo

rm
a
tsioo

n
id

e
eriju

h
u
d

3
-

9
2

siis
liik

u
m

issead
u
s

on
esitatav

k
u
ju

l

x
k

=
x

k (X
1 ,X

2 ),
k

=
1,2,

x
3

=
X

3 .
(3.185)

O
n

lih
tn

e
m
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õi

ru
u
m

ilistest
ko

ord
in

aatid
est)

m
in

gis
fi
k
seeritu

d
m

ateriaalses
p
u
n
k
tis.

S
iin

ju
u
res

tu
leb

arvesse
v
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ṗ
=

u̇
.

(3.202)

3
.1

4
.

K
iiru

s
ja

kiiren
d
u
s

3
-

9
8

L
a
g
ra

n
g
e
’i

k
o
o
rd

in
a
a
d
id

.
O

lgu
siird

evek
tor

esitatu
d

läb
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õõtm
eliseks

liiku
m

iseks
56

—
n
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ü
k
s

k
iiru

svek
tori

kom
p
on

en
t

on
n
u
ll

ja
kak

s
k
ii-

ru
svek

tori
kom

p
on

en
ti

on
n
u
llist

erin
evad

n
in

g
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sü
m

m
eetrilisest

ten
sorist

w
k
l
saab

om
akord

a
kon

stru
eerid

a
keerisvektori

w
k

=
e
k
lm

w
m

l
=

e
k
lm

v
m

,l
eh

k
w

=
cu

rlv
,

(3.248)

k
u
s

•
cu

rlv
≡

rot
v

d
ef
=

∇
×

v
ja

∇
d
ef
=

ik
∂∂
x

k

.
(3.249)

3
.1

6
.2

D
e
fo

rm
a
tsio

o
n
ik

iiru
se

te
n
so

ri
fü
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õetu

d
p
ik

i
x

1 ,
siis

d
(
1
)
=

d
11 .

(3.251)

6
5I.k

.
S
tretch

in
g,

rela
tive

ra
te

o
f
stretch

,
ra

te
o
f
ex

ten
sio

n



3
.1

6
.

K
eeriselisu

s
ja

d
efo

rm
a
tsioo

n
i
kiiru

s
3

-
1
1
5

A
n
alo

ogiliselt
saab

n
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õõd
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õveraga

c.
K

ok
k
u
v
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ääratu

d
vek

tori-
ga

d
x

ja
m

is
p
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õverad
.K

eerispin
n
ad

on
keerisjo

on
test

m
o
o
d
u
statu

d
p
in

n
ad

ja
keeristo-

ru
d

on
“su

letu
d

keerisp
in

n
ad

,”
st.,n

ad
on

d
efi

n
eeritu

d
an

alo
ogiliselt

vo
olu

p
in

d
ad

e
ja

vo
olu

toru
d
ega.

√

H
e
lm

h
o
ltzi

e
sim

e
n
e

te
o
re

e
m

:
igas

keeristoru
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õestu

s
p
õh
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