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1 The Problem

Exercise 6.32 in the course textbook: we obtained the formulas
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by unfolding the recurrence
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in two ways. What identities appear when the analogous recurrence
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is unwound?



2 Unwinding to the Right

With such a clear hint in the problem statement, it’s natural to start from just
checking what we get by unwinding (assuming m,n > 0):
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Noting that {n'gl} = 0 for n > 0 and assuming the original combinatorial
interpretation of {:L} (where {::L} = 0 for all m < 0 irrespective of n), we get

the hypothesis
Z i n+kl  [n+m+1
k N m ’

k<m

which we can prove by induction:
Base: For m = 0, we have

;Ok{nzk}:o:{nz;l},

as {"zk} =0 for all £ < 0 and k{”‘};k} = 0 for k = 0 on the left side, and also
{"g‘l} =0 for n > 0 on the right side, so indeed both sides vanish.
Step: Assume >, k{":k} = {"+ZZ+1}. Then
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which again matches, and so we have proven our hypothesis (for n,m > 0, and
assuming the combinatorial interpretation of {}).



3 Unwinding to the Left

Like in the previous case, we start by following the hint in the problem statement
and unwinding (assuming m,n > 0 again):
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Noting that {n_?_l} =0 for n > 0, we get the hypothesis
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which we can prove by induction:
Base: For m = 0, we have
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as it should be.
Step: Assume Y o, (n+ 1) F{¥} = {" T} Then

e

X -k fh] P S R .
=(n+1) OS%:Sm(n + 1)’"’6{2 + {m: 1}
el )

_fm+2
T ln+2/’

which again matches, and so we have proven our hypothesis (for n,m > 0).



