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Inductive types

@ Example: \ terms ala de Bruijn: Lam € Set:

var € N — Lam

app € Lam — Lam — Lam

lam € Lam — Lam
@ In Epigram syntax:

ieN t,u € Lam t € Lam
vari € Lam apptu € Lam lamt € Lam
@ Natural numbers (ala Peano):
neN
0eN succn e N
@ Initial algebra semantics:
FnX = 14X
Flam X = N4+ XxX+X
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Indexed inductive types

@ A-terms indexed by the number of free variables:
Lam € N — Set

i € Finn t,u € Lamn teLam(n+1)

vari € Lamn apptu € Lamn lamt € Lamn

@ Finite sets with n elements: Fin € N — Set:

neN i € Finn

fzero € Fin(n+ 1) fsucci € Fin(n+ 1)
@ Initial algebra sematics:

Fiam, Frn € (N — Set) — N — Set
FramXn = Finn+XnxXn+X(n+1)
FEnXn = YmeNm+1=nx(1+Xm)
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Typed A-terms

Ty € Set
Var,Lam € [Ty] — Ty — Set

o,T€ly
WETY  amoreTy

x € Varl o

vzero € Var (0 : 1) o yqueex € Var(r: 1) o

X € Varl o teLaml (arro7) U € Lamlo

varx € Lam[l o apptu € Laml 7

teLam(o: )7

lamt € LamT (arro 7)
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Why container?

@ Functorial semantics is too general:
not every funtors has an initial algebra, e.g.

F X = (X — Bool) — Bool

@ Strictly positive functors?
Too syntactic.

@ Theory of Containers:
semantic counterpart of strictly positive

@ Useful for generic programming (e.g. derivatives of
datatypes)

@ Now: extend containers to indexed datatypes.
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Unary container

@ A unary container S < P € Cont is given by:
S € Set a set of shapes
P e S — Set afamily of positions

@ Extension of a container as a functor:
S <P e Cont

[S < P] € Set — Set

@ Example Lists: [N < Fin] X = [X].
@ Obs:

[S<P|X=%Yse SPs— X

[S<P]{x}=S
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Container morphisms

@ faueCont(S<P)(T < Q)is given by:

f e S—T
u € MNseS.Qs— Ps

@ Every morphism gives rise to a natural transformation:
faueCont(S<P)(T<Q)
[fauleNXeSet.[S<aP]|X—[T<Q]X
[f<ulX(s,p)=(fs,pous)
@ Example:

rev € X e Set.ListX — ListX
rev = [An.n<aAn,i.n—i]

@ Theorem (Abbott, A., Ghani): The extension functor [—] is
full and faithful.
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Constructions on containers

Given container S< P, T < Q:
Coproduct

Lefts . Ps
Rightt . Qt

(S<aP)+(T<Q)=S+T<A
Product
(S<P)x(T<Q)=SxT<aAst).Ps+Qt
Constant exponentiation

K — (S<aP)=K— S<aA.Tk € K.P(fk)
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n-ary container

@ An n-ary container S < P € Cont n is given by:
S € Set a set of shapes
P € S — Finn— Set nfamilies of positions

@ Extension of a container as a functor:
S < PeContn
[S < P] € (Finn — Set) — Set
[S<P]X=%XseSNieFinnPsi— Xi
@ Example: leaf/node labelled trees
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Closure under p

S<P,Q e Cont2

°
uw(S<P,Q) € Cont1
w(S<P,Q)=WSP<PathSPQ

@ W-types: Given S € Set,P € S — Set: WS P < Set.
seS fePs—WSP

supsfe WSP

@ Paths, additionally given Q € S — Set,
PathSPQ ¢ WSP — Set

qe Qs pePs rePathSPQ(fp)
topg € PathSP Q(supsf) downpr e PathSPQ(supsf)

@ Lemma (Abbott,A.,Ghani):
Path S P Q is definable using W-types.
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Strictly Positive Types

neN ieFinn
T 4T
SPTneType nTiesptn 0,1 €SPTn

S, TeSPTn SeSPTn K < Set
S+T,SxTeSPTn K — SeSPTn
SeSPT(n+1)
uS € SPTn
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Indexed container

@ Given /| € Set, an /-indexed container S <1 P € Cont / is
iven by S € Set a set of shapes
9 - p €S — |— Set nfamilies of positions

@ Extension of a container as a functor:
S <P e Contn
[S < P] € (I — Set) — Set
[S<P]X=%XseSNielPsi— Xi
@ Examples Fin,Lam, ...
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Strictly positive indexed types

| € Set iel
T 4T
SPT/cType n'icspr/ 0,1 €SPTI

fel—-J Fel—-SPTO
nNfFedJ— SPTO

Fed— SPT(I+J)

STfFedJ—SPTO nkeJ—SPT
Fein, FLam € N — SPTN
Frn = XT(An1+n)(An1+n'n)
Fin,Lam € N — SPT{)
Fin = puFpp
Fimn = (Fin)™ 4+ (n"n)?+9" (n+1)

Lam = pFram
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@ We can extend the results for ordinary containers to
indexed containers.

@ The type of indexed strictly positive types is itself an
indexed strictly positive type.

@ We still only need W-types!

@ Interpret inductive schemes in a very small core theory.
Application: Small trusted code base for proof assistants.

@ Generic programming for dependent types.
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