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Directed containers

@ A directed container is given by

o 5:Set (shapes)

e P:S— Set (positions)
and

o [:Ns:S5.Ps—S (subshape)

e o0:M{s:5}.Ps (root position)

o & :M{s:S}.Mp:Ps.P(slp)—Ps
(subshape positions)
such that

Q V{s}.slo=s,
Q V{s,p.p't.sl(pap)=(slp)lr,
© V{s,p}.p@&{s}o=p,
Q V{s,p}l.o{s}&p=p,
Q V{s.p,p,p"}.(pB{s} P& p" =pa(p & p").
@ Laws 3-5 resemble those of a monoid, laws 1-2 those of
an action.



Directed container morphisms
@ A directed container morphism t, q between
(S,P,),0,®) and (S, P',|',0', &) is given by
o t:S— 5
o qg:M{s:S}.P'(ts)— Ps
such that
Q V{is,p}.t(slqgp)=tsl'p
Q V{s}.o{s} =q(o'{ts})
Q V{s,p,p'}.qp®{stqp' =q(p & {ts}p)

@ Laws 2-3 are like those of a monoid morphism, law 1 that
of an action morphism.

@ Directed containers form a category DCont.



Interpretation of directed containers
@ Any directed container (S, P, |,0,®)
defines a comonad [S, P, |,0, ®]% = (D, ¢, §) where

e D :Set — Set
DX=%Ys:5.Ps— X

Df(s,v)=(s,fov)
o e :V{X}.(¥s:5.Ps— X)—> X
e(s,v) =v(o{s})

0 0 : WX} (¥s:5.Ps— X)—
Ys:S.Ps—Y¥s:S. Ps— X

5(s,v) = (s,Ap- (s L p, AP . v(p® {s} P')))



Interpretation of directed container morphisms

@ Any directed container morphism t, g between
(S,P,),0,®) and (S, P',|',0',®') defines a comonad
morphism [¢, g]°
between [S, P, ], 0, ®] and [S', P, ]/, o/, &']4°

o [t,q]d :V{X}.(Es:S.Ps— X) —

Ys': S P's - X
[t q1% (5. v) = (£5,v 0 g {s})

o [—]% is a fully faithful functor from DCont to
Cmnds(Set).



Streams
e 5=1
@ Px = Nat
@eslp=s
eo0=0

o pdp =p+p



Nonempty lists

@ with the comultiplication structure of suffixes

S = Nat

Ps=0..s]

slp=s—p

o0=0

pop =p+p

@ with the comultiplication structure of cyclic shifts
S = Nat

Ps=0..s]

sip=s
o=20
po{stp' =(p+p) mods



Comonads N containers = directed containers

@ Directed containers account for all those containers
whose interpretation carries a comonad structure.

@ More precisely, the following is a pullback in CAT:

DCont = Comonoid(Cont)

Cont
[—19¢ | £.£. [-1¢ | £.£.

Cmnd(Set) =~ Comonoid([Set, Set) —— [Set, Set]



Compatible compositions of comonads



Distributive laws of comonads

e A distributive law between comonads (Dy, ¢, ) and
(D1, ¢€,0) is a natural transformation 6 : Dy - D; = D; - Dy

such that
0 0
Do-Di % Dy - Dy Do-Di % Dy - Dy
50'D1l lDrSo Do-e1 lél'Do
D =—— D, Do Do
Do - Dy o D; - Do Do - Dy o Di - Dy
60-D1\L \LDl-éo Do-61 \Lél-Dg

Do - Dy - D1D?0Do - Dy - 000%001 - Do - Do Dy - Dy - D19%1D1 -Dg - Dy ;ng - Dy - D)

@ Comonad structures on Dy - D; compatible with
(Do, €0,00) and (Ds,e1,01) are in a bijection with
distributive laws.



Distributive laws of directed containers

@ A distributive law between directed containers
(S0 Po, Lo, 00, Po) and (S, P1, l1,01,®1) is given by 3
operations
t1:MNs:S5.MNMv:Pys— 5.P; (V(Oo{S})) — S
o qo:M{s:Se}.N{v:Pys— S1}.Mp1:Pi(v(oo{s})).
Po(tisvpi)) — Pos
:M{s:So}.M{v:Pos— Si}.Mp1: Pr(v(oo{s}).

Mpo: Po(tisvpi). Pr(v(qo{s}{v}p1po))

subject to 11 laws (on next slides).

@ They induce a container morphism

(t, q: (50, Po) .© (51, Pl) — (51, Pl) ¢ (50, Po)

o t(s,v) = (v(op{s}),tisv)
q{s, v} (p1.po) = (qo {s} {v} p1po,q1 {s}{v} p1po)



Distributive law laws

@ A distribute law is required to satisfy these 11 laws.
@ (Shape equations)
Q V{s,v,p1,po}.-t1svp1lopo=
t1 (s Jo go p1 Po) (APy- v (g0 p1 Po o Py)) (g1 p1 PO)

Q V{s,v}.tisvo; =s

Q V{s,v,p1,p1} - tisv(p1 &1 Pl) =
t1 (t1s v p1) (Apo. v (qo p1 po) 41 g1 p1 po) Py



Distributive law laws

e (Position equations)

Q V{s,v,p1}. qo{s}{v} p1oo =00
@ V{s,v,p1,po, pp}- qo{s} {v} p1(po ®o ph) =
o p1 Po ©o qo (g1 P1 PO) Py
Q V{s,v,po} qo{s}{v}o1po=po
@ V{s,v,p1,p1,Po} qo{s}{v} (p1®1py)Po=
qo P1 (Go Py Po)
O V{s,v,p1}. qi {s}t{v} p1oo = p1
Q V{s,v,p1,p0, Py} gi{s} {v} p1(po ®o py) =
q1 (g1 p1 po) PG
@ Y{s,v.po}.qi{s}{v}oipo =01
@ Y{s,v,p1,p,po}-qi{s} {v} (pr ®1p}) pPo =
q1 p1 (go p1 Po) ®1 1 Py Po

@ The laws 4-11 resemble the conditions of matching pairs
of mutual actions.



Composed directed container

@ Given two directed containers and a distributive laws
between them, the composed directed container is given
by

SZZSZSO.P05—>S1

P(s,v)=Xp: Pys.Pi(vpo)

ofs, v} = (cof{s},01{v (co{s})})

(s,v) L (po, p1) = (t1 (s o po) (Ap- v (Po @0 p)) p1,

Ap- v (po @o qo p1 P) L1 q1p1P)

o (po, p1) ® (Py, P1) = (Po ®o Go P1 Py, 91 P1 Py B1 PL)



Product comonad and any comonad

@ Two directed containers
e Sp, Po, o, 00, ®o arbitrary for any comonad
e S; arbitary, Pys =1, for the product comonad
Sli*x=s5,01 =%, xP1 *x =%
@ Distributive law
e tisvp=s
@ doP1Po = Po
@ g1 p1po=P1
@ Composed directed container
e S=3%5:5.Pys— E
° P(S,V) = Zpo : PoS.].
o (s,v) L (po,p1) = (s o po, Ap.v(po ®o p))
o o{s,v} = (op, )
° (p07 *) D (Pé), *) = (PO Do P6, *)



Streams with suffixes and sampling

@ Two directed containers
e S9=1, Pyx = Nat,
xlop=%,0=0,p0op =p+p
e S =1, Py = Nat,
slip=*,00=1,p&1p =pxp
@ Distributive law
o t1x(Ax)p=x
® gop1Po = P1 X Po
@ q1pP1pPo=Pp1
@ Composed directed container
e S=3Yx:1.Pyx—1
° P(* A_x) =Xpg: Po. Py x
° ( s A *) (pOapl):(*v)‘*'*)
e 0= (0, 1)
° (po,p1) @ (Ph: P1) = (Po + P1 X Py, PL X PYy)



