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Convolutions

m Given two sequences:

(fo,fi,f2,...) = (fn) and (go,81,82,...) = (gn)

The convolution of (f,) and (gn) is the sequence

(fogo,fog1 +fgo. fog2 + fig1 + f2g0,...) = <Z fkgnk> = < Yy fkge> .
7 kti=n



Convolutions

m Given two sequences:

(fo,fi,f2,...) = (fn) and (go,81,82,...) = (gn)

The convolution of (f,) and (gn) is the sequence

(fogo,fog1 +fgo. fog2 + fig1 + f2g0,...) = <Z fkgnk> = < Yy fkgz> .
K kdt=n

m If F(z) and G(z) are generating functions on the sequences (f,;) and (g,), then
their convolution has the generating function F(z)- G(z).



Convolutions

m Given two sequences:

(fo,f1,fa,...) = (fn) and (go,g1,82,---) = (gn)
The convolution of (f,) and (gn) is the sequence
(fogo,fog1 +fgo. fog2 + fig1 + f2g0,...) = <Z fkgnk> = < Yy fkgz> .
k k+=n

m If F(z) and G(z) are generating functions on the sequences (f,;) and (g,), then
their convolution has the generating function F(z)- G(z).

m Three or more sequences can be convolved analogously, for example:
(fn)(gn){hn) = < Y ’?gkhz>
Jt+k+l=n

and the generating function of this three-fold convolution is the product

F(z)-G(z)-H(2). @
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Fibonacci convolution

To compute Y fif,_, use Fibonacci generating function (in the form given by
Theorem 1 and considering that ¥(n+1)z" = ﬁ)

Hence

F2(z) =

(%(1—1%’%))2

1 1 _ 2 n 1
T5\(1-92  (1-02)(1-o2) (1—$z)2

1
l Z(n+1)¢"z"77 Z frarz" 4+ - Z(n+1)¢" n
5 n=0 n>0
1
= Z(n+1)(¢"+¢'" z"— = Z fat12"
5 n=>0 n>0
1
g Z(n+1)(2fn+1 fn)Z" Z fn+1Z
n=0 n>0
1

= Y (2nfai1 — (n+1)f,)z"
n>0

01

kafn—k _ 2nfpi1 —(n+1)1f,
k

° @



Fibonacci convolution (2)

On the previous slide the following was used:

For any n > 0: " +on = 2fpi1— 1

Proof
The equalities Y, ®"z" = 1_—1‘1,2, Yn Drzn = 1 lo and ®+® =1 are used in the

=_ 0
—oz

following derivation:

Z(¢"+$")z": 1 n 1/\ _ 1f¢‘z+1fﬂ>z _
7 1-0z 1oz (1-9z)(1-z2)
2—z 2 z z

1z 22 z1-7z-22 1-z—72
= ngnz" 7Zf,.,z" = 22{1“,,2"‘1 7Zf,,z" =
z n n n n
=2Y for12" =) foz" =
n n
= Z(2fn+1 - fn)zn
n

Q.E.D.



Fibonacci convolution (2)

On the previous slide the following was used:

For any n > 0: FOLINIPCY, . 2fpi1— 1

Proof (alternative)

We know from Exercise 6.28 that
¢n+$n :Ln = n+1+fn—17

with the convention f_; =1, is the nth Lucas number, which is the solution to the
recurrence:

Lo =2; Li=1,;

Ln:Ln_1+L"_2 Vn>2

By writing the recurrence relation for Fibonacci numbers in the form f,_; =f,41 — 1,
(which, incidentally, yields -1 =1), we get precisely L, = 2f,11 — f,.
Q.E.D.
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Spanning trees for fan

Example: the fan of order 5:




Spanning trees for fan

Example: the fan of order 5:

Spanning trees:
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Spanning trees for fan (2)

How many spanning trees can we make?

1 m We need to connect 0 to each of the four blocks:
Ij m two ways to join 0 with {9,10},

. m one way to join 0 with {8},

; m four ways to join 0 with {4,5,6,7, },

: m three ways to join 0 with {1,2,3},
o m There is altogether 2-1-4 -3 = 24 ways for that.
Ig




Spanning trees for fan (2)

How many spanning trees can we make?

\ m We need to connect 0 to each of the four blocks:
{j m two ways to join 0 with {9,10},

: m one way to join O with {8},

; m four ways to join 0 with {4,5,6,7, },
li = three ways to join 0 with {1,2,3},
ot m There is altogether 2-1-4-3 =24 ways for that.
Ig

In general:

Sp = Z Z k1k2~~~km
m>0 fy kot km=n
ki,ka,....km >0

For example

fa=4+3-14+2-24+1-34+2-1-141-2-14+1-1-241-1-1-1=21 @



Spanning trees for fan (2)

How many spanning trees can we make?

| m We need to connect 0 to each of the four blocks:
I: m two ways to join 0 with {9,10},

: m one way to join 0 with {8},

; m four ways to join 0 with {4,5,6,7, },

; = three ways to join 0 with {1,2,3},
ot m There is altogether 2-1-4-3 = 24 ways for that.
Ig

In general:
Sn = Z Z klkg---km
m>0 fythkottkm=n
ki,ka,....km >0
This is the sum of m-fold convolutions of the sequence (0,1,2,3,...). J




Spanning trees for fan (3)

Generating function for the number of spanning trees:

m The sequence (0,1,2,3,...) has the generating function

z

G(z)= =

m Hence the generating function for(f;) is

Saare
STzt



Spanning trees for fan (3)

Generating function for the number of spanning trees:

m The sequence (0,1,2,3,...) has the generating function

z

G(z)= a2z

m Hence the generating function for(f,) is

S(2) = G(2)+ G%(2)+ G3(2) +--- = %
T -27-z
T1-3z+22

Consequently s, = >, J @
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Dyck language

The Dyck language is the language consisting of balanced strings of parentheses [’
and 7.

Another definition
If X ={x,x} is the alphabet, then the Dyck language is the subset 2 of words u of X*
which satisfy

u|x = |ulx, where |ulx is the number of letters x in the word u, and

if u is factored as vw, where v and w are words of X*, then |v|, > |v|x.

0 pairs 1 pair 2 pairs 3 pairs
(rem (e e
2 [] [tn [l
om [

flemens AAABBB AABBAB

2 AB AABB  ABAB ABAABB

AABABB ABABAB

No of words 1 1 2 5 @




Dyck language (2)

m Let C, be the number of words in the Dyck language Z having exactly n pairs
of parentheses.

m If u=vw for u € 2, then the prefix v € 2 iff the suffix w €

m Then every word u € 2 of length > 2 has a unique writing u = [v]w such that
v,w € 2 (possibly empty) but [p & Z for every prefix p of u (including v itself).

m Hence, for any n >0
Ch=0CCr1+CGCha+-+C1G
m The number series (C,) is called Catalan numbers, from the Belgian

mathematician Eugéne Catalan.
Let us derive the closed formula for C, in the following slides.



Catalan numbers

Step 1 The recurrent equation of Catalan numbers for all integers

Cr= ZCkCn—l—k + [n = 0].
k



Catalan numbers

Step 1 The recurrent equation of Catalan numbers for all integers

Cr= ZCkCn—l—k + [n = 0].
k

Step 2 Write down C(z) =Y, Cpz" :

C(2)=Y Coz" =) CChry 2"+ ) [n=0]2"
l k.n n
=Y Gz*zY Cpq g 2" R 41
k n
=2CkzkzZC,,z"+1
k n

=2zC%(z)+1



Catalan numbers (2)

Step 3 Solving the quadratic equation zC?(z) — C(z)+1 = 0 for C(z) yields

directly:
1+v1-4z
C(z)= —

(Solution with "+" isn’t proper as it leads to Co = C(0) =.)



Catalan numbers (2)

Step 3 Solving the quadratic equation zC?(z) — C(z)+1 = 0 for C(z) yields

directly:
1+1—-4z
2z ’
(Solution with "+" isn’t proper as it leads to Co = C(0) =.)
Step 4 From the binomial theorem we get:

m:):’(l/z)( 4z)k _1+Z2k< 1/2)( 4z)k

k>0

C(z)=

= Using the equality for binomials (~ 11/2) (=1/4)"(2") we
finally get

cm:ﬁ %( 2) _az)kt

k>1
1/ ) (- 42)

2n
n

3
WV

.
(37

n

WV
o



Proof that (_17/2) (—1/4)”(2n")

We prove a bit more: for every r € R and k >0,




\
=
/N
~
I
N =
~_
=
|

r (rf%)-(rfl)-(rfg)---(rfkfl)-(rféfk+1)

_ & 2r—1 2r—2 2r—3 2r—2k—2 2r—2k+1
T2 2 2 2 2 2
(2r)?x
22k




Proof that (~ 1/2) (—1/4)" ( ")

We prove a bit more: for every r € R and k >0,

K (L 1\ (@n**
I r-5) = 22k
Indeed,

O e Y e )

2r 2r—1 2r—2 2r—3 2r—2k—2 2r—2k+1
2 2 2 2 2 2
(2r)2k

22k

Then for r = k = n, dividing by (n!)? and using n = n!,

(7))
and as rk = (~1)%(=r)* = (-1)*(=r + k- 1)k,

(71’/2) _ (nf(nfn1/2)71) _ (;1’,)" (2:)

Q.E.D. @



Resume Catalan numbers

Formulae for computation

n Coir =220 ¢, with Go =1
- C" = %4-1 (2n")
. Co= (30— (2) = 7Y - (o)

m Generating function: C(z) = 1*?

Eugéne Charles Catalan
(1814-1894)

lim =4

n—e Cp1
nlo|1]2|3|4]5 |6 | 7| 8 | 9 | 10 @
Co [T |1 [ 25| 14|42 132|429 | 1430 | 4862 | 16 796



Applications of Catalan numbers

Number of complete binary trees with n+1 leaves is C,

2V SN




Applications of Catalan numbers

Number of complete binary trees with n+1 leaves is C,

2V SN

The Dyck language consists of exactly n characters A and n characters B, and every
prefix does not contain more B-s than A-s. For example, there are five words with 6
letters in the Dyck language:

AAABBB AABABB AABBAB ABAABB ABABAB J

Corollary
Cp is the number of words of length 2n in the Dyck language. @




Applications of Catalan numbers (2)

Monotonic paths

Chn is the number of monotonic paths along the edges of a grid with nx n
square cells, which do not pass above the diagonal. A monotonic path is one
which starts in the lower left corner, finishes in the upper right corner,
and consists entirely of edges pointing rightwards or upwards.

. - ’ T
;
’ P -~
5
e # o 7
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Applications of Catalan numbers (3)

Polygon triangulation

C, is the number of different ways a convex polygon with n+ 2 sides
can be cut into triangles by connecting vertices with straight lines.

See more applications, for example, on
http://www.absoluteastronomy.com/topics/Catalan_number @


http://www.absoluteastronomy.com/topics/Catalan_number
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Exponential generating function

The exponential generating function (briefly, egf) of the sequence (g,) is the function

a(z) = Z %z",

n>0 '

that is, the generating function of the sequence (gn/n!).

For example, e =Y ,~¢ f,—',' is the egf of the constant sequence 1.



Exponential generating function

Definition

The exponential generating function (briefly, egf) of the sequence (g,) is the function
a(z) = Z g—';z",
So !
that is, the generating function of the sequence (g,/n!).

For example, e =Y, - f,—': is the egf of the constant sequence 1.

Why exponential generating functions?

Because (g,/n!) might have a “simpler’ generating function than (g,) has.



Exponential generating functions: Basic maneuvers

Let F(z) and G(z) be the exponential generating functions of (£,) and (g,).

As usual, we put f, = g, =0 for every n <0, and undefined-0 = 0.

» aF(z)+BG(z) = ): (m) z"

n!



Exponential generating functions: Basic maneuvers

Let F(z) and G(z) be the exponential generating functions of (£,) and (g,).

As usual, we put f, = g, =0 for every n <0, and undefined-0 = 0.

» aF(z)+BG(z) = ): (m) z"

n!

= G(cz)= Z %z"



Exponential generating functions: Basic maneuvers

Let F(z) and G(z) be the exponential generating functions of (£,) and (g,).

As usual, we put f, = g, =0 for every n <0, and undefined-0 = 0.

» aF(z)+BG(z) = ): (m) z"

n!
= G(cz)= Z %z"

= zG(2) :Z%{lz"

n



Exponential generating functions: Basic maneuvers

Let F(z) and G(z) be the exponential generating functions of (£,) and (g,).

As usual, we put f, = g, =0 for every n <0, and undefined-0 = 0.

» aF(z)+BG(z) = ): (m) z"

n!
= G(cz)= Z %z"

= zG(2) :Z%z"

m G'(2) :Z%z"



Exponential generating functions: Basic maneuvers

Let F(z) and G(z) be the exponential generating functions of (£,) and (g,).

As usual, we put f, = g, =0 for every n <0, and undefined-0 = 0.

» aF(z)+BG(z) = ): (m) z"

n!

a C"gn n
G(cz) =Y, 7

za(z) = Z%z"

G/(e) =Y e

= _ En-1 _p
/‘)G(W)dw—z":Tz



Exponential generating functions: Basic maneuvers

Let F(z) and G(z) be the exponential generating functions of (£,) and (g,).

As usual, we put f, = g, =0 for every n <0, and undefined-0 = 0.

» aF(z)+BG(z) = ): (m) z"

n!
= G(cz)= Z %z"

= zG(2) :Z%{lz"

u 6’(2) = Z —g':ll z"

n

= 8n-1 _p
(] /0 G(W)dWZ;TZ

" F(2) G(2)=F (; (k) fkgnk>z"

n



Binomial convolution

The binomial convolution of the sequences (f,) and (gn) is the sequence (h,) defined

by:
n
hp = Z (k) fkgnfk
k



Binomial convolution

The binomial convolution of the sequences (f,) and (gn) is the sequence (h,) defined

by:

hp, = Z (Z) fkgnfk

k

m ((a+b)") is the binomial convolution of (a”) and (b").

= If I?(z) is the egf of (f,) and a(z) is the egf of (gn), then Fl(z) = I?(z)a(z) is
the egf of (h,), because then:

hn

fk &nk
n! _Zk! (n—k)!

k




Bernoulli numbers and exponential generating functions

Recall that the Bernoulli numbers are defined by the recurrence:

y (m+1>Bk:[m:0] Vm>0,
k=0 k

which is equivalent to:

Z(:)Bk:Bn—i—[n:l] Vn>0.

n

The left-hand side is a binomial convolution with the constant sequence 1. Then the
egf B(z) of the Bernoulli numbers satisfies

é(z)-eZ = E(z)—i—z :

which yields
z

ez —1"

B(z)=



Bernoulli numbers and exponential generating functions

Recall that the Bernoulli numbers are defined by the recurrence:

Z (m+1>Bk:[m:0] Vm>0,
K=o\ k

which is equivalent to:

Z(Z)Bk:Bn+[n:1] Vn>0.

n
To make a comparison:

B, z " 1 d? ® o
Y = bu Y=o [T letar

1
n>o n>0

where B;f = B, -[B, > 0].
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