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Exercise 1
Prove that, for every nonnegative integer n, the quantity
nib _ pld _pd g 2

is divisible by 78.

Solution
By straightforward factorization,

n'® —nM—n*+n? = 2. (n* —n?) - (n* —n?

(
= n"?—1)-n* (n*-1)
(n? —=n)-((n=1)-n-(n+1))

The product (n — 1) - n - (n + 1) is made of three consecutive factors, of
which one is divisible by 3, and at least one is even: the product itself is thus
divisible by 6. The product n'3—n is divisible by 13 because of Fermat’s little

theorem. We may thus conclude that, for every n > 0, n'6 —n!*

divisible by 6 - 13 = 78.

—nt+n?is



Exercise 2

Solve the following recurrence:

o 1)
T, = —nIl,_1+3-n-n for n>0.

Hint: consider the general solution to the recurrence:

A, @)
Uy, = U1+ (=1)"-(Bn+7) for n>0.

Solution

If we write T,, = (=1)"n! U, then (1) becomes

Uy = 1,
(=1)™U, = —n(-1)"n-)W,1+3-n-n! for n>0 :

we divide the second equation by (—1)"n! and get

U = 1,
Uy, = Uy 1+ (—=1)"-3n for n>0,

which in turn is a special case of (2) for « =1, § =3, v = 0. So let’s search
for a solution of (2) of the form:

U,=a-An)+5-B(n)+~-C(n).

The choice U,, = 1 for every n > 0 corresponds to a« = 1,5 = v = 0 : thus,
A(n) = 1. The choice U, = (—1)" corresponds to a« = 1,3 = 0, v = 2 : thus,
A(n) +2C(n) = (—1)", from which follows

C(n) = &;_1) = —[nisodd].

The choice U,, = (—1)"-n corresponds to a = 0, 8 = 2,y = —1 : which yields
2B(n) — C(n) = (—=1)"™ - n, and consequently,
—1)"n — [nisodd n [n
sty - e 1]

Finally, for « = 1,8 =3,y =0 we have U,, =1+ 3- (—=1)" - [n/2] : thus,

n n

T, = (=1)" - n! - (1 3. (=1)"- [ED _ (3 b] v (—1)") nl .



Exercise 3

For n > 0, evaluate

Sp= Y k(k—1)H,.

0<k<n

Solution

The generic summand can be rewritten as k2H}, : this suggests using sum-
mation by parts with u(z) = H, and Av(z) = 22 Indeed, with this choice
we get Au(z) =1/(x + 1) and v(z) = 22/3, so that

(x+12% 1 x2
Eo(x)Au(z) = . _
vhuln) =" T T g

Let us proceed:

> k(k—1)H, = > 2?H,i(x)

0<k<n 0



