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@ Sat/SMT-solvers, ATPs, proof assistants. . .

@ proofs can be redundant

e best techniques to find proofs do not necessarily find the best proofs
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Motivations for Proof Compression

@ Sat/SMT-solvers, ATPs, proof assistants. . .

best techniques to find proofs do not necessarily find the best proofs
proofs can be redundant

@ Proof compression techniques may lead to:

smaller proof libraries

faster proof checking

smaller unsat cores

better interpolants

easier exchange of knowledge

discovery of interesting mathematical definitions and lemmas
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@ Sequent Calculus

@ Cut-elimination
e Cut-introduction
@ Natural Deduction

e Allowing contextual inferences
@ Propositional Resolution

@ Recycle Pivots (with Intersection)
o Lower Units

@ Reduce&Reconstruct
e Split
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Figure: The natural deduction calculus ND
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Double negation elimination axiom schema:

dne: --F > F
Deriving (A — B) — C from (-—-A — B) — Cin ND:

F-—-A oA -—AF oA —E
A—-BrA—-B -—AFA —E
A—B,--A+B R
(—|—|A—>B)—>CI—(—|—|A—>B)—>C A—->B+r--A->B
(--rA->B)-CA—-B+C .
(-—rA->B)->C+rA->B)—>C

—E
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Contextual Natural Deduction

T,ArA &Om

I,AFCy[B]

TrcAog '™

r+ClLIA-B]  TrCA]
5
r+C,[C5, 1Bl

£ (m1;m2)

r+ChIA - B] '+ CZ[A]
M+ CElCr, (Bl

d (711;712)

Note: 7, 74 and 7, must be positive positions.

Figure: The contextual natural deduction calculus NDc

Bruno Woltzenlogel Paleo Techniques for Proof Compression



Comparing ND and NDc

Double Negation Elimination

Double negation elimination axiom schema:
dne: ——-F > F
Deriving (A — B) — C from (--A — B) — C in NDc:

F-mA > A (-=rA—->B)->Cr(-mA—->B)—>C
(--A-B)-Cr(A-=B)—C

—)E (e;11)

And in ND:
F--A S A -—AF--A SE
A—->BrA—->B -—A+A SE
AHB,—W\AFB N
_a7mE TR
(-~rA—-B)->Cr(-mA—-B)->C A->B+r--A->B 5
E

(--A—-B)—>CA—-BrC
(-—-A—->B)-Cr(A->B)—>C
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Comparing ND and NDc

Skolemization

Skolemization axiom schema:
sk : Ax.F[x] = F[fs(X1,...,Xn)]

where Xy, ..., X, free-variables of F and fsx new skolem symbol.

Deriving skolemization (A — B) — P(c) from (A — B) — 3dx.P(x) in NDc:

F3Ax.P(x) — P(c) (A - B) = 3x.P(x) F (A — B) = Ix.P(x) S (0
(A= B)— Ix.P(x) r (A — B) > P(c) e (60)
And in ND:
...FA—>B ... (A > B) - Ix.P(x) 5
F IX.P(x) — P(c) (A= B) > IP(),A = BrIP()___ g

A S B,(A— B)— Ix.P(x)r P(c)
(A - B) - Ax.P(x) + AcA~B.(A - B) - P(c)

|
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axiom
a:Ara:A

Na:Arb:B
rN-Aa*b:A—B
r-f:A—B

Nr-a:A
N-(fa):B

-

—E
Figure: The natural deduction calculus ND
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Curry-Howard Isomorphism
Contextual Natural Deduction NDc

———————— axiom
Na:Ara:A

la:Arb:CyB] .
M+ A.a*.b:C.[A - B

1 (1)

ref:Cl.[A->B]  Tra:C:lA]
re(fa); . :CLIC%IBI]

(my:m2)

—g (m;m2)

rrf:CLIA—B]  Tra:CIA]
M (fa);, .,  C%ICL Bl

e (7'(1;7'(2)

Note: 7, 74 and 7o must be positive positions.

Figure: The contextual natural deduction calculus NDc
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Deriving (A — B) — C from (-=A — B) — C in NDc:
Fdne:—--A— A

a:...+ra:(——mA-B)—>C L
- (e11)
a:(—|—-A—>B)—>Cr(dnea)(:;ﬂ):(A—»B)—>C
And in ND:
Fdne:--A—- A d:...kd:-mA |
c:...rc:A—>B d:...r(dned):A
d:...,c:...r(c(dned)):B
a:...ra:(-——mA-B)—>C Cc:i...-Ad™A (c (dne d)) : -—=A - B
a:...,c:...r(aAd.(c(dned))):C
a:(-—A—B)— CrAchB(aAd . (c (dned))): (A—>B)—C
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Deriving skolemization (A — B) — P(c¢) from (A — B) — Jx.P(x) in NDc
F sk : Ax.P(x) - P(c)

a:...ra:(A—- B)— Ax.P(x) -
p ~E (€:0)
a:(A—- B)— 3x.P(x)F (sk a)(eo) :(A—> B)— P(c)
And in ND:

c:...rc:A—B
sk : Ax.P(x) = P(c)

a:...ra:(A- B)—- 3Ix.P(x)
a:(A—B)— 3x.P(x),c:A— Br(ac):Ix.P(x)
c:A—-B,a:(A—B)—3x.P(x)r(sk (ac)): P(c)
a:(A-B)— AxP(x)rAc*B.(sk (ac)): (A - B)— P(c)

—
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If T is provable in ND, then T is provable in NDc.
@ ([v] = v (for a variable v).
@ C[AvTt] = A.vT.O[t]
o C[(m n)] = (C[m] C[N])eie)
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If T is provable in NDc, then T is provable in ND.
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(Un)Soundness

Translating A9-terms into A-terms

@ If tis an (—)-application of the form (f a)(jﬁmz), the translation is defined

by two successive inductions, firstly on the position 7y and then (when
71 = €) 0N Ttp, according to the cases below:

e If 7y = O, it is the case that t matches (f¢—P a)(0 p) @nd then

E[t] = AcCE[((F €) @)y )]

o If my =11, then there is at least one occurrence of the digit 1 in 7, since
11 is positive and 7’ is negative Therefore, 74 is necessarily of the form

10...01m and t matches (F(C1—-Cr=(TelA=BI=DN)=02 @) . Then

&[] = AkC1=+-Cn=>(TulBI=Dy) (¢ Ac 1. .cSn AnTA=B] (k ey cq &[(h ) )

o If 7y = e and mtp = O, it is the case that t matches (f a~P)~ . and then

(€:0m)’
£[t] = AcCE[(f (a €)) ;]

e If iy = e and np = 177/, then there is at least one occurrence of the digit 1 in
n’, since i is positive and 7’ is negative. Therefore, 75 is of the form
10...017 and t matches (fA~B a(C1—=--Cn—>(TnlA]=D1))—D2 )~ . Then

(6;10..017)
£[t] = AKC1=-Cn=(TnlBI=D1) (2 201 .. ARTR AL (k oy ... cn €[(F h)z )

e If 1y = mp = ¢, itis the case that t matches (f a)7" ., and then

(€:¢€)
&lt] = (1] €la))
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(Un)Soundness

Translating A9-terms into A-terms

@ If tis an («)-application of the form (f a)(n o the translation is
analogous to the previous case for (f a)(m;n2 but the induction is made

firstly on the position 7, and only then (when 7, = €) on 7t4. For the sake
of clarity, all cases are shown below:
e If mp = 07, it is the case that t matches (f aC—)D)( and then

&l = AcCE[(F (a €)) iz, 1

o If mip =17/, then there is at least one occurrence of the digit 1 in 7, since
1o is positive and 1’ is negative Therefore, t, is necessarily of the form
10...017 and t matches (f a(¢1—- C"%(Tﬂ[“]tf’t))%’z)( 140.01m)- Then

&[t) = AkC1=+-Cn=(Tn[B1=D1) (g Ac, St cCn AT (k ¢ ... n E[(F ey
e lf mp = e and iy = O, it is the case that t matches (fCﬁD a) g, @nd then

(o
£lt] = 2eC.£[(F ©) )7,

o If o =eand ny = 177/, then there is at least one occurrence of the digit 1 in
m’, since 74 is positive and 7’ is negative. Consequently, 71 is of the form

10...017 and t matches (f(C1=--Cn=>(Tr[A=B]=D1))=D2 a)(30.01me)- THEN
&[] = AkC1=-Cn=(T=lBI=D1) (f Ac, Ot 6COn AnTRIABI (k ¢y . .cn &[( a)io))
e If mp = my = ¢, itis the case that t matches (f a)(?_s), and then
&[] = (&[f] &[a])
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(Un)Soundness

Translating A9-terms into A-terms

@ If tis a variable, then &[t] = t

@ If t is an abstraction of the form A,a”.b, the translation is defined by
induction on the position 7, according to the cases below:

o If m = 0r, itis the case that t matches Ag,va®.b®~P, and then
&[t] = AcC.&[Awa? (be)]

e If m =17/, then there is at least one occurrence of the digit 1 in 7/, since ¢
is positive and 7’ is negative. Therefore, 7t is necessarily of the form
10...017” and t matches Aqg_g1a?.f(C17-Cn=(To [B]=D1))>D2  Then

&[] = AkC17-Cn > (T [ASBI=Dy) (¢ /\c1c1 .cSn AT B (K ¢y .. cp A a b))
o If m =e, itis the case that t matches A.a.f, and then
&[t] = Aa.]f]

Bruno Woltzenlogel Paleo Techniques for Proof Compression



(Un)Soundness

Translating A9-terms into A-terms

@ If tis a variable, then &[] = t

@ If t is an abstraction of the form A,a*.b, the translation is defined by
induction on the position 7, according to the cases below:

e If 1 = 0r, itis the case that t matches Aga®.b€~P, and then

&ft] = AcC.&[Aa*.(be)]

e If m =17, then there is at least one occurrence of the digit 1 in 7/, since ©
is positive and 7’ is negative. Therefore, 7t is necessarily of the form

10...017” and t matches Ayq_ g1 a@?.f(C1=-Cn=>(T [B]=D1)=D2  Then
&[] = AkC1 == Cn=(Tr A=BI=Dy) (£ 2681 cCn AnTw Bl (K ¢y ....cp £[A @™ h])

o If m =e, itis the case that t matches Aca.f, and then

&[] = Aag[f]

Intuitionistic Contextual Soundness Condition:
If = contains the digit 1, then a is not allowed to occur in f.

Bruno Woltzenlogel Paleo
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p:Pa:(Q=Prp:P axloz
p : Pl‘ Aa(Q—)P)p : (Q - P) — P
FAy1pPAal@Plp: (P—Q)—P)—P

- (11)

p:Pa:(L>L1L)rp:P ax,oZ
pZPI-Aa(J.—U_)'p:(J__)J_)_)P

FApPAat=p:(P—>1)—>1)—>P

= (11)
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@ Add classical principles as axioms to shallow natural deduction
@ Use a multi-conclusion natural deduction calculus

@ Allow unrestricted contextual natural deduction inference rules
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(A@A.f ')~ fla\t]

(Ao@™.f t') (o) w' fla\t]

(AbB.A@A(f b) t')0.) ' AbB.(fla\t'] b)

«4O0>» «F» « E» « E = VAR



Unfolding

/\OnaA .bCHD
AcC.Aqa.(bc)

Ao o17@? . f(C17-Cn—>(Tn[B]=D1))—D2

Ak G172 Cn=(TalA=BI=D1) (f /\Cf1 ...cS" AR Bl (k ¢, ...c, Aza”.h)

Figure: Unfolding Contextual Abstractions

(fC_>D a)(07'[7'l ) (f aCéD) (71:0m)
AcC((fe) @)y — ACCAf(ac)) m
(fa®")on (7P @)

AC(f(a0))y  AcC(fe) a)y,

Figure: Unfolding Contextual Applications with Position Starting with 0
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Unfolding

Cy—...Ch—(Tr[A—B]—D4))—D.
(f(1 (Tz[A—=B]—=D1)) 2a)(10 o)

AKC1=-Cn=(THBI1),( 1601 . o0 ANTA=BL (K ¢y ... co (h @), )

(C1—...Cn—(Tx[A]—>D4))—D.
(fa 1 n—(Tz[A]=D1)) 2)(711 10..01r)

AKCr-Cr(TlB1=0) (2 A¢t .. e AR (K ¢y ...co (F ) )

A—B C1—...Cn—(Tx[A]—Dq))—>Do\—
(f (G (T=[A]=Dy)) 2)(9;10,“0171)

AKCr=-Cr(TelB1=00) (2 Acft .. e ARTAL (K ¢ ... co (F h);; )

Cy—...Ch—(Tx[A—B]—Dy))—D;
(& (Tr[A—B]—=D1)) 23)(10 otme)

AKCr=-Cr(TnlB1=0) (f e ... " ANTABL (K ¢...c, (h ), )

Figure: Unfolding Contextual Applications with Position Starting with 1
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(Aoa”.(Agb®.h @) t')(g.) s

(AbE.Aa*.((AobB.h @) by) t')(0,)
AbZ.((AbB.Aa”.((AobB.h @) by) by) 1)
AbE.(Aa*.((AobB.h a) by) ')
AbZ.((AobB.h t') bo)

(AobB.h t")
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@ v is terminating.
()

o For all unfolding rules, the sum of the sizes of all positions decreases.
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@ v is terminating.

@ ~v; is locally confluent.

o For all unfolding rules, the sum of the sizes of all positions decreases.
e There are no critical pairs.
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@ v is terminating.

o For all unfolding rules, the sum of the sizes of all positions decreases.
@ ~v»; is locally confluent.

e There are no critical pairs.
@ ~ is confluent.
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@ 5 is weakly normalizing.

@ Just unfold first and beta-reduce later.

«0O)» «F» Q>
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@ 5 is weakly normalizing.

e Just unfold first and beta-reduce later.
@~y is terminating.

«0O)» «F» Q>
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@ 5 is weakly normalizing.

@~y is terminating.

@ Just unfold first and beta-reduce later.

@ s is confluent.

«0O)» «F» Q>
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In the best cases,

NDc-proofs can be quadratically smaller than smallest ND-proofs.
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Quadratic Compressibility

In the best cases,
NDc-proofs can be quadratically smaller than smallest ND-proofs.

There is a sequence of theorems F, whose

smallest ND-proofs ¢, grow at least quadratically (i.e. s(y,) € Q(n?)),
while there are

NDc-proofs ¢4 of F,, growing at most linearly (i.e. s(y9) € O(n)).

Bruno Woltzenlogel Paleo
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@ s(A) =1 (if A is an atomic type)
@ 5(Ty > T2) =1 +5(Ty) + s(T2)

Definion (Size ofa Aterm)
@ s(v) =1 (if v is a variable)
@ s(AvT.t') =24 s(T) + s(t)
@ s((mn)) =1+ s(m)+ s(n)

Definiton (Size of a Aterm)
@ s(v) =1 (if v is a variable)
@ s(A vty =2+ s(T) + s(t') + s(n)
@ s((m n);1 ;nz) =1+ s(m) + s(n) + s(m1) + s(72)
@ s((m n);1 ;nz) =1+ s(m) + s(n) + s(m1) + s(m2)

|
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Let F, = T"(A — B) — (A — T"(B)) where:
TYF)=F

T"(F) = (T"'(F) — Dzn-1) — Daq

it
v
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Let F, = T"(A — B) — (A — T"(B)) where:

T(F) = F

T"(F) = (T""'(F) = Dan_1) = Dz
Let g = I;'(tg) where:

tg - /\an(A_)B).AaA-(f a)(11 . 1;5)

~—

2n
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Let F, = T"(A — B) — (A — T"(B)) where:

T(F) = F

T"(F) = (T""'(F) = Dan_1) = Dz
Let g = I;'(tg) where:

tg - /\an(A_)B).AaA-(f a)(11 . 1;5)

~—

Let g = 1-/(t) where:

2n

t, = &(t9)

«O>» «Fr «=» « oac
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Quadratic Compressibility
Proof

Let F, = T"(A — B) - (A — T"(B)) where:
TYF)=F
T"(F) = (T""(F) = Dzn_1) — Dap

Let g = 7,'(t7) where:

tg = /\an(A‘)B)./\aA-(f a)(11 1 €)
N——
2n

Let y, = 77'(t,) where:
ty = &(17)
Note that ¢« is a smallest ND-proof of F,. Any ND-proof of F, must (at least)

decompose F until the subformulas A — B and A are obtained and then
apply A — B to A. 1 does exactly this and nothing more.
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By definition, s(y9) = s(t9), and s(t?) is computed below:

s(td) = s(MfT"ABlaat (fa) 11 1)
—_—
=2+ 5(T"(A = B)) + s(Aa™(f a)(11..10)
=24 (3+4n) + s(Aa”.(f a)(11..1,0))
—54+4n+ (2 + s(A) + S((f a)(ﬂ..ﬂ;e)))
=8+4n+s((f a)11.1:))
=8+ 4n+(1+s(f) +s(a) +s(11... 1) + 5(€))

2n
=8+4n+(8+2n+0)
=11+46n
Therefore, s(t?) € O(n).
«O>» «Fr «=)r» «=)» =

12N G4



By definition, s(y,) = s(ty), and s(t,) is computed below:

s(tn) = s(EATA=BLA2A(Fa) 11 1,))
= s(AT"A=B) Aah £ ((f a)(11..10)))
=2+5(T"(A — B)) +2+s(A) + s(&((f a)1..1¢)))
=8+4n+s(E((fa)q1...1,4))

2n

«0O0>» «F» «E)» « Q>
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Proof

Quadratic Compressibility

S(tn) =8+4n+ S(g((f a)(11 ... 1;6)))

Let q(n) = S(g((f a)(11 e 1;6)))
e e
Then: . ”
q(0) = s(&((f @)(ee))) =3
q(n) = s(&((fa)(1111...1:¢)))

— n=1(A-
Dot (FARTNAZB) ((h a) 11 1))

———

2n-2

=24 §(T"1(B) = Dap_1) + s((f AN (A=B) &((h a)1..1:¢))))
=2+4(n=1)+3+s((f AT A=B)g((h a)i1.1,0))))
=1 +4n+s((f Ak (A=B) g((h a)i1..1¢))))

—1+44n+2+4sAh™A2B g((h )y 1,0))

=3+4n+s(Ah™A=BLe((h ). 1))

N——
Bruno Woltzenlogel Paleo
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s(t,) =8+4n+q(n)
q(0) =3

g(n)=4+8n+q(n-1)

Solving the recurrence relation above gives the following closed-form for g:

q(n) =4n*+8n+3
Therefore, s(u,) € Q(n?).

«0O0>» «F» «E)» « Q>
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@ ~»" is terminating

e The term size decreases with every inverse rewriting step.

a
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@ ~»" is terminating

e The term size decreases with every inverse rewriting step.
@ ~»"is not confluent

® AkB=P.(a AhA.(k (f h)))
® 1kB7P.(a AhA.(k (f h)))

'\/\«)_1

o letf:A—Banda:(A— D)— E. Then:

5 (fa)en
'vv)_1

S5 AkB_’D’(a (k f)(e;O))

«Or «Fr «=» 12N G4
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hab:A_’B

hbc:B_>C

Hage : (A — D) — E

AhgP (age ARG (hea (oc (hay ha)))) : (C = D) — E

i
v
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hap :A— B

hpe : B— C

hadeZ(A—)D)—>E
ARG (Rage A2 .(heg (Moe (hab ha)))) : (C — D) — E

Normal form w.r.t. ~»".

(hbe (hab hade)e11)) (1)

((hoe hab) 0y Pade)e:11)

«0O0>» «F» «E)» « Q>
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hap:A— B

hchB—>C

hadeZ(A—)D)—>E
ARG (Rage A2 .(heg (Moe (hab ha)))) : (C — D) — E

Normal form w.r.t. ~»7".

o
Yet, there are smaller A9-terms:

(hbe (hab hade)(e;11))(e:11)

((hoe hab) 0y Pade)e:11)

«0O0>» «F» «E)» « Q>
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hap:A— B

hchB—>C

hage : (A > D) - E
AhE7P (hage AhS .(heg (hbe (hab ha)))) : (C— D) —> E

Normal form w.r.t. ~»7".

o
Yet, there are smaller A9-terms:

(hbe (hab hade)(e;11))(e:11)

((hoe hab) 0y Pade)e:11)

To obtain them, we need folding + beta expansion

«0O0>» «F» «E)» « > Q>



Proof Compression by Folding and Beta Expansion

hep :A— B hye :B— C

hage : (A > D) > E
t = AhC P (Rage ANZ .(heg (Mbe (hab ha))))
~og P ANGP (hage ARG (K (oo (hec kb)) (hab ha)))

~ogt ARG P (MK P (hade ARG (Koo (hab ha))) Ak (Beg (hec kb))
w5 (hpe AKEP (hage ANs .(Koa (Mab 1)) 1)
W; (hoe (hab hade)(e;ﬂ))(e;ﬂ)

Bruno Woltzenlogel Paleo
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Proof Compression by Folding and Beta Expansion

hep :A— B hye :B— C

hage : (A > D) > E
t = AhC P (Rage ANZ .(heg (Mbe (hab ha))))
~og P ANGP (hage ARG (K (oo (hec kb)) (hab ha)))

~ogt ARG P (MK P (hade ARG (Koo (hab ha))) Ak (Beg (hec kb))
w5 (hpe AKEP (hage ANs .(Koa (Mab 1)) 1)
W; (hoe (hab hade)(e;ﬂ))(e;ﬂ)

t = AhS P (Nage AN2 .(heg (Mbe (hab ha))))
~og P ARG (hage AR (heg (AKS (b (hab K2)) ha)))
s (AKS (hoe (Pab Ka)) age) ety

w51 ((Mpe Nab)(:0) Nade)(e:11)

Bruno Woltzenlogel Paleo
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@ v

1
Bo

is not terminating

o Because beta expansion is not terminating

«0O)» «F» Q>
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o W!;s

1

is not terminating

o Because beta expansion is not terminating
° w};; is not confluent

@ By the examples in the previous slide
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@ Contextual Natural Deduction:

@ go beyond the implicational fragment

Propositional Resolution:
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@ Contextual Natural Deduction:

@ go beyond the implicational fragment
@ investigate beta-expansion / cut-introduction

Propositional Resolution:
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@ Contextual Natural Deduction:

@ go beyond the implicational fragment
@ investigate beta-expansion / cut-introduction

o implement and evaluate compressibility in practice
Propositional Resolution:

«O)>» «F»r « 3 > Q>
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@ Contextual Natural Deduction:

@ go beyond the implicational fragment
@ investigate beta-expansion / cut-introduction
o implement and evaluate compressibility in practice

@ obtain a syntactic proof of soundness for the classical case
Propositional Resolution:
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Current Work

@ Contextual Natural Deduction:

go beyond the implicational fragment

investigate beta-expansion / cut-introduction

implement and evaluate compressibility in practice

obtain a syntactic proof of soundness for the classical case
investigate algorithmic interpretations for the classical case

@ Propositional Resolution:

develop efficient subsumption algorithms
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Current Work

@ Contextual Natural Deduction:

go beyond the implicational fragment

investigate beta-expansion / cut-introduction

implement and evaluate compressibility in practice

obtain a syntactic proof of soundness for the classical case
e investigate algorithmic interpretations for the classical case

@ Propositional Resolution:

e develop efficient subsumption algorithms
e improve lowering of subproofs
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Current Work

@ Contextual Natural Deduction:

go beyond the implicational fragment

investigate beta-expansion / cut-introduction

implement and evaluate compressibility in practice

obtain a syntactic proof of soundness for the classical case
e investigate algorithmic interpretations for the classical case

@ Propositional Resolution:

e develop efficient subsumption algorithms
e improve lowering of subproofs
e improve split
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@ Thanks!

@ Some announcements:
o LowerUnivalents: SMT2013, Helsinki, 8th of July 15:30
o Proof Compression Workshop:

16th of September, affiliated with Tableaux, Nancy, France
@ Questions? Comments? Suggestions?

@ www.logic.at/people/bruno/
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