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DPLL algorithm

(xVyV=z)A(=xV-y)A(-yVz)
(xVyV-z)A(-xV-ay)A(-yVz),x:=0y:=1z:=1

e Heuristic A chooses the
x=0 /@)\X:I variable x

Flx — 0] Flx 1] e Heuristic B chooses the
_— branch to be examinated
simplify .
first

®

Examples of heuristics:

e Simplification rules

e A chooses Simplification rules:

e the most frequent variable e Unit clause
e a variable from the shortest elimination
clause

e Pure literal rule
e B chooses the most frequent sign
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DPLL on unsatisfiable formulas

. . (Avx) (BV—x)
e Resolution rule: I vy S—
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Hard examples for resolutions

e Tseitin formulas [1968].

2 2 @ es3sPeysdes=1
D exsdex=1
4 O ecsPendende =0
1 O ecsDesp Doy =1
5 O esDexsPDeysPes=0

o Constant degree

o VAC Vif Bl <Al < 2 then E[A, V \ A] > a|V].
e Pigeonhole Principle

e n+ 1 pigeons and n holes

e pjj: i-th pigeon is in j-th hole

e Vie[l...n+1]: (pn Vpi2 V-V pin)

o Yk e[l...nVije[l.n+1]: (=pi V —pj)
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Lower bounds on satisfiable formulas

If P = NP then no superpolynomial lower bounds for DPLL
algorithms since heuristic B may choose corect value.
Satisfiable formulas are much easier for solvers

[Nikolenko, 2002], [Achilioptas,Beame, Molloy, 2003-2004]
exponential lower bound for specific DPLL algoritms
[Alekhnovich, Hirsch, ltsykson, 2005] Exponential lower bound
for myopic and drunken algorithms.

Inverting of functions corresponds to satisfiable formulas
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Myopic algorithms

e Myopic heuristics A, B:
e Read formula with erased negations
e Read K = n'¢ clauses
e Query the number of positive and negative occurrences of

variable
(x1Vx3Vx5) (x1Vx3V x5)
(X2 V X3) (X2 V —|X3)
(x2 Vx4V x5) (x2 V xa V x5)
(x1 V xq V xp) (x1 V—xa V xp)

e Lower bound:

e Ax = b over [y

e Ais a randomly constructed 0/1 matrix

e exactly 3 ones per row; full rank

e XxDyPz=1 <=
(~xV-ayV-z)A(-xVyVz)A(xV-yVz)A(xVyV-z)

e XByPz=0 <=
(xVyVZ)A(-xV-yVz)A(-xVyV-z)A(xV-oyV-z)
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Drunken algorithms

Drunken heuristics:
e A: any!
e B: random 50:50
Lower bound:
e F is a hard unsatisfiable formula
e [/ = F + one satisfying assignmet
e Wrong substitution during first several step w.h.p.
e Fall to hard unsatisfiable formula
Combination:
e A: any!
e B: myopic
Cheating:

e A chooses variable that satisfy first clause.
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Goldreich’s one-way candidate
f:{0,1}" — {0,1}"

X1 - o—

X2 o——e— P Xi1s Xi2y«« oy Xid
X3 Jo_ bain. ) e G(X,Y,E)is a bipartite
graph;
_ _ e VyeVY deg(y)=d
Xn — e d is a constant.
X Y

Goldreich’s conjecture:
e Pis a random predicate;
e G is an expander;
then function f is a one-way.
e f is computed by constant depth circuit;
o [Applebaum, Ishai, Kushilevitz 2006] If one-way functions exist
then there is a one-way function that can be computed by
constant depth circuit.



Exponential lower bounds on the
complexity of invertion of Goldreich’s
function

P(xi,...xq) =x1® - BXd—k B Q(Xd—kt1,---,%d), k < d/4.

Paper Graph DPLL

Cook, Etesami, Random Myopic
Miller, Trevisan, 2009

Itsykson, 2010 Random | Drunken

Itsykson, Sokolov, 2011 | Explicit | Drunken
(based on | Myopic
expander)
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DPLL with cut heuristic

e Heuristic A chooses a variable for splitting.

Heuristic B chooses first value.

Heuristic C cuts unpromising branches.

Algorithm is correct on unsatisfiable formulas.

Possible errors on satisfiable formulas
Correctnes vs. effectiveness tradeoff
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Correctnes vs. effectiveness

[Itsykson, Sokolov 2011]

Theorem.There exists family of unsatisfiable formulas ¢, such that
V deterministic myopic A, C there exists polynomial-time samplable
ensemble of distributions D, with supp D,, C SAT such that VB
either

(] PrgpeDn[DPLLA,B,C(SO) = 1] < 1/100 or
 Running time of DPLLA g c(®5) is 2%2(n)

Theorem.There exists family of unsatisfiable formulas ¢, and
polynomial-time samplable ensemble of distributions R, with
supp R, C SAT such that V deterministic myopic A, C and VB if
Prop,[DPLLAB c(p) = 1] =1 — o(1), then running time of
DPLLAg.c(®,) is 2.
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