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Next subsection

Sums and Recurrences
m Summation factors
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Linear recurrence in form a, T, = by Tp—1+Cp

Here {a,}, {bn} and {c,} are arbitrary sequences and the initial value T is a constant.

Find a summation factor s, satisfying the following property:

Spbp =sp—1ap—1 foreveryn>1

If such a factor exists, one can do following transformations:

® span Tn=5pbn Th1+5nCh=Sp-1an-1Tn-1+5SnCn.

m Set S, =s,a, T, and rewrite the equation as:

So = soao To

Sn=Sn-1+5nCn

m This yields a closed formula (!) for solution:

1 n 1 n [AL
T, = <Soao To+ Y, Skck> =— <51 biTo+ Y, Skck> FECH
Snan = Snan

k=1



Finding a summation factor

Assuming that b, # 0 for every n:
mSetsg=1

m Compute the next elements using the property
Snbn = sp_1ap-1:

a0
S1 = —

by

S1ai dpdl
52 = — —

by  bib

Spas dopdi az
53 = —— =

bs  bibobs
s — Sn—1dp—1 _ d40d1.--dp-1
= =

bn biby...b,

(To be proved by induction!) PE‘(L:H



Example: application of summation factor

a,=c, =1 and b, =2 gives the Hanoi Tower sequence:

Evaluate the summation factor:

s — Sp—1dn—1 . apd] ...dp—1 1
= =
bn biby...bp, 2n

The solution is:

1 & no1
To= biTo+ ) = 2—— (1-27")=2"—1
" e (51 1o+ 5kck> L ok )

k=1
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Yet Another Example: constant coefficients

Equation Z,=aZ,_1+b

Taking a, =1, b,=a and ¢, = b:

m Evaluate summation factor:

Sn—12@n-1 apdy ...-adp-1 1
Sp = = = —

by bibs...b, an

m The solution is:

1 1 71

Zy = —— <51b120+ Z skck> =g’ (Zo+b Z k)

Sndn k=1 k=12
=a"Zy+b(l+a+a*+---+a" 1)

n_

—azo+ 1y

a—1
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Yet Another Example: check up on results

Equation Z, =aZ,_1+b

Zn=aZ, 1+b
=a’Z, 2+ab+b
=aZ, 3+a’b+ab+b

=a"Z, +(@1+a2+ . +1)b

g =1l
:akZ,,,k—&—ilb (assuming a # 1)
o=

Continuing until kK = n:

a"—1

b
a—1

Zy=a"Zy n+
n
-1
—a"Zo+ 2 b
a—1

[AL
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Efficiency of quick sort

Average number of comparisons: C, =n+1+ %ZZ;%J Ck, Co =0.

unsorted
pivot value = 7
i i 1
pivot value
[1][2] 12722, swap 12 and 2
t
i
[11[2][5] [29] 262727, swap 26 and 7
i i
i i
D 72723 swap7and3
i 1
i i
DD i> ], stop partition
N
12673 14 7 26 12 run quick sort recursively
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Efficiency of quick sort (2)

The following transformations reduce this equation

n—2
nCh=n*>+n+2 Z Ci+2Ch1
k=0

Write the last equation for n—1:

(n—1)2+(n—1)+2"i:2Ck
k=0

(n=1)Ch1

and subtract to eliminate the sum:

nC,—(n—1)Cho1 =n*>+n+2Co1—(n—1)2—(n—1)
nCn—nCpo1+Coo1 =n?+n+2Ch1—n?+2n—1—n+1
nC,—nC,_1=Cp_1+2n
nC,=(n+1)Ch1+2n

TAL
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Efficiency of quick sort (3)

Equation nC, = (n+1)Cy_1 +2n
m Evaluate summation factor with a, =n, b, =n+1 and ¢, =2n:

s _aaz-rap1 1-2--(n-1) 2
" babz---b,  3-4---(n+1)  n(n+1)

m Then the solution of the recurrence is:

1 n

Ch= (S1b1Co+ Yy 5ka>
Snan =
L k+1)

51 o1
:2(n+1),§1k+1:2(n+1)<¥1k T >
=2(n+1)H,—2n

where H, =1+ % + % +...—|—% ~Inn is the nth harmonic number. TAL
FECH



Next section

Manipulation of Sums

TAL
TECH



Manipulation of Sums

Some properties of sums:

For every finite set K and permutation p(k) of K:

ank:cZak

keK kekK

Distributive law

Associative law

Y (ak+b)=) a+ Y b
keK kekK kek

Commutative law

Application of these laws for S =Y gci<,(a+ bk)

S = Yo<n—k<n(a+ b(n—k)) = Yocken(a+ bn— bk)
2S  =Yo<k<n((a+bk)+(a+ bn— bk)) = Yoc<ken(2a+ bn)
2 = (2a+bn) Lo<k<nl = (2a+bn)(n+1)

n(n+1)
Tb'

Hence, S=(n+1)a+ %&H



Yet Another Useful Equality

Zak+zak: Z ak+ Z Ak

keK keK’ ke KUK’ keKNK'

Special cases:

a. Fori<m<n:

k=1 k=m k=1
b. For n>0:
ax=a0+ Y, a
0<k<n 1<k<n
c. Forn>0:
Sn+any1 =ao+ ak+1

0<k<n
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Example: S, =Y}, kxk

m For x #£1:
Snt(n+1)x" = Z (k+1)x<*1
0<k<n
_ Z kxk+1+ Z Xk+1
0<k<n 0<k<n
X 1_Xn+1
m From this we get:
X”: ock x—(n+1)x"t! + nx"t2
X =
= (x—1)2
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Multiple sums

If K1 and K5 are index sets, then:

ieKy jeK2 i

Y A=Y <Zau [P(f7j)]>

where P is the predicate P(i,j) = (i € K1) A(J € K2).

Law of interchange of the order of summation:

Y'Y aixlPG.K]= Y ajx=Y Y ax[PU.K)]
k P(j,k) k j

J
If aj k= ajbk, then:

Y abk= ):aj> (Z bk)
Jjed.keK jeld keK

TAL
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Multiple sums with independent indices

If P(j,k) = Q(j)AR(k), where Q and R are properties and A indicates the logical
conjunction (AND), then the indices j and k are independent and the double sum can
be rewritten:

Y aik =Y. a3k ([QU)AR(K)])
Jk Jk
Z}:;,aj,k[Q(f)][R(k)]
=YI[RWIY ajkR(k) =YY aj«
j k Jj ok
= ;aj,k[R(k)]Z[QU)l = ;Zaj,k

TAL
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Multiple sums with dependent indices

In general, the indices are not independent, but we can write:
P, k) = QU)AR'(j,k) = R(k) A Q'(j; k)
In this case, we can proceed as follows:
Y ajk= Zaj,k[Q(j)][R’(L 9]
Jik
_Z[Q(J)]Zaj HRGKI=Y Y ajx
JjeJkek!
—Z[R(k)]Zaj.k[Q'O,k)] =Y Y ax
k J keK jeJ'

where:
m J={j|QU)} K ={k|R'(j.k)} =K'(j)
m K={k|R(K)}J ={j| QU.k)}=J(k)

TAL
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Warmup: what's wrong with this sum?
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The second passage is seriously wrong:
It is not licit to turn two independent variables into two dependent ones.

TAL
TECH



Examples of multiple summing: Mutual upper bounds

Compute: ):J’-’zl ):Z:J- ajak = Yi<j<n Xj<k<ndjdk-
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Examples of multiple summing: Mutual upper bounds

Compute: Zf:l ZZ:j djak = lejganSkgn ajak.

A crucial observation

Hence,

Also,
[L<j<k<n+[l<k<j<n=[1<j,k<n]+[1<j=k<n]|
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Examples of multiple summing: Mutual upper bounds

Compute: ZJ’-’Zl ):Z:j ajak = Yi<j<n Lj<k<ndjdk-

A crucial observation (cont.)

This can also be understood by considering the following matrix:

aiai aia ajas 000 aian
azai azaz dzas coo dzan
aszai aszaz asas 900 d2an
anai apa2 apasz ... apap

ar]d observing that ):‘,J’-’:l ):’,;:j aja, = Sy is the sum of the elements of the upper
triangular part of the matrix.
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Examples of multiple summing: Mutual upper bounds

Compute: ):J’-’:l ):Z:j ajak = Yi<j<n Xj<k<ndjdk-

A crucial observation (end)

If we add to Sy the sum S; =Y, ):J’-‘:l ajaj of the elements of the lower triangular
part of the matrix, we count each element of the matrix once, except those on the
main diagonal, which we count twice.

But the matrix is symmetric, so Sy = S;, and
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Examples of multiple summation

Example 1
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Examples of multiple summation

Example 2
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Examples of multiple summation

Example 3
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Next section

General Methods
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General Methods: a Review

:I\J
o
—
~
O

16 |25 |36 | 49 | 64 | 81 | 100 | 121 | 144
O, [0]1]|5 |14 |30 55|91 140 | 204 | 285 | 385 | 506 | 650
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Next subsection

General Methods
m Looking up
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Review: Method 0

Example: O, = Yo<k<n k% forn>0

Find solution from a reference books:
m “CRC Standard Mathematical Tables”
m “Valemeid matemaatikast”

m “The On-Line Encyclopedia of Integer Sequences (OEIS)”
(http://oeis.org/)
m etc

Possible answer:

_ n(n+1)(2n+1)

Ol 5

forn>0

AL
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Next subsection

General Methods

m Guessing the answer
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Review: Method 1

Guess the answer, prove it by induction.

Example: O, = Yock<nk? for n >0

Let's compute

n 0| 1 2 3 4 5 6 7 8 9
n? 0| 1 4 9 16 | 25 | 36 | 49 | 64 81
0, 0| 1 5 14 | 30 | 55 | o1 | 140 | 204 | 285
0,/n? — | 1 [125 | 156 | 1.88 | 22 | 253 | 2.86 | 3.19 | 352
300,/n° — | 3 | 375 | 467 | 563 | 6.6 | 758 | 8.57 | 9.56 | 10.56
n(n+1) 0] 2 6 12 | 20 | 30 | 42 | 56 | 72 90
30,/n(n+1) | - | 15 | 25 | 35 | 45 |55 | 65 | 75 | 85 | 95
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Review: Method 1

Example: O, = Yo<k<n k2 for n >0

Guess the answer, prove it by induction.

Let's compute

n 0 1 2 3 4 5 6 7 8 9
n? 0 1 4 9 16 25 36 49 64 81
O, 0 1 5 14 30 55 91 140 204 285
0,/n? = 1 125 | 1.56 | 1.88 | 2.2 | 253 | 2.86 | 3.19 3.52
30,/n? = 3 3.75 | 467 | 563 | 6.6 | 7.58 | 857 | 9.56 | 10.56
n(n+1) 0 2 6 12 20 30 42 56 72 90
30,/n(n+1) | - | 15 | 25 | 35 | 45 |55 | 65 | 75 | 85 | 95
Hypothesis:
30, 1 n(n+1/2)(n+1) n(n+1)(2n+1)
[ B O, = =
nnt1) "tz T 3 6

[AL
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Review: Method 1

Proof. 30, = n(n+1)(n+1)

The formula is trivially true for n=20
Assume that the formula is true for n—1.
We know that O, = O,_1 + n?
We have

1
3D,,:(n—1)(n—§)n—i-3n2
:(n"'—%nz—l—%n)—|—3n2
3 1
_ 3,22 1
=nm+on"+5n
1
= n(n+ 3)(n+1)

Q.E.D.

TAL
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Next subsection

General Methods

m Perturbation
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Review: Method 2

Example: O, = Yo<k<nk? forn>0

Perturb the sum.

m Define a sum: 63, =03 +134+23 4 . 4+ n3.
m Then we have:

Do+ (n+1)2= Y (k+1)2= Y (K*+3k*+3k+1)

0<k<n 0<k<n
(n+1)n
=@, +30,+3 3 +(n+1).
m Delete 07, and extract [,:
1
3Dn:(n+1)3—3w—(n+l)

=(n+1)(n*+2n+1— %n—l)
1

f 1 1N/ _ A

AL
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Next subsection

General Methods

m Build a repertoire
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Review: Method 3

Example: O, = Yock<nk® forn>0

Build a repertoire. J

Recurrence: R, = R, 1+ a+ Bn+7yn?® with Ry =0.
We look for a solution R, = aA(n)+ BB(n)+yC(n) for suitable A(n), B(n), C(n).

TAL
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Review: Method 3

Example: O, = Yock<nk® forn>0

Build a repertoire.

N—

Recurrence: R, = R, 1+ a+ Bn+7yn?® with Ry = 0.
We look for a solution R, = aA(n)+ BB(n)+yC(n) for suitable A(n), B(n), C(n).

m Equation: n=n—1+a+ Bn+yn? for every n> 1.
m Then a=1and B=y=0, and A(n)=n.

TAL
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Review: Method 3

Example: O, = Yo<k<n k? for n >

Build a repertoire.

Ne—

Recurrence: R, = R,_1+a+Bn+yn? with Ry =0.
We look for a solution R, = aA(n)+ BB(n)+yC(n) for suitable A(n), B(n), C(n).

m Equation: n? =(n—1)2+a+Bn+yn? for every n>1;

or: 0= (a+1)+(B—2)n+7yn.

Then a=—1, B =2, y=1: we obtain the equation —A(n)+2B(n) = n?
m As A(n) = n, we find B(n) = w

TAL
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Review: Method 3

Example: O, = Yo<k<nk? forn>0

Build a repertoire.

 S——

Recurrence: R, = R,_1+a+Bn+yn? with Ry =0.
We look for a solution R, = aA(n)+ BB(n)-+yC(n) for suitable A(n), B(n), C(n).

m Equation: n®=(n—1)3+a+Bn+yn?

or: (a—1)+(B+3)n+(y—3)n*>=0.

m Then o =1, B =—3, y=3: we obtain the equation A(n) —3B(n)+3C(n) = n3.
m As A(n)=n and B(n) = %, we find:

6C(n)=2n%—2n+3(n*>+n)=2n3+3n*>+n=n(2n?+3n+1)=n(2n+1)(n+1)

TAL
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Review: Method 3

Example: O, = Yo<k<nk? forn>0

Build a repertoire.

—

Recurrence: R, = R, 1+ a+ Bn+7yn? with Ry =0.
We look for a solution R, = aA(n)+ BB(n)-+yC(n) for suitable A(n), B(n), C(n).

Summarizing:

m R,=0, corresponds to a = =0, y=1.

m The solution of the recurrence is thus:

n(n+1)(2n+1)

O,=C(n)= 6

TAL
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Next subsection

General Methods

m Integrals

TAL
TECH



Review: Method 4

Example: O, = Yo<k<nk? forn>0

Replace sums by integrals. J

o) [ o= - 1)

]

n
D,,:/ X2 dx+ E, )
0

n k
(= (k2 7/ x? dx) (3)
k=1 b=l

'BEH
123 n X




Review: Method 4

Example: O, = Yo<k<nk? forn>0

Replace sums by integrals. J

Evaluate (3):

k=1

n

:Z k_l)

k=1 3
_(n+1)n7ﬁ_3n2+n
T2 3° 6

Finally, from (2) and (1) we get :

3 2
Dn:%+3n6+n: n(n+1)6(2n+1) AL
'ECH




Next subsection

General Methods

m Expansion
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Review: Method 5

Example: O, = Yo<k<n k% forn>0

Expand and Contract.

O.= ) kK= Y 1)k= k
1<k<n 1<k<n \1<j<k 1<j<ks<n
=Y k=Y Y k- k
1<j<n j<k<n 1<j<n \1<k<n 1<k<y

_ Z (n(n-i—l)_(j—l)j)
155%n 2 2
1 ’ ]
=5(n0+D)- Y A+ X J)
1<j<n 1<j<n
1 1 1
zinz(n—l—l)—ED,,-i-Zn(n—i-l)

AL
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Next subsection

General Methods

m More methods
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Review: Other methods

Example: O, = Yo<k<n k% forn>0

m Finite calculus

m Generating functions

TAL
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