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The Big Picture

Track properties of computations
Language allows everything
Extend existing programs
Annotate libraries
Track information using types

Different kinds of properties

Effects - what computations do
Coeffects - how computations use context



Introducing effect and
coeffect systems



Effect systems

When to use effect systems?

[[Fe:T&o

Typing judgment
Given variables I
... expression e has atype t
... and performs effects o



Tracking memory operations

Primitive operations have effects

riref, el Tret&o
Fr<eunit&oU{w(p)}

Composition combines effects

Fl—el:Tl&O'l F,X:leez:l_z&ﬂz

'Fletx =e¢;ine, : 7, & 04 U 0,



Coeffect systems

When to use effect systems?
[@o et

Typing judgment
Given variables I
... with additional context o
... expression e has atype t



Distributed programming

Primitives with limited modalities

[' @ {server, client} - writeFile : string — unit
I' @ {client, phone} + readInput : unit — string

Composition combines coeffects

F@O'l |—€1:T1 F,X:Tl@ 1) |—€2:T2

fT@o;No, Fletx =¢;ine, : 7,



Effect and coeffect systems

Effect systems
Annotations on the result
Propagate information forward
Correspond to monads

Coeffect systems
Annotations on the context
Propagate information backward
Correspond to comonads



The marriage of
coeffects and comonads



Categorical semantics approach

Interpret expressions in context
X1:T1, ) Xn: Ty E €T
As functions of context
[71 X - X 7] = [7]]

Additional structure over result
Additional structure over domain



Monadic lambda calculus

Monadic type for effects

r:reprF ['Fe:lOT
' 7« e: 10 unit

Composition combines effects

[ - 61:10 T1 F,x:Tl - 82:10 To
Fletx =e;ine, : 10 7,

Type means there are some |0 effects



The marriage of effects and monads

Capture effects using tagged monads

r:refp El’ T'kre:M7T
['1r « e: MWD iynit

Composition combines effects

'Fe M%7ty T,x:t{Fe,:M21,
[tletx =e;ine, : M71®o2,

As precise type as in effect systems



The marriage of effects and monads

Tagged monad structure over the result
Tag r captures the effects

T, > M1,
Defines composition
(11 = M"13) = (12 » M°13) - (T1 - MT®ST3)
And pure computations

T Mt



The marriage of coeffects and comonads

Capture context using tagged comonads
ciclientphoneipr reqdinput : unit — string

Composition combines coeffects

Co-lr - €1:-T1 CGZ(F,X:T]_) - €r.TH

Co1¥nl letx = e ine, : 1,

Tagged comonadic lambda calculus



The marriage of coeffects and comonads

Tagged comonad structure over the domain
Tag r captures the coeffects

C'ty = 19
Defines composition
(C"11 > 173) > (P13 > 13) - (Cr@sﬁ - Ts)
And pure computations

Clr > 1



More examples and
the lambda abstraction



Distributed programming

Tagged with sets of environments

ciclientphonep  poqd : string — string
ciserverclientip \ yypite @ string — unit

Tags combined using intersection
Lambda abstraction in a pure context

Cllent(T x: unit) - write (read x): unit
CiserverclientphoneiT Ay write (read x): Ct€V'entynit - unit




Introducing implicit parameters

Configuration problem

Parameterize function deep in the call tree
Without adding parameters to all functions

Implicit parameters ?param

let print = Aprefix —
if length prefix > ?width then
Astr — append prefix str ?width ?size
else ...



Implicit parameters

Tagged with sets of parameters

ctwidthrsizeir - gppend ... ?width ?size : string
Tags combined using intersection
Lambda abstraction combines contexts
let print = Aprefix —

if length prefix > ?width then
Astr — append prefix str ?width ?size ...

print: CYWid™string — (C5*¢string — string)



Type system for coeffects



Comonadic coeffect typing

Crr - 81: CtTl — TZ CSF - 62:1'1
Cr®s®tr - €16, - 1T>

x:T€Tl
ClTrx:T

CT®S (F,x:Tl) Fe: To
CTHAx.e : C"ty > 1y




Structure of the tags

Monoid with binary operation (M,®, 1)

Type preservation requires

ldempotence rQQr=r
Symmetry ros=sQr
Partial order VreM. 1= r

Unrestricted reduction needs set-like tags
Is there a more fine-grained structure?



Comparing coeffects and effects

Comonadic abstraction captures context

CT@S (F,X:Tl) Fe: To
CTHAx.e : C"ty > 1y

Monadic abstraction is always pure

Lx:tyFe: M1,
- Ax.e : M (1y > M"1,)

Compare implicit parameters and reader monad



More precise structural
coeffects system



Tracking properties per variable

Example: checked array indexing

C¥°(x:4,y:A) Fx.3+7y.54+y.3 :int

Structural rules manipulate tags
Tags correspond to variables

CTXS (Fl,rz) Fe:T CTFI—B:T
CS*T(Ty,Iy) F e CN(T,x:1") F e




Tracking properties per variable

Contraction rule combines coeffects

C3° (x:A,y: A Fy.2+x.3+vy.5:int
Cmax35)(z:A)+ 2.2+ 2.3+ 25 :int

Use two different operations

X for product structure
& for combining coeffects

C* (x:t,y:7) F ety
C™®5(z:1) +elz/x][z/y]: T4




More precise coeffects

Generalized application rule

Crrl - €1- CtT]_ — To CSFZ - €,.Tq
CrU@s)(Ty,T,) eq ey : 15

Point-wise (or scalar) application of ®

CrAy.y.5:C°A - int
C9V (x:A,z: A) + (if ..thenxelsez): A

Co5(x:A,2z:A) + (Ay.y.5)(if ...then x else z) : int



More precise coeffects

Tag structure with two operations

X for product structure
& for combining coeffects
Distributivity law (axb) ® c=(a® c) X (b ® ¢)

Future work
Does it generalize simple version?
Refined categorical semantics
Application: Secure information flow
Application: Multi-stage programming



Conclusions



Summary

Introducing coeffects

Context-dependent properties
Modeled using comonads
Distributed, dynamic scoping, multi-stage, security

Tracking information

Simple set-like structures for context properties
Precise structure associates data with variables



Backup slides



Categorical semantics for coeffects



Categorical semantics for coeffects

Operations of a tagged comonad
(€'t > 1) » (CP1p > 13) » (Cr®5T1 - Ts)
Clt>1

With additional structure

Combine contexts for abstraction
Split contexts for application



Semantics of lambda abstraction

Combine the inner and outer scope
Use monoidal tagged comonad

[Ax.e]] = curry ([e] e combine)
combine : €'ty X €51, = C"95 (14 X T5)

Other variations of tags are possible!
Restrict one context or require equal tags

Future work
Could be done in the monadic setting



Semantics of application

Evaluate both expressions and apply
le; e;]] = ev o ([e;], cobind [e,])
Split context between two functions

f:C't->14

. TR
g:CST—)TZ <f'g> ’ Cr ST_) (TllTZ)

Tagged inverse of the combine operation

split, g : CTO%(1y X 1,) = "1y X C51,



