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k
is

tõim
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k
is

esitatu
st

v
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steem
iks

n
in

g
vastavaid

p
u
n
k
ti

ko
ord

i-
n
aate

X
—

L
agran

ge’i
koordin

aatideks
(L

K
)

ehk
m

ateriaalseteks
koordin

aati-
deks.



6
.2

.
K

o
o
rd

in
a
a
d
id

6
-

5

6
.2

.3
K

õ
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öörd

teisen
d
u
sed

.

6
.2

.
K

o
o
rd

in
a
a
d
id

6
-

6

J
o
on

is
6.3:

K
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läb

ivat
kolm

e
p
in

d
a

n
im

eta-
tak

se
koordin

aatpin
dadeks

ja
kolm

e
k
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läbi

z
k:



z
1

=
x

1
cos

x
2

z
2

=
x

1
sin

x
2

z
3

=
x

3

(6.9)

P
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lõp
m

ata
v
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äite
6.2.1

(lk.
9)

ju
u
rde.

E
u
leri

koordin
aati-

deks
x

k
on

silin
drilised

koordin
aadid,

m
is

on
defi

n
eeritu

d
läbi
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p
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δ
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õib

vaad
eld

a
p
in

d
u

T
=

con
st,

m
id

a
n
im

etatak
se

sam
aväärtu
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-
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7

k
u
s

su
u
ru

sed


c
k (x

,t)
d
ef
=

∂
P

∂
x

k
=

∂
P

∂
X

K
X

K
,k

=
G

K
X

K
,k

ja

C
K

(X
,t)

d
ef
=

∂
p

∂
X

K
=

∂
p

∂
x

k
x

k
,K

=
g

k x
k
,K

(6.66)

on
vaad

eld
avad

k
u
i
u
u
ed

,
kesk

kon
n
a

d
eform

eeritu
d

olek
u
le

vastavad
,
b
aasivek

-
torid

.
T
eisisõn

u
,
keskkon

n
a

liiku
m

isel
tran

sform
eeru

vad
baasivektorid

g
k

ja
G

K
†

u
u
teks

baasivektoriteks
C

K
ja

c
k .

J
ärgn

evalt
avald

am
e

van
a

b
aasi

G
K

u
u
e

b
aasi

c
k

kau
d
u
:

√

(6.66)
1 ·x

k
,L
→

.........⇒
G

K
=

c
k x

k
,K

.
(6.67)

(6.66)
2 ·

X
K

,l →
.........⇒

g
k

=
C

K
X

K
,k .

(6.68)

K
on

travarian
tsed

baasid
saad

ak
se

orton
orm

aalsu
stin

gim
u
stest

c
k·c

l
=

δ
k
l

ja
C

K
·C

L
=

δ
K

L
,

(6.69)

k
u
st

†

6
.5

.
B
a
a
siv

e
k
to

r,
m

ee
trilin

e
te

n
so

r
6

-
3
8

c
k(x

,t)
=

G
K

(X
)x

k
,K

ja
C

K
(X

,t)
=

g
k(x

)X
K

,k .
(6.70)

M
eil

oli
eeld

atu
d
,
et

t
=

t
0
p
u
h
u
l
E

K
ja

L
K

ü
h
tivad

,
st.,

x
1

=
X

1,...,
x

3
=

X
3.

J
ärelik

u
lt

algh
etkel

g
k (x

)
=

G
K

(X
)

=
c

k (x
,t)

=
C

K
(X

,t)

V
aatlem

e
avald

isi
(6.65)

—

d
P

=
G

K
d
X

K

︸
︷
︷

︸

i

=
c

k d
x

k

︸
︷
︷

︸

ii

ja
d
p

=
g

k d
x

k

︸
︷
︷

︸

iii

=
C

K
d
X

K

︸
︷
︷

︸

iv

.
(6.71)

i
m

äärab
d
P

k
u
i
t
=

t
0

ii
d
P

m
u
u
tu

m
ise

sead
u
s

E
K

-s

iii
m

äärab
d
p

igal
a
jah

etkel,
sest

vastavalt
d
efi

n
itsio

on
ile

(6.21)
ja

(6.23)
ei

m
u
u
tu

d
p

a
jas

iv
m

äärab
m

u
u
tu

m
atu

su
u
ru

se
d
p

m
u
u
tu

vates
ko

ord
in

aatid
es

X
K

su
valisel

h
etkel

t≥
t
0 .
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D
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6
.6

.1
C

a
u
ch

y
ja

G
re

e
n
i
d
e
fo

rm
a
tsio

o
n
ite

n
so

rid



c
k
l

d
ef
=

c
k ·c

l
(6.66)
=

G
K

L
X

K
,k X

L
,l

ja

C
K

L
d
ef
=

C
K
·C

L
(6.66)
=

g
k
l x

k
,K

x
l,L

.
(6.72)

S
u
u
ru

st
c
k
l
n
im

etatak
se

C
au

chy
deform

atsioon
iten

soriks
ja

su
u
ru

st
C

K
L

G
ree-

n
i

deform
atsioon

iten
soriks .

N
ad

on
sü

m
m

eetrilised
ja

p
ositiiv

selt
m

ääratu
d
.
†

T
en

soreid
c
k
l
ja

C
K

L
v
õib

in
terp

reteerid
a

ka
k
u
i
m

eetrilisi
ten

soreid
,
sest

m
eet-

rilin
e

ten
sor

G
K

L
(X

)
tran

sform
eeru

b
läb

i
kesk

kon
n
a

liik
u
m

ise
ten

sorik
s

c
k
l (x

)
ja

g
k
l (x

)
→

C
K

L
(X

).
K

ovarian
tsete

ten
sorite

c
k
l
ja

C
K

L
in

d
ek

seid
saab

kon
t-

ravarian
tsete

m
eetriliste

ten
soritega

tõsta.
S
aad

u
d

kon
travarian

tsete
ten

sorite
m

aatrik
sid

[c
k
l]

ja
[C

K
L
]
ei

osu
tu

aga
kovarian

tsete
ten

sorite
m

aatrik
site

[c
k
l ]

ja
[C

K
L
]
p
öörd

m
aatrik

sitek
s

(n
agu

oli
g

k
l
ja

G
K

L
p
u
h
u
l).

A
n
tu

d
ju

h
u
l
tu

leb
sisse

tu
u
a

ten
sorid



−
1c
k
l

d
ef
=

c
k·c

l
(6.70)
=

G
K

L
x

k
,K

x
l,L

ja
−

1

C
K

L
d
ef
=

C
K
·C

L
(6.70)
=

g
k
lX

K
,k X

L
,l

,
(6.73)
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6

-
4
0

m
ille

p
u
h
u
l
c
k
m
−

1c
m

l
=

δ
k
lja

C
K

M

−
1

C
M

L
=

δ
K

L
.
T
en

sorit
−

1c
k
ln

im
etatak

se
F
in

geri
‡

deform
atsioon

iten
soriks

ja
−

1

C
K

L
P
iola

deform
atsioon

iten
soriks

6
.6

.2
L
a
g
ra

n
g
e
’i

ja
E
u
le

ri
d
e
fo

rm
a
tsio

o
n
ite

n
so

rid

P
öörd

u
m

e
tagasi

su
u
ru

ste
d
p

ja
d
P

ju
u
rd

e
—

{

d
S

2
=

d
P
·
d
P

=
G

K
L
d
X

K
d
X

L
=

c
k
l d

x
kd

x
l,

d
s
2

=
d
p
·d

p
=

g
k
l d

x
kd

x
l
=

C
K

L
d
X

K
d
X

L

V
iim

astest
leiam

e
elem

en
taarpikku

se
ru

u
du

m
u
u
du

d
s
2−

d
S

2
=

2E
K

L
d
X

K
d
X

L
=

2e
k
l d

x
kd

x
l,

(6.74)

k
u
s

2E
K

L
=

2E
L

K
=

C
K

L −
G

K
L

ja
2e

k
l
=

2e
lk

=
g

k
l −

c
k
l .

(6.75)

T
en

sorit
E

K
L

=
E

K
L
(X

,t)
n
im

etatak
se

L
agran

ge’i
deform

atsioon
iten

soriks
ja

ten
sorit

e
k
l
=

e
k
l (x

,t)
E
u
leri

deform
atsioon

iten
soriks.
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K
eh

tivad
seosed

:

E
K

L
=

e
k
l x

k
,K

x
l,L

ja
e
k
l
=

E
K

L
X

K
,k X

L
,l

(6.76)

V
alem

i
(6.76)

1
kasu

tam
ise

p
u
h
u
l
tu

leb
avald

ad
a

e
k
l (X

,t)
ja

(6.76)
2

p
u
h
u
l
vas-

tu
p
id

i
E

K
L
(x

,t).

M
eetriliste

ten
sorite

ab
il

saam
e

leid
a

vastavaid
sega-

ja
kon

travarian
tseid

ten
-

soreid
:

E
K

L
=

G
K

M
E

M
L
,

E
K

L
=

G
K

M
G

L
N

E
M

N
=

G
L

M
E

K
M

,

e
k
l
=

g
k
m
e
m

l ,
e
k
l
=

g
k
m
g

lne
m

n
=

g
lm

e
k
m
.
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n
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a
v
a
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a
m
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e
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k
a
u
d
u
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-

4
2

6
.7

D
e
fo

rm
a
tsio

o
n
ite

n
so

rite
a
v
a
ld

a
m

in
e

siire
te

k
a
u
d
u

6
.7

.1
V

e
k
to

ri
k
o
v
a
ria

n
tn

e
o
sa

tu
le

tis

K
õigepealt

pü
ü
am

e
siirdevektori

u
kau

du
avaldada

vektorid
C

K
ja

c
k .

K
oh

avek
tor

p
=

P
+

u
(k

u
i
L
K

ja
E

K
n
u
llp

u
n
k
tid

ei
ü
h
ti

siis
p

=
b

+
P

+
u
).

S
eega

siirdevektor
u

=
p
−

P
.

(6.77)

S
iird

evek
tori

u
saab

avald
ad

a
n
ii

L
K

k
u
i
E

K
kau

d
u

—

u
=

U
K
G

K
=

U
K
G

K
=

u
kg

k
=

u
k g

k,
(6.78)

k
u
s

U
K

(X
,t)

ja
u

k(x
,t)

on
vek

tori
u

kon
travarian

tsed
kom

p
on

en
d
id

n
in

g
U

K
(X

,t)
ja

u
k (x

,t)
kovarian

tsed
kom

p
on

en
d
id

vastavalt
L
K

-s
ja

E
K

-s.

D
efi

n
itsio

on
id

e
(6.66)

p
õh

jal

C
K

(X
,t)

=
∂
p

∂
X

K
,

c
k (x

,t)
=

∂
P

∂
x

k
.

A
vald

am
e

valem
ist

(6.77)
koh

avek
torid

p
ja

P
n
in

g
asen

d
am

e
v
iim

astesse
avald

istesse.
S
aam

e
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e
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a
tsio

o
n
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n
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rite
a
v
a
ld

a
m

in
e

siire
te

k
a
u
d
u

6
-

4
3

C
K

=
∂
P

∂
X

K
+

∂
u

∂
X

K
=

G
K

+
∂
u

∂
X

K
,

c
k

=
∂
p

∂
x

k −
∂
u

∂
x

k
=

g
k −

∂
u

∂
x

k
.

(6.79)

V
alem

ite
(6.78)

p
õh

jal
u

=
U

L
G

L
=

u
lg

l
n
in

g
(6.79)

saab
k
u
ju

C
K

=
G

K
+

∂

∂
X

K
(U

L
G

L
),

c
k

=
g

k −
∂∂
x

k
(u

lg
l ).

(6.80)

A
n
alo

ogilised
avald

ised
siird

evek
tori

kovarian
tsete

kom
p
on

en
tid

e
jaok

s:

C
K

=
G

K
+

∂

∂
X

K
(U

L
G

L
),

c
k

=
g

k −
∂∂
x

k
(u

l g
l).

(6.81)

J
ärgn

evalt
pü

ü
am

e
leida

avaldistes
(6.80)

ja
(6.81)

olevaid
osatu

letisi

∂

∂
X

K
(U

L
G

L
)

=
∂
U

L

∂
X

K
G

L
+

U
L

∂
G

L

∂
X

K
,

∂∂
x

k
(u

lg
l )

=
∂
u

l

∂
x

k
g

l +
u

l ∂
g

l

∂
x

k
,

(6.82)

∂

∂
X

K
(U

L
G

L
)

=
∂
U

L

∂
X

K
G

L
+

U
L

∂
G

L

∂
X

K
,

∂∂
x

k
(u

l g
l)

=
∂
u

l

∂
x

k
g

l+
u

l ∂
g

l

∂
x

k
.

(6.83)

E
sim

este
liid

etavate
leid

m
in

e
p
ole

p
rob

leem
ik

s
—

see
on

lih
tn

e.
T
eiste

liid
eta-

vatega
on

lu
gu

keeru
kam

,
sest

osatu
letisi

tu
leb

leid
a

b
aasivek

toritest
G

L
,...,g

l.
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n
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a
v
a
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a
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e
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k
a
u
d
u

6
-

4
4

V
astavalt

d
efi

n
itsio

on
id

ele
(6.22)

ja
(6.23)

G
L

=
∂
Z

N

∂
X

L
I
N

,
I
N

=
∂
X

L

∂
Z

N
G

L
,

g
l
=

∂
z

n

∂
x

L
in ,

in
=

∂
x

l

∂
z

n
g

l .

S
eega

osatu
letised

v
õrran

d
eis

(6.82)
√



∂
G

L

∂
X

K
=

∂
2Z

N

∂
X

K
∂
X

L
I
N

=
∂

2Z
N

∂
X

K
∂
X

L

∂
X

M

∂
Z

N
G

M
,

∂
g

l

∂
x

k
=

∂
2z

n

∂
x

k∂
x

l in
=

∂
2z

n

∂
x

k∂
x

l ∂
x

m

∂
z

n
g

m
.

(6.84)

V
õtam

e
kasu

tu
sele

C
hristoff

eli
teist

liiki
sü

m
bolid

{
MK
L

}

d
ef
=

∂
2Z

N

∂
X

K
∂
X

L

∂
X

M

∂
Z

N
ja

{
mk
l }

d
ef
=

∂
2z

n

∂
x

k∂
x

l ∂
x

m

∂
z

n
.

(6.85)

V
alem

id
(6.84)

saavad
n
ü
ü
d

k
u
ju

∂
G

L

∂
X

K
=

{
MK
L

}

G
M

ja
∂
g

l

∂
x

k
=

{
mk
l }

g
m
.

(6.86)

an
alo

ogiliselt
saab

n
äid

ata,
et

∂
G

L

∂
X

K
=

−
{

L

K
M

}

G
M

ja
∂
g

l

∂
x

k
=

−
{

l

k
m

}

g
m
.

(6.87)
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6
-

4
5

C
hristoff

eli
esim

est
liiki

sü
m

bolid
on

d
efi

n
eeritavad

kah
el

m
o
el.

i)
L
äb

i
C

h
ristoff

eli
teist

liik
i
sü

m
b
olite



[K
L
,M

]
d
ef
=

G
M

N

{
NK
L

}

,

{
MK
L

}

=
G

M
N

[K
L
,N

],

[k
l,m

]
d
ef
=

g
m

n

{
nk
l }

,

{
mk
l }

=
g

m
n[k

l,n
].

(6.88)

ii)
A

rvestad
es

m
eetriliste

ten
sorite

d
efi

n
itsio

on
e

(6.26)
ja

(6.30),

G
K

L
=

G
K
·G

L
=

δ
M

N

∂
Z

M

∂
X

K

∂
Z

N

∂
X

L
,

g
k
l
=

g
k ·g

l
=

δ
m

n

∂
z

m

∂
x

k

∂
z

n

∂
x

l ,

saam
e



[K
L
,M

]
d
ef
=

12

(
∂
G

K
M

∂
X

L
+

∂
G

L
M

∂
X

K
−

∂
G

K
L

∂
X

M

)

,

[k
l,m

]
d
ef
=

12

(
∂
g

k
m

∂
x

l
+

∂
g

lm

∂
x

k
−

∂
g

k
l

∂
x

m

)

.

(6.89)

V
äga

tih
ti

d
efi

n
eeritak

segi
C

h
ristoff

eli
esim

est
liik

i
sü

m
b
olid

k
u
ju

l
(6.89).
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a
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e
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te

k
a
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6
-

4
6

V
alem

eist
(6.85)

ja
(6.89)

järeld
u
b
,
et

C
h
ristoff

eli
sü

m
b
olid

on
sü

m
m

eetrilised
in

d
ek

site
K

ja
L

(k
ja

l)
su

h
tes:

{
MK
L

}

=

{
ML
K

}

,
[K

L
,M

]
=

[L
K

,M
],

{
mk
l }

=

{
mlk

}

,
[k

l,m
]
=

[lk
,m

].

(6.90)
N

B
!

C
hristoff

eli
sü

m
bolid

pole
ten

sorid!

T
u
lem

e
tagasi

valem
ite

(6.82)
ja

(6.83)
ju

u
rd

e
n
in

g
esitam

e
n
ad

k
u
ju

l

∂

∂
X

K
(U

L
G

L
)

=
U

M
;K

G
M

,
∂∂
x

k
(u

lg
l )

=
u

m
;k g

m
,

(6.91)

∂

∂
X

K
(U

L
G

L
)

=
U

M
;K

G
M

,
∂∂
x

k
(u

l g
l)

=
u

m
;k g

m
,

(6.92)

S
iin

U
M

;K
d
ef
=
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ü
d

G
reen

i
ja

C
au

ch
y

d
eform

atsio
on

iten
sorid

läb
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ü
hed
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äikesed

m
u
u
d
u
d
)

d
P

ja
d
p

läb
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õverjo

on
elise

ko
ord

in
aatsü
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fü

ü
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õh

jal
on

n
en

d
e

p
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ä
id

e
6
.9

.1
.

A
valdam

e
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õvera

X
K

p
u
u
tu

ja
sih

is):

Λ
(K

)
=

√

C
K

K

G
K

K

=

√

1
+

2E
K

K

G
K

K

,
E

(K
)
=

√

1
+

2E
K

K

G
K

K

−
1.

(6.125)

E
t

an
d
a

fü
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ä
rtu

se
d

ja

p
e
a
su

u
n
a
d

T
u
leb

lah
en

d
ad

a
v
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ääram

isek
s.

K
ogu

p
rotsed

u
u
r

on
tegelik

u
lt

an
alo

ogilin
e

D
K

R
korral

k
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õh

jal
†

III
C

=
∣∣C

K
L

∣∣
(6.140)

=
∣∣G

R
S
∣∣|g

m
n |

∣∣x
k
,K

∣∣ 2
=

gG
j
2

=
J

2,
(6.141)

k
u
s

J
on

teisen
d
u
se

z
k

=
z

k
(Z

K
,t

)
jakob

iaan
fi
k
seeritu

d
a
jah

etkel
t

ja
m

is
on

leitav
järgm

iselt:
‡

J
=

∣∣∣∣

∂
z

k

∂
Z

K

∣∣∣∣
=

∣∣∣∣

∂
z

k

∂
x

m

∂
x

m

∂
X

M

∂
X

M

∂
Z

K

∣∣∣∣
=

∣∣∣∣

∂
z

k

∂
x

m

∣∣∣∣

∣∣∣∣

∂
x

n

∂
X

N

∣∣∣∣

∣∣∣∣ ∂
X

M

∂
Z

K

∣∣∣∣
=

√
g

√
G

j.
(6.142)

6
.1

1
.

D
e
fo

rm
a
tsio

o
n
ite

n
so

ri
in

v
a
ria

n
d
id

,
p
ea

v
ä
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ö
ö
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ääram
isek

s
to

om
e

sisse
p
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öörab

vah
etatu

d
kolm

ik
u

N
α

kolm
ik

u
k
s

n
α .



n
k
α

=
R

k
m
g

m
K

N
K

α
=

g
k
L
R

L
K

N
K

α
=

R
k
K

N
K

α

N
K

α
=

g
K

m

−
1

R
m

k n
k
α

=
−

1

R
K

L
g

L
k n

k
α

=
−

1

R
K

k n
k
α

(6.144)

S
iin

−
1

R
on

ten
sori

R
p
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ü
d

vek
torite

kolm
ik

u
d

N
α

ja
n

α
—

N
α

K
N

L
α

d
ef
=

δ
L

K
,

n
α

k n
lα

d
ef
=

δ
lk ,

(6.146)

st.,
(vek

torite)
kolm

ik
u
d

N
α

ja
n

α
n
in

g
N

α
ja

n
α

tein
eteise

p
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ö
rd

e
,
p
ö
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ö
ö
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ö
rd

e
,
p
ö
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ä
id

e
:
N

ii
leitak

se
m

ateriaalset
tu

letist
liik

u
m

issead
u
sest.

√



6
.1

3
.

K
iiru

s
ja

k
iire

n
d
u
s

6
-

7
5

K
eeru

kam
on

lu
gu

siis,
k
u
i
f

on
avald

atu
d

E
K

-s.
V

aatlem
e

vek
torfu

n
k
tsio

on
i

f(x
,t)

=
f

kg
k

=
f

k g
k.

N
ü
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äesolevas

ala
jaotu

ses
leiam

e
m

ateriaalse
tu

letise
E

K
-s

esitatu
d

elem
en

taarru
-

m
alast

d
υ
.
A

lgh
etkel

t
0

on
m

eil
tah

ke
keh

a
(ru

u
m

ip
iirkon

d
)

B
,
m

id
a

ü
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ü
d

su
valin

e
fu

n
k
tsio

on
φ

d
efi

n
eeritu

d
ü
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ü
h
tib

m
ateriaalse

m
ah

u
ga

V
.
S
eega,

m
in

gi
fü
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läb

i
ru

u
m

ilist
m

ah
tu

υ
ü
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(ė

k
l +

e
m

l v
m

;k
+

e
k
m
v

m
;l )

d
x

kd
x

l.

(6.194)

d
k
l
=

ė
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ä
v
u
se

a
k
sio

o
m

i
saam

e
k
u
i

raken
d
am

e
glob

aalset
m

as-
si

jääv
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õ
h
ia

k
sio

o
m

—
e
n
e
rg

ia
jä
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Ė

=
W

+
Q

,
(6.229)

k
u
s

Q
on

so
o
ju

se
ju

u
rd

evo
ol

a
jaü
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h
ik

u
koh

ta.

A
vald

am
e

n
ü
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Ḣ

(6.244)

ja
∫

V

1ϑ
q

p
;p d

υ
=

∫

V

[
(

q
p

ϑ

)

;p

+
q

pϑ
,p

ϑ
2

]

d
υ

=

∫

s

q
p

ϑ
d
a

p
+

∫

V

q
pϑ

,p

ϑ
2

d
υ
.

(6.245)



6
.2

2
.

P
o
te

n
tsia

a
ln

e
e
n
e
rg

ia
6

-
1
0
5

G
lob

aaln
e

en
tro

op
ia

to
otm

ise
v
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õrratu

sele
(6.252)

k
u
ju

−
ρ

(

ψ̇
+

η
ϑ̇
)

+
t
k
ld

k
l +

1ϑ
q

kϑ
,k ≥

0.
(6.254)

V
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õik

id
e

term
om

eh
aan

ikaliste
p
rotsessid

e
p
u
h
u
l.


