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Stirling numbers of the second kind

The Stirling number of the second kind Z , read ""n subset k"', is the

number of ways to partition a set with n elements into k non-empty subsets.




Stirling numbers of the second kind

The Stirling number of the second kind {Z} read “n subset k", is the

number of ways to partition a set with n elements into k non-empty subsets.

Example: splitting a four-element set into two parts

{1,2,3}U{4} {1,2,4}U{3} {1,3,41U{2} {2,3,4}U{1}
{1,2}U{3,4} {1,31U{2,4} {1,43U{2,3}

4
Hence {2} =7



Stirling numbers of the second kind

The Stirling number of the second kind Z , read “n subset k", is the

number of ways to partition a set with n elements into k non-empty subsets.

Some special cases: (1)

k=0 We can partition a set into no nonempty parts if and only if the set

is empty.
That is: {8} =[n=0].

We can partition a set into one nonempty part if and only if the set
is nonempty.

That is: {?} =[n>0].



Stirling numbers of the second kind

n

The Stirling number of the second kind {k} read “n subset k', is the

number of ways to partition a set with n elements into k non-empty subsets.

Some special cases: (2)

k=n

If n> 0, the only way to partition a set with n elements into n
nonempty parts, is to put every element by itself.

That is: {Z} =1. (This also matches the case n=0.)

Choosing a partition of a set with n elements into n—1 nonempty
subsets, is the same as choosing the two elements that go together.

Thatis: {71 f = @).



Stirling numbers of the second kind

The Stirling number of the second kind Z} read “n subset k", is the

number of ways to partition a set with n elements into k non-empty subsets.

Some special cases (3)

k=2 Let X be a set with two or more elements.
m Each partition of X into two subsets is identified by two
ordered pairs (A, X\ A) for AC X.
m There are 2" such pairs, but (0,X) and (X,0) do not satisfy
the nonemptiness condition.

n 2" -2 n—1
m Then 2(= 3 =2 —1 for n>2.

In general, {'27} =2 1-1)[n>1]



Stirling numbers of the second kind

The Stirling number of the second kind Z , read “n subset k', is the

number of ways to partition a set with n elements into k non-empty subsets.

In the general case:

For n > 1, what are the options where to put the nth element?

Together with some other elements.
To do so, we can first subdivide the other n—1 remaining objects into k
nonempty groups, then decide which group to add the nth element to.

By itself.
Then we are only left to decide how to make the remaining kK —1 nonempty
groups out of the remaining n—1 objects.

These two cases can be joined as the recurrent equation

{Z}:k{";l}Jr{,’g:}}, for n >0,

that yields the following triangle:



Stirling’s triangle for subsets

©OoO~NOOO~WNHEHO
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Stirling numbers of the first kind

The Stirling number of the first kind Z] read “n cycle k", is the number of

ways to partition of a set with n elements into k non-empty circles.

Circle is a cyclic arrangement

/ \ m Circle can be written as [A, B, C,D];

m It means that
[A7B7C7D] = [B7C7D7A] = [C7D’A7B] = [D?A7B7C]1

m |t is not same as [A,B,D,C] or [D,C,B,A].

@



Stirling numbers of the first kind

The Stirling number of the first kind {Z] read “n cycle k", is the number of

ways to partition of a set with n elements into k non-empty circles.

Example: splitting a four-element set into two circles

[1,2,3] [4] [1,2,4] [3] [1,3,4] [2] [2,3,4] [1]
[1,3,2] [4] [1,4,2] [3] [1,4,3] [2] [2,4,3] [1]

[1,2] [3,4] [1,3] [2,4] [1,4] [2,3]

4
Hence {2] =11



Stirling numbers of the first kind

The Stirling number of the first kind Z , read “n cycle k', is the number of

ways to partition of a set with n elements into k non-empty circles.

Some special cases (1):

k=1 To arrange one circle of n objects: choose the order, and forget

which element was the first. That is: {'17} =nl/n=(n—-1)L
AN AN AN
B D D C
N N \_,
AN / N / N
N \ Vi i / r-)



Stirling numbers of the first kind

The Stirling number of the first kind Z , read “n cycle k', is the number of

ways to partition of a set with n elements into k non-empty circles.

Some special cases (2):

k =n Every circle is the singleton and there is just one partition into

n

circles. That is, {n

} =1 for any n:

(1] [2] [3] [4]

k =n—1 The partition into circles consists of n—2 singletons and one pair.

So [nﬁl} = (3), the number of ways to choose a pair:

(t.2] (3] (41 [1.3] [2] [4]  [1.4] [2] [3]

[2,3] [1] [4] [2,4] [1] [3] [3,4] [1] [2]

@



Stirling numbers of the first kind

The Stirling number of the first kind {Z] read “n cycle k", is the number of

ways to partition of a set with n elements into k non-empty circles.

In the general case:
For n > 1, what are the options where to put the nth element?

Together with some other elements.
To do so, we can first subdivide the other n—1 remaining objects into k
nonempty cycles, then decide which element to put the nth one after.

By itself.
Then we are only left to decide how to make the remaining kK —1 nonempty
cycles out of the remaining n—1 objects.

These two cases can be joined as the recurrent equation
nl _ n—1 n—1 f
k _(n—l) k + k—11> 0rn>07

that yields the following triangle: @



Stirling’s triangle for circles
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Warmup: A closed formula for [,27]

{5] = (n=1)Ha1[n>1]



Warmup: A closed formula for g

{’2’} =(n—=1)Hp-1[n>1]

The formula is true for n=0 and n=1 (Hp =0 as an empty sum) so let n > 2.
m For k=1,...,n—1 there are (}) ways of splitting n objects into a group of k
and one of n— k. Each such way appears once for k, and once for n— k.

m To each splitting correspond {ﬂ ["Ik} = (k—1)!(n—k—1)! pairs of cycles.
m Then

g()k )l(n—k—1)!

—
N3
i
Il
r\)\ =

- 5 Z (n—k)

k=

(e
- (n—1)!H,,_1 &




Next subsection

Stirling numbers

m Basic Stirling number identities, for integer n >0



Basic Stirling number identities, for integer n >0

)
" i’}:[n>0] and m:(n—l)![n>0]
)

m {0t =(2""1-1)[n>0] and [g}:(n—l)!H",l[n>0]
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Basic Stirling number identities (2)

For any integer n>0, Y7, {Z} =l

Permutations define cyclic arrangement and vice versa,

for example:
1 2 3 4 5 6 7 8 9
3 8 4 7 2 9 1 5 6

Thus the permutation = = 384729156 of {1,2,3,4,5,6,7,8,9} is equivalent to
the circle arrangement

[1,3,4,7] [2,8,5] [6,9]




Basic Stirling number identities (2)

For any integer n>0, Y7, {Z} =l

Permutations define cyclic arrangement and vice versa,
for example:

W+
«—

Thus the permutation 7= = 384729156 of {1,2,3,4,5,6,7,8,9} is equivalent to
the circle arrangement

[1,3,4,7] [2,8,5] [6,9]




Basic Stirling number identities (2)

For any integer n>0, Y7, {Z} =l

Permutations define cyclic arrangement and vice versa,
for example:

W+
O — O

Thus the permutation 7= = 384729156 of {1,2,3,4,5,6,7,8,9} is equivalent to
the circle arrangement

[1,3,4,7] [2,8,5] [6,9]




Basic Stirling number identities (3)

0 — 50
= xt e {8 8
X2:XL+X2 0 1
1| o 1
x3=xlt3xt s e 1 3
3 0 i 3 1
4_ 1,52 63, 4 &l 17 B 4
Xt =x=+Tx=+6x>+x 5| o 1 15 25 10 1




Basic Stirling number identities (3a)

Inductive proof of x" =Y {ﬂ}xﬁ

= Considering that xktL = xk(x — k) we obtain that x - xk = xk*L | kxk

= Hence
x-xmt =x;{";1}xi:;{”;1}xk—l+;{”;1}kxi
:;{Z:{}xbrzk‘,{”;l}kxi
Bt {r -l



Basic Stirling number identities (4)

x2 :x1—|—x2
x§: 2xt —|—3x2 —I—x3

x* = 6x1 +11x% 4+ 6x3 +x*

Generating function for Stirling cycle numbers:

Xﬁzzk:[f('} xk, forn>0




Basic Stirling number identities (4a)

Generating function of the Stirling numbers of the first kind

Z{Z}zk:zFVn>O
k

The formula is clearly true for n=0 and n=1.
If it is true for n—1, then:

z" = zﬁ(z—&-n—l)
= ;{”;1}Zk>(z+n—1)
- geeeng e

K {l,z:%]zk+(n*1);{n;1 Sk

- gle-alr] )

[
~]

whence the thesis.



Basic Stirling number identities (5)

Reversing the formulas for falling and rising factorials

For every n > 0,

X" = ;{Z} (—1)"*xk and x2 = zk; m (—1)"kxk



Basic Stirling number identities (5)

Reversing the formulas for falling and rising factorials

For every n > 0,

X" = )k:{z} (~1)"kxk and x2 = ; m (—1)"kxk

As xk = (—1)k(=x)¥, we can rewrite the known equalities as:

x"=Y {Z} (~1)K(=x)¥ and (~1)"(~x)" = ; m xk

k

But clearly x” = (—1)"(—x)", so by replacing x with —x we get the thesis.



Basic Stirling number identities (5)

Reversing the formulas for falling and rising factorials

For every n > 0,

x" = )k:{z} (~1)"kxk and x2 = ; m (—1)"kxk

(i} [F o =g i) {af cor—m=a

Indeed,

- plfor (gl}) R (el )

must hold for every x; the other equality is proved similarly. @



Stirling’s inversion formula (cf. Exercise 6.12)

Statement

Let f and g be two functions defined on N with values in C.
The following are equivalent:

For every n >0,
s = {1} -0,
k

For every n >0,
() =% RS0



Stirling’s inversion formula (cf. Exercise 6.12)

If g(n) =Y« {ﬂ} (—1)kf (k) for every n >0, then also for n >0

r Fcvrew = Elzcop{k}comim

k

= Levmem 7] {4

k.m
= kzm (—1)2" k=™ f(m) [k] {nkv}
= ;(—1)"*Mf(m);(—1)"*k [k] {51}
= LD (m)lm=n]
= f(n).

The other implication is proved similarly.
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Stirling’s triangles in tandem

Basic recurrences of Stirling numbers yield for every integers k,n a simple law:

- {8} o = {5} - oorem o] - {8} e

n n n n n n n n n n n
BRIR AR AR Y Rt R RURHEH
-5 1
4 | 10 1
3| 35 6 1
2 | 50 11 3 1
1| 24 6 2 1 1
0 0 0 0 0 0 1
1 0 0 0 0 0 0 1
2 0 0 0 0 0 0 1 1
3 0 0 0 0 0 0 1 3 1
4 0 0 0 0 0 0 1 7 6 1
5 0 0 0 0 0 0 1 15 25 10 1 @




Stirling numbers cheat sheet

) -[-0-o

> 0] and {ﬂ =(n—1)![n>0]

[n
(2"-1-1)[n> 0] and {'2'] =(n—1)!Hp_1[n> 0]
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Fibonacci numbers: Idea

Fibonacci's problem

A pair of baby rabbits is left on an island.
m A baby rabbit becomes adult in one month.

= A pair of adult rabbits produces a pair of baby rabbits each
month.

How many pairs of rabbits will be on the island ofter n months?
How many of them will be adult, and how many will be babies?

Leonardo
Fibonacci
(1175-1235)



Fibonacci numbers: Idea

Fibonacci's problem
A pair of baby rabbits is left on an island.
m A baby rabbit becomes adult in one month.

= A pair of adult rabbits produces a pair of baby rabbits each
month.

How many pairs of rabbits will be on the island ofter n months?
How many of them will be adult, and how many will be babies?

Solution (see Exercise 6.6)

Leonardo
= On the first month, the two baby rabbits will have become adults. Fibonacci
m On the second month, the two adult rabbits will have produced a (1175-1235)

pair of baby rabbits.

m On the third month, the two adult rabbits will have produced
another pair of baby rabbits, while the other two baby rabbits will
have become adults.

m And so on, and so on ...
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Fibonacci Numbers: Definition

n o1 |2[3]4|5]6] 7 [8]9]10
011|235 81323455

n |

Formulae for computing:

u f,, = f,-,_l +f,-,_2, where fo =0 and f1 =1

. f= L\/;’" ("Binet form")

The golden ratio

The constant ¢ = 1‘*'2‘/5 ~1.61803 is called golden ratio :

If a line segment a is divided into two sub-segments b and a— b so that
a:b=>b:(a—b), then

b .
%:d)andg:—(b




Generating Function for Fibonacci Numbers

F(x)=fo+fAix+hx?+Ax3+hHx*+- -




Generating Function for Fibonacci Numbers

F(x)= fo+ fix+hx®+fx3+fix* +--

f27

L+,

f37

f+fi,

f47

f3+f27

}HF(X)




Generating Function for Fibonacci Numbers

F(x)= fo+ fix+hx®+fx3+fix* +--

(fo, f, f, f3, fa, oco)
+ F(x)

(0, 1, fi+fh, h+h, B(+hH, )

4

Applying Addition to some known generating functions:

(0, 1, 0, 0, 0, ) & X
<0, fo, fl, fg, f3, ) < XF(X)
+ <O, 0, fo, f1, fa, > <~ XZF(X)
0, 1+f, hA+fh, hH+h, H+H, ) & x+xF(x)+x*F(x)



Generating Function for Fibonacci Numbers

F(x)= fo+ fix+hx®+fx3+fix* +--

(fo, f, f, f3, fa, occ)
+ F(x)

(0, 1, fA+fy, hL+h, HK+hH )

v

Applying Addition to some known generating functions:

(0, 1, 0, 0, 0, ) & X
(0, o, fi, fa, f3, ) e xF(x)
+ (0, 0, fo, f1, f, G x*F(x)
0, 1+f, A+, h+h, KB+hH, ) & x+xF(x)+x*F(x)

Closed form of the generating function: F(x) =~ J @




Evaluation of Coefficients: Factorization

m We know from the previous lecture that

1
1—ax

=1+ax+a®x®+o3x3+--



Evaluation of Coefficients: Factorization

m We know from the previous lecture that

1

=1+ax+a®x®+o3x3+--
1—oax

m Let's try to represent a generating function in the form:

A 0 B
l-ax 1-Bx

=A Z (ax)"+B Z (Bx)"

n=>0 n=>0

=Y (Aa"+BB")x"

n=0

G(x)=




Evaluation of Coefficients: Factorization

m We know from the previous lecture that

1
1—ax

=1+ax+a®x®+o3x3+--

m Let's try to represent a generating function in the form:

A 0 B
l-ax 1-Bx

=A Z (ax)"+B Z (Bx)"

n=>0 n=>0

=Y (Aa"+BB")x"

n=0

G(x)=

m The task is to find such constants A, B, o, that

A B A—APx+ B Box
)= P T8~ @0 —fx)




Factorization for Fibonacci (2)

m For the generating function of Fibonacci Numbers we need to solve the

equations:
{ (1—oax)(1—pBx)
(A+B)—(AB+Ba)x

1—x—x2

X



Factorization for Fibonacci (2)

m For the generating function of Fibonacci Numbers we need to solve the

equations:
{ (1—oax)(1—pBx)
(A+B)—(AB+Ba)x

To factorize 1 —x — x?

1—x—x2

X

m Solve the equation w? —wx —x2 =0 (i.e. w=1 gives the special case
1-x—x%2=0):
x+VxZ+4x2  1+£+/5
wio = = x
’ 2 2
m Therefore

and




Factorization for Fibonacci (2)

m For the generating function of Fibonacci Numbers we need to solve the

equations:
{ (1—oax)(1—Bx)
(A+B)—(AB+Ba)x

1—x—x2

X

A general trick

Let p(x) =Y7_, akx* be a polynomial over C of degree n such that
20 = p(0) £0,
m Then all the roots of p have a multiplicative inverse.

m Consider the “reverse” polynomial
n k 1
Pr(X)= Y axx"“=x"p (*)
k=0 X

m Then a is a root of p if and only if 1/« is a root of pgr, because if
p(x)=an(x—0ay1)---(x— o), then pr(x) = a,(1 —a1x)--- (1 — otyx).




Factorization for Fibonacci (3)

m For the generating function of Fibonacci Numbers we need to solve the

equations:
(1—ax)(1—Bx) = l-x-—x2
(A+B)—(AB+Ba)x = X
Denote ¢ = 143 ( ):
= "phi hat” is
& — _q_1 _2-1-V5 _ 1
Bo1-0=1- LB i1




Factorization for Fibonacci (3)

m For the generating function of Fibonacci Numbers we need to solve the

equations:
(1—ax)(1—Bx) = l-x-—x2
(A+B)—(AB+Ba)x = X
Denote ¢ = 143 ( ):
= "phi hat” is
& — _q_1 _2-1-V5 _ 1
Bo1-0=1- LB i1

m and we have R
1-x—x%=(1-ox) (1—¢x)




Factorization for Fibonacci (4)

m For the generating function of Fibonacci Numbers we need to solve the
equations:

(A+B) — (A® + Bd)x

{ (17¢x)(17$x) = 1-x—x2

To find A and B:

m Solve
A+B=0
Ad+ B = -1




Factorization for Fibonacci (4)

m For the generating function of Fibonacci Numbers we need to solve the

equations:
(17¢x)(17$x) = 1-x—x?
(A+B)—(Ad+Bd)x = x
To find A and B:
m Solve
A+B=0
AP+ Bd=-1
m Thisis A=1/(d—):
A=1/(®—)
Yy 1+v5 1-v6
B 2 2
_ 2 _ L
T 14+VB-14+V6 VB @




Factorization for Fibonacci (5)

To conclude:

m We have a =& = (14++5)/2, =& =(1-5)/2, A=1/y/5 and B=—1/\/5
m Generating function

A B
Cles)= 17ax+17[3x

-
_\/g 1-dx 1-ox
m Closed formula for £,

fn=Aa"+Bp"

- % (¢"—<T>")
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