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A note on the repertoire method

Consider a recurrence equation of the form:

9(0) = a, (1)
gn+1) = ®(gn))+¥(n;6,v,...) for n>0

where:

1. ® is linear in g, i.e., if g(n) = Agi(n) + Aaga(n) then ®(g(n)) =
M®(g1(n)) + A2®(g2(n)).

No hypotheses are made on the dependence of g on n.

2. VU is a linear function of the m — 1 parameters (3,7, ...

No hypotheses are made on the dependence of ¥ on n.

Let a a repertoire of m pairs of the form ((au, 5, 7i,--.), gi(n)) satisty the
following conditions:

1. For every i = 1,2,...,m, g;(n) is the solution of the system corre-
sponding to the values a = «;, 8 = B, v = Vi, - - -

2. The m m-tuples (o, 5;,7i, - - .) are linearly independent.

Then functions A(n), B(n),C(n),..., one per parameter, are uniquely de-
termined such that, however given «, 3,7, ..., the solution of the recurrence
equation (1) is:

g(n) =aA(n)+ pB(n) +~vC(n) + ...
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Exercise A.1

Use the repertoire method to solve the following general recurrence:

9(0) = a, (2)
gn+1) = 2g(n)+pn+vy for n>0.

Solution. The recurrence (2) has the form (1) with ®(g) = 2¢g and ¥(n; 5,v) =
[bn + v, which are linear in g and in 8 and -, respectively: therefore we can
apply the repertoire method. The special case g(n) = 1 for every n > 0
corresponds to («, 5,7) = (1,0, —1): thus,

An)—C(n)=1.

The special case g(n) = n for every n > 0 corresponds to («,3,v) =
(0,—1,1) : thus,
—B(n)+C(n)=n.

The special case g(n) = 2" for every n > 0 corresponds to («a,f,7) =
(1,0,0) : thus,

A(n) =2" and consequently, C(n) =2"—1 and B(n)=2"—-1—-n..
The general solution of (2) is then:
gn) = - 2"+ (2" —1—-n)+7-(2" 1)
= (a+8+7)-2"=pn—(8+7).
Exercise A.2

What if the recurrence (2) had been

9(0) = «,
gin+1) = dg(n)+pn+~ for n>0. (3)

instead?

Solution. The recurrence (3), considered as a family of recurrence equations
parameterized by («, 3,7, 6), does not have the form (1)! Here, the function
® depends on both the function g and the parameter d: because of this, in
general g1(n) + g2(n) is not the solution for (o + avw, 51 + B2, 71 + Y2, 01 + d2).
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However, for every fized d, (3) does have the form (1) with ®(g) = dg
and V(n; B,7) = pn + ~: thus, for every fixed d, we can use the repertoire
method to find three functions As(n), Bs(n), Cs(n) such that

gs(n) =a-As(n) + - Bs(n) + v - Cs(n)

for every n > 0. By reasoning as before, the choice gs(n) = 1 corresponds to
(e, B,7) = (1,0,1 = §), thus

As(n) + (1= 8)C(n) =1 : (4)

the factor 1 — § in front of Cs(n) rings a bell, and suggests we might have to
be careful about the cases 6 = 1 and 0 # 1. Choosing gs(n) = n corresponds
to (o, B,7) = (0,1 —0,1), thus

(1 =10)Bs(n) + Cs(n) =n . (5)

We are left with one triple of values to choose. As we had put g(n) = 2"
when § = 2, we are tempted to just put g(n) = 0™ but if § = 1 this would
be the same as g(n) = 1, which we have already considered. We will then
deal separately with the cases 6 = 1 and § # 1.
Let us start with the latter. For § # 1 the choice gs(n) = §" corresponds
to (a, 8,7) = (1,0,0), thus
As(n) =o" (6)

by combining this with (4) and (5) we find
. 1—A5(n) o 11—

Cs(n) = Iy 1_5=1+5+...+5"—1
and Cis(n) -5 51
n — n n—1—-0—...—0™""

B(n) = 1—55 - 1-6 ‘

Let us now consider the case § = 1. Then (4) becomes A;(n) = 1 and (5)
becomes C(n) = n: for the last case, we set g;(n) = n?, which corresponds

to (o, B,7v) = (0,2,1), and find
2B;(n) + Cy(n) = n?, (7)

which yields By(n) = (n? —n)/2.



Exercise 2.6

What is the value of >, [1 < j < k < n] as a function of j and n?

Solution. If 5 < 1 or j > n, then the sum is empty and its value is zero. If
1 < 7 < n, then the sum has n — j + 1 nonzero summands, each having value
1. Therefore, > , [1 <j<k<n|=(n-—-j+1)-[1<j<n].

Exercise 2.14

Use multiple sums to evaluate

Zn:k.zk
k=1

Solution. Write k = Z?:1 1. Then:

g;kak - i<21> Lok

Clearly,

n n—j

= 9. (2n—j+1 _ 1)
2n+1 o 2]



Thus,

ik'Qk _ i(2n+1_2j)
k=1 Jj=1
_ Z gn+l _ Z 27
i=1 i=1

n—1
= n-2" 2.y
j=0

= n-2"—2.(2" 1)
n.2n+1_2n+1+2
= (n—1)-2""1 42

Exercise 2.15

Evaluate 63, = >_;_, k* by the text’s Method 5 as follows: First write &3, +
O, = 2Z1gjgkgnjk ; then apply (2.33).
Solution. Recall that O, = Y7, k*. Then:

@, +0, = Zn:k3+zn:k:2
k=1 k=1

= ikQ(kJr 1)

1<j<k<n

By (2.33), whatever the summands ay, are,



in our case, a = k, and

®H+Dn=Zk2+<Zk) an+<Zk> :
k=1

k=1

which yields &3, = S2.

Exercise 2.21

Evaluate the sums S, = > ,_,(=1)"% T, = >, _,(=1)" %k, and U, =
S r_o(=1)""*Ek? by the perturbation method, assuming that n > 0.

Solution. By applying the permutation p(k) = n — k we see that S, =
[n is even]. Let’s try to reach the same result via the perturbation method.
First,

Snt1 = Z (—1)rit

0<k<n+1

= ) (=pth4a

0<k<n

= '_5%‘+'1;

next,

S = (CHe ST (e

1<k<n+1

= )M Y

0<k<n

= (=" +5,.

Together, the two equalities above yield 25, =1 — (=1)"" =1+ (=1)", so
that:

14+ (—=1)”
Sy = # = [n is even] .
For T, we use a similar trick. First,
Thi1 = Z (=) e+ n+1
0<k<n
= —T,+n+1;
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next,

Tn+1 = 0+ Z (_1)n+1—kk
1<k<n+1
= > (=) Hk+1)
0<k<n

together these yield 27, = n+1—5,. But as S,, = [niseven], 1 — 5, =
[n is odd]: thus,

n + [n is odd]

—

With U, the trick will be similar as with 7},, but we will have to be careful
about the square:

T, =

~Up+(n+1* = > (1) (k+1)

0<k<n
= D (D)"HE + 2k + 1)
0<k<n
= U, +2T,+5,,
which yields 2U,, = (n + 1)* — 2T,, — S,,. But
2T, + S, =n+[nisodd + [niseven] =n+1 :

thus, U, = (n? +n)/2.



