['TT9132 Concrete Mathematics
Exercises from Week 9

Silvio Capobianco

Exercise 1
Solve the recurrence:
TO = 1 ,

3 n

Solution. The system (1) has the form

CL()T[) = 1,
al,, = b, T,1+¢c Yn=1
with
3 n

This suggests using a summation factor:

80:1,Sn:||a21:2—nvn>1
j=1

Then, by putting U,, = s,a,T,, = T, /2" and simplifying, we get
Uo =1 3
3

U, = U"_l—l—(Z) +H, Yn>1":



which clearly has the solution

n 3 k
k=1

4n
In the end, the solution to (1) is:

4n+1 _ 3n+1

T, = o +2"-((n+1)H, —n) .

Exercise 2

Solve the recurrence:
TO = 1 ,

A 2
nl, = 2Tn,1+—<1+£) Vn > 1. (2)
n! 3n

Solution. Equation (2) has the form
ap Ty =0T 1 +cp

with:

2" n
ap=1; a,=nforeveryn>1; b, =2; cn:—(1+—> )
n! 3n
This suggests using a summation factor s, such that s,b, = s,_1a,_1 for
every n > 1. We must be a bit careful, because a,, = n only for n > 1, while
ap = 1; so we have to determine separately not only sy, but also s;. We have:

ag 1 Ap—1 n—1
=355 Sn = Sp-1"
bn,

so=1; s1= for every n > 2.

b 27
The last recurrence has the solution s, = (n — 1)!/2", which also holds for
n =1 as 0! = 1. By multiplying (2) by s, and putting

(n—1)! n!

Un:nnTn: Tn:_n
Sy on n on

2



we get:

Uy = 1;
(n—1)! 2" n
b = s SR 1)
! AL n! 3n
1
== Un—l + - (1 + ﬁ)
n 3
1 1
= Uﬁ71+-—'+'§ﬁ

which has the solution:

“ /1 1
U, = 1+Z(E+3—k>
k=1

1— (1/3)m+
1—1/3

1 1
= Hy+--(3-=—].
' (3 3n>

Then the solution of our original recurrence is:

on on 2n—1 1
Tn:—U:—|Hn+ (3——).
n.

n! " nl

Exercise 3
Express Y o, k- 27% as a function of n, and evaluate Dotk 27k,
Solution. We can compute Y _,_,_, k- 27" in two different ways:

e Perturbation method:



Let Sp = > pcn k- 27" then

1
Sp+(n+1)-27""1 = §+Zk-2—’f
k=2
1 n
= S (k1) 27
k=1
11 I N
= B + 5 Z k-27%+ Z 2 ,
k=1 k=1
so that by multiplying both sides by 2 we get
25, +(n+1)-27"=1+8,+> 27%. (3)
k=1

As the last summand on the right-hand side of (3) is 1 — 27", we get

Sp=2—(n+2)-27".

Discrete calculus:

We look at k- 27% as an object of the form uAwv, where u(z) = z (so
that Au(z) = 1) and Av(x) = 27, Recall that Ac* = (¢ — 1)¢” for
¢ > 0: which means that

s (- () Q) -t

To have Av(z) = 27 we must then set v(z) = —2 - 27, If we make
the additional observation that »- . k-27% =37 k-27% we



can compute:
Y ko2t = Zx.@ b
1<k<n 0
il n+1 1 z+1
= 2027717 =) (-2) (5) S
n+1 1 z+1
= — 1)-27" — 0
(n+1) —i—;(Q) x

= —(n+1)-27"+ ) 27
k=0

= —(n+1)-27"+ <1+i2’“>

—(n+1)-27"+141-27"
2— (n+2)-27",

which is the same result we had found by the perturbation method.

Then Zk>1 k-27% = lim,,_, Z1<k<n k-27F =29,

Exercise 4
1. Prove that, for every n > 1,
H, <1+ |lgn], (4)
where lg is the base-2 logarithm.

2. Use the inequality (4) to evaluate the infinite sum:

> k=2H,. (5)

k>1

Important: Point 2 can be solved without having solved point 1, as it only
asks to use the inequality (4), not to have proven it.



Solution. For n >

H,

Let now u(z) =

<

N

H, and v(z) = —2=L

amtl_j 1
k
: k
=0 k=27
m 29t1-1 1
> > 5
J=0 k=27
dl=m+1=

<
Il
=)

2=t and Av(z) = 2=2. Then for every n > 2:

Z k=2 H,

1<k<n

n

Z u(z) Av(z) dx

1

— n
_IJlel

1
_n+1
1 H
2 n+1
1 H, L
s
1 H, 1
§_n——|—1_n—|—1
1_Hn+1'
n+1

1 let m = |lgn|, so that 2™ <

-2

1 n
-Hn+§+21:(x+1)

ox

n < 2™t — 1. Then

1+ [Ign] .

—1/(I + 1), so that Au(x) = -1

z+1

— Z Ev(x) Au(z) dz

1 _
=L ox

Because of the inequality (4), the second summand vanishes for n — co. We

can then conclude that:

ZkﬁHk:L

k>1



Exercise 5

Prove that {x — %w < L:c + %J for every x € R, and give a closed formula for
the difference.

Solution. The closed interval [z — %, 2 + 1] contains two integers if {z} =
x—|z] = %, otherwise it contains a single integer. In this second case, such
single integer must be the common value of {x — %W and Lx + %J, otherwise,
xr— % and x + % are both integer, so they coincide with both their floors and
their ceilings, and the former is smaller than the latter. Then

-ty

Prove that n'? — n is divisible by 105 for every positive integer n.

Exercise 6

Solution. As 105 = 3 -5 -7 as a product of (powers of) primes, n'® — n is

divisible by 105 if and only if it is divisible by 3, 5, and 7. Write n'® —n =
n - (n'? —1): to apply Fermat’s little theorem with prime p, we must collect
a factor n? — n from n'® — n, or equivalently, a factor n?~!* — 1 from n'? — 1.
For p = 3 we must show that n'? — 1 is divisible by n? — 1: but this is true,
because

n?—1=m)°l-1=0*-1)n"+n*+n° +n*+n*+1).

Similarly, for p = 5 we must show that n'? — 1 is divisible by n* — 1: which
is the case, because

n?—1=mY-1=m*"-1)n®+n*+1).

Finally, for p = 7 we must show that n'? — 1 is divisible by n% — 1: which is
true, because n'? — 1 = (n® — 1)(n° + 1).

Exercise 7

1

Prove that n?! — n'® — n? + n is divisible by 114 for every integer n > 1.



Solution. As 114 = 2-3-19 as a product of (powers of) primes, we must
prove that n?' — n'® — n? + n is divisible by 2, 3, and 19 for every n > 1.
Factoring the polynomial, we get:

n'—n? —nPen=n-*-n®-n’+1)=n-®*-1)-n*-1).
This decomposition tells us that n?* — n'® —n3 + n is divisible by n'® — n,
which in turn is divisible by 19 because of Fermat’s last theorem. Moreover,
asn?—1= (n—1)(n+1), the number n*! —n!® —n3+n always has the three
consecutive factors n — 1, n, and n + 1: of those, exactly one is a multiple of
3, and at least one is even.



