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A note on the repertoire method

Suppose that we have a recursion scheme of the form:

9(0) = a, <1>
gn+1) = ®(g(n))+¥(n;B,v,...) for n>0.

Suppose now that:

1. @ is linear in g, i.e., if g(n) = Mgi(n) + Aage(n) then ®(g(n)) =
MP(g1(n)) + A2 ®(g2(n)).

No hypotheses are made on the dependence of g on n.

2. W is a linear function of the m — 1 parameters 3,7, ...

No hypotheses are made on the dependence of ¥ on n.

Then the whole system (1) is linear in the parameters «,f3,7,..., i.e., if
gi(n) is the solution corresponding to the values a = o, 8 = Bi, v = Vi - - -
then g(n) = Ai1g1(n) + Aag2(n) is the solution corresponding to aw = Ajay +
Aorg, B = M B+ AafBa,y = My + Aoy, - .

We can then look for a general solution of the form

g(n) = aA(n) + B(n) +~C(n) + ... (2)

i.e., think of g(n) as a linear combination of m functions A(n), B(n),C(n), ...
according to the coefficients «, 5,7, . ..

To find these functions, we can reason as follows. Suppose we have a
repertoire of m pairs of the form ((«, Bi, Vi, - - .), gi(n)) satisfying the following
conditions:



1. For every i = 1,2,...,m, g;(n) is the solution of the system corre-
sponding to the values a = oy, B = Bi, v =i, - - -

2. The m m-tuples (o, B, Vi, - - -) are linearly independent.

Then the functions A(n), B(n),C(n),... are uniquely determined. The rea-
son is that, for every fixed n,

aA(n)  +6B(n) +mCn) +... = gi(n)

nA() +BnB[M) t9mC(n) +... = gu(n)

is a system of m linear equations in the m unknowns A(n), B(n),C(n),...
whose coefficients matrix is invertible.

This general idea can be applied to several different cases. For instance,
if the recurrence is second-order:

g(0) = ag,
g(]') = Qi, <3>
gin+1) = Po(g(n) + P1(g(n — 1)) + ¥(n; f,7,...) for n>1,

then we will require that &y and ®; are linear in g, and that ¥ is a linear
function of the m — 2 parameters 3,7, .. ..
The same can be said of systems of the form:

g(l) = a, (4)
glkn+j) = @(g(n)) +V(n;B;,7v,,...) for n>1, 0<j<k.

The previous argument is easily adapted to the new case: this time, the
number of tuple-function pairs to determine will be 1 + k- (m — 1).

For instance, in the Josephus problem we have k =2, a = 1, ®(g) = 2g,
U(n;B) =p, m=2 6p=—-1,5 =1 and weneed 3 =1+4+2-(2—-1)
tuple-function pairs.

Exercise A.1

Use the repertoire method to solve the following general recurrence:

9(0) = «a,
gin+1) = 29(n)+pn+v for n>0. (5)



Exercise A.2

What if the recurrence (5) had been

9(0) = «a,
gin+1) = dg(n)+pPn+~y for n>0. (6)

instead?

Exercise 2.21(a)

Evaluate the sum S, = >_,_,(—1)""" by the perturbation method, assuming
that n > 0.



