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Sequences

A sequence of elements of a set A is any function f: N — A,
where N is set of natural numbers.

Notations used:
m f={a,}, where a, =f(n)
® {an}neN
m {ap}
ap is called n-th term of a sequence f
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Sequences

A sequence of elements of a set A is any function f: N — A,
where N is set of natural numbers.

Notations used:
m f={a,}, where a, = f(n)

® {an}neN
= {a}
ap is called n-th term of a sequence f

n
fln)= —2
(n) (n+1)(n+2)
or

n

(n+1)(n+2) [

an =
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Sets of indexes

m N - set of indexes of the sequence f = {a,} en

m Any countably infinite set can be used for index. Examples of
other frequently used indexes are:
s Nt =N-{0} ~N
m N— K ~ N, where K is any finite subset of N
m Z~N
m {1,3,5,7,...} =0ODD ~N
m {0,2,4,6,...} = EVEN ~N



Sets of indexes

m N — set of indexes of the sequence f = {a,}pen

m Any countably infinite set can be used for index. Examples of
other frequently used indexes are:
s Nt =N—{0}~N
m N— K ~N, where K is any finite subset of N
m Z~N
= {1,3,5,7,...} = ODD ~N
 {0,2,4,6,...} = EVEN ~ N

A ~ B denotes that sets A and B are of the same cardinality,
ie. |Al=|B].




Sets of indexes

m N — set of indexes of the sequence f = {a,}pen

m Any countably infinite set can be used for index. Examples of
other frequently used indexes are:

N*=N-{0} ~N

N— K ~ N, where K is any finite subset of N

Z ~N

{1,3,5,7,..} = ODD ~ N

{0,2,4,6,...} = EVEN ~ N

Two sets A and B have the same cardinality if there exists a
bijection, that is, an injective and surjective function, from A to B.

(See

http://www.mathsisfun.com/sets/injective-surjective-bijective.html

for detailed explanation) @


http://www.mathsisfun.com/sets/injective-surjective-bijective.html

Finite sequence

m Finite sequence of elements of a set A is a function f : K — A,
where K is set a finite subset of natural numbers

For example: f:{1,2,3,4,--- ,n}n— A, neN

Special case: n=0, i.e. empty sequence: f(0) =e



Domain of the sequence

f:T—A

an =

(n—2)(n—5)

Domain of fis T=N-{2,5}
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Notation

For a finite set K ={1,2,--- ,m} and a given sequence
f: K — R with f(n) = a, we write

m
Ya=ata+ - +am
k=1




Notation

For a finite set K ={1,2,--- ,m} and a given sequence
f: K — R with f(n) = a, we write

m
Ya=ata+ - +am
k=1

Alternative notations
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Warmup: What does this notation mean?

Y 4Gk =qa+ s+ G2+ q1+ 90 = Lke(a3210} Gk = Li—o k-
This seems the sensible thing—but:

Ya<k<oqk = 0 also looks like a feasible interpretation—but:

If
n
Y a=Y a— ) a,
k=m k<n k<m
(provided the two sums on the right-hand side exist finite) @

then Y9 _, gk = Y k<o Gk — Yk<a Gk = —G1 — G2 — q3.
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Warmup: Interpreting the X-notation

Compute Z{0§k§5} a, and Z{0§k2§5} ajz2.

{0<k<5}=1{0,1,2,3,4,5} :

thus, Yjo<k<s} @k = ao + a1+ az +as + as + as.

Second sum

{0<k*<5}={0,1,2




Warmup: Interpreting the X-notation

Compute Z{0§k§5} a, and Z{0§k2§5} ajz2.

{0<k<5}=1{0,1,2,3,4,5} :

thus, Yjo<k<s} @k = ao + a1+ az +as + as + as.

Second sum

{0<k*<5}={0,1,2,-1,-2} :

thus,
Z{O§k§5} a2 = dg2 +aj2+axp+a iz ta gz=a+ 2a1 +2a».

@
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Sums and Recurrences

Computation of any sum

S,,:Zak

can be presented in the recursive form:

So = 4ag
Sn = 5,,71 +an

= Techniques from CHAPTER ONE can be used for finding closed
formulas for evaluating sums. @



Recalling repertoire method

m Given
g(0)=o

g(n)=®(g(n—1))+V(B,7....) for n> 0.

where ® and W are linear, for example if g(n) = A181(n) +A2g2(n) then
®(g(n)) = 1 ®(g1(n)) + 229(g2(n)).
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Recalling repertoire method

m Given
g(0)=o

g(n)=®(g(n—1))+V(B,7....) for n> 0.

where ® and W are linear, for example if g(n) = A181(n) +A2g2(n) then
®(g(n)) = 219(g1(n)) + 2P (g2(n)).
m Closed form is
g(n) = aA(n)+BB(n)+yC(n)+-- (1

m Functions A(n), B(n),C(n),... could be found from the system of equations
a1 A(n) +B1B(n)+1n C(n)+--- = g1(n)

omA(n) + BmB(n) + ¥m C(n) +--- = gm(n)

where @;,f;,7; -+ are constants committing (1) and recurrence relationship for
the repertoire case gj(n) and any n.
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Sums and Recurrences
m Repertoire method



Example 1: arithmetic sequence

Arithmetic sequence: a, = a+ bn

Recurrent equation for the sum S, = ag+a1 +a>+---+a,:

So:a
Spn=Sn-1+(a+bn), for n>0.



Example 1: arithmetic sequence

Arithmetic sequence: a, = a+ bn

Recurrent equation for the sum S, = ag+a1 +a>+---+a,:

So:a
Spn=Sn-1+(a+bn), for n>0.

Let's find a closed form for a bit more general recurrent equation:

R():OC
Ryn=Rn-1+(B+7yn), for n>0.




Evaluation of terms R, = R,—1 + (3 + yn)

Ry=«

Ri=a+p+y
Ro=o+B+y+(B+2y)=a+2B+3y
Ry =a+2B+3y+(B+3y)=a+3B+67

Rn = A(n)a+ B(n)B + C(n)y




Evaluation of terms R, = R,—1 + (3 + yn)

Ry=«

Ri=a+p+y
Ro=o+B+y+(B+2y)=a+2B+3y
Ry =a+2B+3y+(B+3y)=a+3B+67

Rn = A(n)a+ B(n)B + C(n)y

A(n),B(n),C(n) can be evaluated using repertoire method:
we will consider three cases

R,=1 for all n
R,=nfor all n
R, = n? for all n



Repertoire method: case 1

Lemma 1: A(n) =1 forall n

ml= Ro =
m From R, = R,_1+ (B + vn) follows that 1 =1+ (B + yn).
This is possible only when B =y=0

Hence
1=A(n)-1+B(n)-04+C(n)-0



Repertoire method: case 2

Lemma 2: B(n)=n for all n

B 0= Ro =0
m From R, = R,_1+ (B + yn) follows that n=(n—1)+ (B + yn).
le. 1=B+vyn.
This gives that f =1 and y=0
Hence
n=A(n)-04+B(n)-1+C(n)-0



Repertoire method: case 3

Lemma 3: C(n) = # for all n

ma=Ry=02=0

m Equation R, = R,—1+ (B + yn) can be transformed as
n*=(n—1)>+B+yn
n?=n?—2n+1+B+yn
0=(1+B)+n(y—2)
This is valid iff 1+ =0and y—2=10

Hence
n* = A(n)-0+B(n)-(=1)+ C(n)y-2

Due to Lemma 2 we get

n? = —n+2C(n)



Repertoire method: summing up

According to Lemma 1, 2, 3, we get

R, =1 for all n = A(n)=1
R, =nfor all n = B(n)=n
R, =n? for all n =5 C(n)=(n?+n)/2



Repertoire method: summing up

According to Lemma 1, 2, 3, we get

R,=1 for all n = A(n)=1
R, =nfor all n = B(n)=n
R, = n? for all n = C(n)=(n?+n)/2

That means that

2
Rn:a+n[3+(n ;_n)'y



Repertoire method: summing up

According to Lemma 1, 2, 3, we get
R,=1 for all n = A(n)=1
R, =n for all n == B(n)=n
R, =n? for all n = C(n) = (n?>+n)/2

That means that

2
Rn=a+nﬁ+(n ;—n)y

The sum for arithmetic sequence we obtain taking ¢ =8 =a and y = b:

So=Y (a4 bk) = (n+1)at "(”2“)

k=0

b
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Sums and Recurrences

m Perturbation method



Perturbation method

Finding the closed form for S, = Y o<

m Rewrite S,11 by splitting off first and last term:

Sp+anr1=ao+ Z ak =
1<k<n+t1l

=ao+ Z A1 =
1<k+1<n+1

=a0+ ), a1
0<k<n

m Work on last sum and express in terms of S,.
m Finally, solve for S,,.




Example 2: geometric sequence

Geometric sequence: a, = ax”

Recurrent equation for the sum S, = ag + a1+ a2+ +ap = Yock<n axk:

nga
S,=S,_1+ax", for n> 0.




Example 2: geometric sequence

Geometric sequence: a, = ax”

Recurrent equation for the sum S, = ag+a1 +a2+---+an = Yo<k<n axk:

5023
S,=S5,_1+ax", for n>0.

m Splitting off the first term gives
Sntanpi=ao+ Y, aky1=



Example 2: geometric sequence

Geometric sequence: a, = ax”

Recurrent equation for the sum S, = ag+a1 +a2 +---+an = Yo<k<n axk:

$0=a
S,=S5,_1+ax", for n>0.

m Hence, we have the equation

Sp+ax" = a4+ xS,



Example 2: geometric sequence

Geometric sequence: a, = ax”

Recurrent equation for the sum S, = ag+a1 +a2 +---+an = Yo<k<n axk:

50:a
S,=S,_1+ax", for n> 0.

m Hence, we have the equation
Sp+ax" = a+ xS,

m Solution: 1
a—ax"
Sp=———

1—x



Example 2: geometric sequence

Geometric sequence: a, = ax”

Recurrent equation for the sum S, = ag +a1 + a2 + -+ +ap = Yock<n axk:

nga
S,=S,_1+ax", for n> 0.

Closed formula for geometric sum:

a(x™1 1)
x—1

Sp=
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Example 3: Hanoi sequence

The Tower of Hanoi recurrence:

To=0
Th=2Th1+1




Example 3: Hanoi sequence

The Tower of Hanoi recurrence:

T(]:O
Thy=2Tp1+1

This sequence can be transformed into geometric sum using following manipulations:

m Divide equations by 2":

To/2° 0
Tn/zn — Tn71/2n71 +1/2n



Example 3: Hanoi sequence

The Tower of Hanoi recurrence:

T(]:O
Thy=2Tp1+1

This sequence can be transformed into geometric sum using following manipulations:

m Divide equations by 2":

To/2° = 0
Th/2" = Tpg1/2"t41/2"
m Set S, = T,/2" to have:
So = 0
Sn = Sn—l +27"

(This is geometric sum with the parameters a=1 and x =1/2.) @



Example 3: Hanoi sequence

The Tower of Hanoi recurrence:

To=0
Th=2Tp1+1

Hence,

5 — 0.5(0.5"—1)
"7 05-1
=1-27"

(a0 =0 has been left out of the sum)

T,=2"5,=2"-1



Example 3: Hanoi sequence

The Tower of Hanoi recurrence:

T():O
Th=2Th 1+1

Hence,
n
5(05"-1
Sp= % (a0 =0 has been left out of the sum)
=1-27"

=205, =2—1

Just the same result we have proven by means of induction! :)) I @
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m Summation factors



Linear recurrence in form a, T, = by Tp—1+Cp

Here {a,}, {bn} and {c,} are any sequences and initial value Ty is a constant.

Find a summation factor s, satisfying the property

Snby =sp_1an_1 for any n



Linear recurrence in form a, T, = by Tp—1+Cp

Here {a,}, {bn} and {c,} are any sequences and initial value Ty is a constant.

Find a summation factor s, satisfying the property

Snby =sp_1an_1 for any n

If such a factor exists, one can do following transformations:

® 5pan Th=Spbn Tp-1+5nChn=Sp-13n-1Tp-1+SnCn

m Setting S, = span Tp, to rewrite the equation as

So = soao To

sn = Sn-1+tSnCn
m Closed formula (!) for solution:

1 u 1 3
To=_(s020To+ ), skck) = (51l To+ ) skck) @
n k

Sn k=1 Sndn =1



Finding summation factor

Assuming that b, # 0 for all n:
mSetsp=1
m Compute next elements using the property s,b, = s,_1an_1:

a0
S1 = —
by
S1ai dpal
52 = = —
by  bib
S2a2 dodi a2
53 = — =
b3 bibybs
s — Sp—18n-1 apdy...dn—1
=
o bibs...b,

(To be proved by induction!) @



Example: application of summation factor

an=cp, =1 and b, =2 gives Hanoi Tower sequence:

m Evaluate summation factor

_ Sp—1@p-1 _ 4081..-3p-1 1

by biby..by, 27
m Solution is
n n 1
T,= (sibiTo+ Y skc)=2" ) £ =2"(1-2"")=2"-1
Sndn k=1 k=1 2



YAE: constant coefficients

Equation Z,=aZ,_1+b

Taking a, =1,b,=aand ¢, =b :

m Evaluate summation factor

Sn—12@n-1 apdy ...-adp-1 1
Sp = = = —

by bibs...b, an

m Solution is

1 o 71
Zy = —— <51b120+ Z skck> =g’ (Zo+b Z k)
Span = a

k=1
=a"Zy+b(1+a+a’+---+a™ 1)
an

-1
=a"Zg+—-b
a—1



YAE : check up on results

Equation Z,=aZ,_1+b

Z, = aZyi1+b=
= a’Z, 2+ab+b=
= a3Z, 3+a’b+ab+b=

= aZ,_,+ (@ T+a2+. +1)b=

P ak—1
= a Z,,_k-i—ﬁb (assuming a # 1)



YAE : check up on results

Equation Z,=aZ,_1+b

Z, = aZyi1+b=
= a’Z, 2+ab+b=
= a3Z, 3+a’b+ab+b=

= aZ,_,+ (@ T+a2+. +1)b=

P ak—1
= a Z,,_k-i—ﬁb (assuming a # 1)

Continuing until kK = n:

n_1
Z, = a"Zy o+ b=
a—1
. ~1
E 320+71b



Efficiency of quick sort

Average number of comparisons: C, =n+1+ %ZZ;%J Cx

unsorted
pivot value = 7
i i )
pivot value
[1][2] 12722, swap 12 and 2
1

262727, swap 26 and 7

72723 swap7and3

i> J, stop partition

run quick sort recursively




Efficiency of quick sort (2)

The average number of comparison steps when it is applied to n items

COZO

2n71
Co=n+1+=Y G
)

The following transformations reduce this equation

n—2
nCh=n*>+n+2 Z Ci+2Ch1
k=0

Write the last equation for n—1 and subtract to eliminate the sum:

(n—1)Cr1 :(n—1)2+(n—1)+2ni2Ck
k=0



Efficiency of quick sort (2)

The average number of comparison steps when it is applied to n items
Co=0

2n—1
Co=n+1+=Y G
)

The following transformations reduce this equation

n—2
nCph=n*+n+2 Z Ci+2Ch1
k=0

Write the last equation for n—1 and subtract to eliminate the sum:

(n-1)Crt = (-1 +(1-1)+2 ¥ Ce
k=0

nC,—(n—1)Cho1 =0 +n+2Cy1—(n—1)>—(n—1) @



Efficiency of quick sort (2)

The average number of comparison steps when it is applied to n items
Co=0

2n—1
Co=n+1+=Y G
)

The following transformations reduce this equation

n—2
nCph=n*+n+2 Z Ci+2Ch1
k=0

Write the last equation for n—1 and subtract to eliminate the sum:

(n-1)Crt = (-1 +(1-1)+2 ¥ Ce
k=0

nCn—nCpo1+Coo1=n*>+n+2Co1—n*>+2n—1—n+1 @



Efficiency of quick sort (2)

The average number of comparison steps when it is applied to n items
Co=0

2n—1
Co=n+1+=Y G
)

The following transformations reduce this equation

n—2
nCph=n*+n+2 Z Ci+2Ch1
k=0

Write the last equation for n—1 and subtract to eliminate the sum:

(n-1)Crt = (-1 +(1-1)+2 ¥ Ce
k=0

nC,-,—nC,-,_l = Cn—l +2n @



Efficiency of quick sort (2)

The average number of comparison steps when it is applied to n items
Co=0

2n—1
Co=n+1+=Y G
)

The following transformations reduce this equation

n—2
nCph=n*+n+2 Z Ci+2Ch1
k=0

Write the last equation for n—1 and subtract to eliminate the sum:

(n-1)Crt = (-1 +(1-1)+2 ¥ Ce
k=0

nCp,=(n+1)Cyp_1+2n @



Efficiency of quick sort (3)

Equation nC, = (n+1)Cy_1 +2n

m Assuming a, = n,b, = n+1 and ¢, = 2n evaluate summation factor

. alaz...a,,_l (n—1) 2
" bybs...b, 3 4....-(n+1)  n(n+1)
m Solution is 9 n
Ch= <51b1Co+ Y 5kck>
Span k=1
_ n+1 i
- <) k+1)
—onr)Y o —omny (Y iy
N S k+1 Sk on+l
=2(n+1)H,—

where H, =1+ % + % +...+ % is n-th harmonic number.



Efficiency of quick sort (3)

Equation nC, = (n+1)Ch—1+2n

m Assuming a, = n,b, = n+1 and ¢, = 2n evaluate summation factor

s _alaz...a,,,l_l (n=1) 2
" babz...b,  3-4-...-(n+1)  n(n+1)
m Solution is 1 .
Ch= (51b1C0+ Z 5k¢k>
Snan =)

n

s k+1)

51 L1 1
:2("+1)k;1k+ _2("+1)<Zk+n+1_1>

:2(n—|—1)H,,—2n
where H, = 1+%+%+...+% is n-th harmonic number.

(k-th harmonic produced by a violin string is the fundamental tone produced by a string that is @
1/k times as long.)



Efficiency of quick sort (3)

Equation nC, = (n+1)Ch—1+2n

m Assuming a, = n,b, = n+1 and ¢, = 2n evaluate summation factor

s _alaz...a,,,l_l (n=1) 2
" babz...b,  3-4-...-(n+1)  n(n+1)
m Solution is 1 .
Ch= (51b1C0+ Z 5k¢k>
Snan =)

n

s k+1)

51 L1 1
:2("+1)k;1k+ _2("+1)<Zk+n+1_1>

=2(n+1)H,—2n
_ 1,1 1.
where Hn71+§+§+...+; ~Inn.

(k-th harmonic produced by a violin string is the fundamental tone produced by a string that is @
1/k times as long.)
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Manipulation of Sums

Some properties of sums:

For K being a finite set and p(k) is any permutation of the set of all integers.

ank:cZak

keK kekK

Distributive law

Associative law

Y (ak+b)=Y a+ Y b
kekK

keK kek

Commutative law

Y a= Y a

kekK p(k)ek



Manipulation of Sums

Some properties of sums:

For K being a finite set and p(k) is any permutation of the set of all integers.

ank:cZak

keK kekK

Distributive law

Associative law

Y (ak+b)=) a+ Y b
keK kekK kek

Commutative law

Application of these laws for S =Y gci<,(a+ bk)

S= Z (a+b(n—k)) = Z (a+ bn— bk) (commutativity)
0<n—k<n 0<k<n
25 = Z ((a+ bk)+(a+ bn— bk)) = Z (2a+ bn) (associativity)
o<k<n 0<k<n
2S=(2a+bn) Y 1=(2a+bn)(n+1) (distributivity) @

0<k<n



Yet another useful equality

Yact ) a= Y at )

keK keK’ ke KUK’ keKNK'

Special cases:

a)forl<m<n

m n n
Zak+ Zak:3m+zak
k=1 k=m k=1

b) for n>0
Y a=a0+ Y a
0<k<n

1<k<n

N

c) for n>0

Sp+any1=ao+ ak+1
0<k<n



Example: S, =Y}, kxk

m For x #£1:

0<k<n 0<k<n
1— n+1
I (e )
1—x
"
Z": ok x —(n+1)x"*t! 4 px"+2
X =
= (x—1)2
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