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Exercise 1

Solve the recurrence:

g = 2,
5
g = 5
3 1
gn = 59n-17 50n-2 for every n > 2.

Solution. We use our usual four-step procedure:

1. We rewrite the recurrence so that it holds for every n € Z, with the
convention that g, =0 if n < 0O:

3 1
gn = §gn_11§gn_2 +cogn=0]+c[n=1] foreveryneZ,
where ag and a; are correction terms to take into account the initial
conditions:
. 3 1
(a) For n =0 it is go = 2 and 29-1~ 592 = 0: hence, ¢y = 2.
5) 3 1 1
(b) Forn=11tis ¢, = 3 and 290~ 59-1= 3. hence, ¢; = —5
We thus obtain:
3 1 1
n = 591~ Egn_g—i—Q[n:O] - §[n: 1] for every n € Z.



2. Multiplying by 2™ and summing over n € Z, we obtain:

G(z) = Zgnz"
= X D 42 =0 = 5 =1

3 1 1
= 57 Zn: Gn12" 1 — 522 zn: G222 +2— 37

B R =
= 2zG(z) 2zG(Z)+2 5%

3. Solving with respect to G(z), we obtain:

9 1
— =2
2
G(z) = 3 T
1- 7% + 522

4. The generating function is a rational function of the form G(z) =

1 3 1
P(2)/Q(z) with P(2) = 2 — 5% and Q(z) =1 — o + 522. The re-
verse of the denominator is:

1

Qﬂ@:mﬁ—gz+%=(%—D(z—§)7

s0o Q(z) = (1 —2) (1 —2/2). We can now use either subdivision into
partial fractions, or the Rational Expansion Theorem.

e Subdivision into partial fractions. We must find two con-
stants A, B such that:

1
— — - 3 1.7
11—z 1—2z/2 1—52—1—522

By multiplying and comparing the coefficient we get the system
of two linear equations in two unknowns:

A +B =2
1 1
A -B =--=
2 2

2



3 1
-2z 1-2/2
By comparing the coefficients, we conclude: g, =3 — 27"

which has solution A = 3, B = —1. Then G(z) =

e Rational Expansion Theorem. The denominator Q(z) has

inverse roots p; = 1 of multiplicity d; = 1 and ps = 1/2 with
3

multiplicity do = 1, and its derivative is Q'(z) = z — 3" By the

Rational Expansion Theorem, it is g, = a1 - 1" +az - (1/2)", where
ay and as are calculated as follows:

o = = PA/p) -(2-3)
' Q'(1/p1) 1_§
2
_3/2 ..
— m_g,
G = —Pzp(l//b)
i Q(1/p2)
1
_ —3(-19
5_ 3
2
12
= T

We conclude: g, =3 —27".

Exercise 2
For n € N integer and «, € R calculate:

S

k=0

1
Solution. The sequence (S,,) is the convolution of the sequences <(—1)" (a + ) >
n

for
n

and <(ﬁ + n) > The generating functions of the latter is m;

3



1 1
the other, we recall that Z (a Z )zk = (1+2)*", s0 Z (a ;: )(—1)'162’1‘c

k>0 k>0
is simply (1 — 2)**!. Then the generating function of (S,,) is:

1

o atl = o a—f
(1—2) (1_2)6+1_(1 2)P.
We conclude: S, = (—1)" (a B B).
n
Exercise 3
Give an asymptotic estimate of
1 1
1 — o4~
2n * 3n?

with absolute error O(1/n?).

1/2
Solution. Using the power series expansion 1 + z = Z ( / )z” we find:

n
n=0

Y AT R R U VAN R I
on  3n2 1 2n  3n?2 2 2n  3n?2

We have (1{2> = % and (1/2) = w = —é. Substituting, we

2 2
get:
1 1 1 1 1 1 1
l-—4— = 1-—+———-—-|-—=+0|—= O —=
2n+3n2 dn ~ 6n? 8(477,2+ (n3)>+ (n3)
1 1 1 1 1
= 1—-— -—— | =+0|—=
4n (6 32) 2 <n3)
1




Exercise 4

For each of the following questions, mark the only correct answer:

1. How many steps are required to move a Hanoi tower with 5 disks from
peg 1 to peg 3, if direct moves between pegs 1 and 3 are disallowed?

a) 31.

. No: it would be so if direct moves between pegs 1 and 3 were
allowed.

(b) 242.
Yes: this case requires 3° — 1 = 729 — 1 = 728 moves.

(c) 243.

No: see above.

2. What function satisfies the difference equation Af(x) = f(z) with the
initial condition f(0) = 177
(a) f(z) =171
No: this function satisfies Af(z) =16 - 177+,

(b) f(z) =2".
No: this function satisfies Af(x) = f(z), but with f(0) = 1.

(c¢) flx)=17-2",
Yes.

3. How is 2™ defined for m < 07

_ 1
(a) 2 = ————.
(x+1)~"
No: this defines ™, not =™, for m < 0.
- 1
(z —1)—
Yes
_ 1
(C) r = f_ﬂ

No: see above.



. True or false: if {ay),., converges, then ((} ;_, ax)/n), ., converges
to the same limit.

True: this is the arithmetic mean theorem.
. Which one of the following series has the commutative property?

(a) Y (=1

n=0
No: this series does not converge.

n=0

No: this series converges, but not absolutely, so it does not have
the commutative property.

(©) Z (;12)”‘

n=0

Yes: this series converges absolutely, so it has the commutative
property.

. True or false: for every z € R, [[2]°] = [#%].

False: for example, [(3/2}3] = 8 but [(3/2)%] = [27/8] = 7. The

function f(z) = 23 is continuous and strictly increasing, but does not

satisfy the requirement that z is integer if so is 2.

. True or false: 35% — 1 is divisible by 24.

True: ged(35,24) = 1 and ¢(24) = 24 -
18 =1 (mod 24).

= 8, 50 35% = (35%)8 =

Wl o

1
2

. Which one of the following is the definition of a multiplicative function?

(a) A function f such that f(mn) = mf(n) for every n and for a fixed
m.

No.
(b) A function f such that f(mn) = f(m)f(n) for every m,n positive
integers.

No: a crucial hypothesis is lacking.



(c) A function f such that f(mn) = f(m)f(n) for every m,n positive
integers such that m L n.

Yes.

9. Let p be the Mébius function. What is p(65537!)7  Hint: this is a
“don’t panic” question.

(a) —1.

No: see below.
(b) 1.
No: see below.
(c) 0.
Yes: n! is divisible by 4 for every n > 4.

—1/2 1\" /2
10. True or false: for every n > 0, ( / ) = (—) ( n)

n 4 n

False: (_1/2> = (—1> (Qn)
n 4 n
11. True or false: lim,_o = S z;‘fzo 97 — 9.
True: this is the Cesaro sum of the series ) 27"

12. Which one of the following is the correct recurrence equation for the
Stirling numbers of the first kind?

(a) (n + 1] In N n
k| |k k—1]

No: this is the recurrence for binomial coefficients.
(n + 1] n n

o "1 _kM N L_J

No: this is the recurrence for the Stirling numbers of the second
kind.

o [ =e ] )

Yes.

13. Which one of the following equalities holds for every n € N and z € R?



(a) Xn: {Z}xk — om,

k=0
No: the roles of powers and falling powers are swapped.
n n -
b k= 2™
my i
No: the formula uses the wrong Stirling numbers.

(0 > m ok = o

k=0

Yes.

14. Which one of the following formulas returns, for large n, the Fibonacci
number F,,7

(a) TID" n 1J
a [E— —
V5 o 2
Yes: if n is large, then ®™ is small, and F}, is simply the closest

integer to —.

V5
(b) ®" + ",
No: that formula returns the nth Lucas number.
(©) TI)” 1J
C —_— — —
NG
No: the sign inside the floor should be plus, not minus.

15. What is the value of the Bernoulli number Bgss37;? Hint: this is another
“don’t panic” question.

(a) 0.
Yes: Bernoulli numbers of odd index n > 1 are all zero.
(b) 1.

No: see above.
3489067234

3489673
No: that was just random key smashing.

(c)

16. What is the generating function of the sequence of the squares of the
natural numbers?



2
(a) (1 _ 2)2'
No: this is the generating function of (n), not of (n?).
z(1+ z)
(b) =3
(1-2)
Yes.

(c) Tn—

1—=2
1
No: this is the generating function of <— n > O]>
n

17. True or false: Z (_1/2> 3" = %
n

n=0

—1/2
False: the power series Z ( / )z” does not converge at z = 3.
n

n=0

18. Let G(z) be the generating function of the sequence (g,). What is the

n

generating function of the sequence <Z(—1)"k JrGn—i )7
k=0

(a) (G(2))*

No: this is the generating function of <Z gkgn_k>.
k=0

(b) G(2)G(=2).
Yes: if G(z) = Zgnz", then Z(—l)”gnz” = G(—2z).

n=0 n>0

1—=z
No: this is the generating function of <Z gk>.
k=0

1 1
» - with

19. Which one of the following is an approximation of cos ( 5
n o n

absolute error O(1/n*)?



Yes.
1

1 1
(b) 1_ﬁ+ﬁ+0<m)‘

, 1. /1 1)\*.
No: the coefficient of — in | — — — | is —2.
n3 n  n?
1 1
1——+0(—|.
(c) 2n? N <n4)

1 1 1
No: this is an approximation of cos | — |, not of cos | — — — |.
n n  n?

20. True or false: if f(n) < 1, then In(1+4 f(n)) =1+ f(n) — %(f(n))2 +
O((f(n))?).

False: the right-hand side has a summand 1 which does not appear in
the expansion of In(1 + z) up to O(2?).

10



